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a Ia memoire d'Andre Neron 



Preface 

Neron models were invented by A. Neron in the early 1960's with the intention to 
study the integral structure of abelian varieties over number fields. Since then, 
arithmeticians and algebraic geometers have applied the theory of Neron models 
with great success, usually without going into the details of Neron's construction 
process. In fact, even for experts the existence proof given by Neron was not easy to 
follow. Quite recently, in connection with new developments in arithmetic algebraic 
geometry, the desire to understand more about Neron models, and even togoback 
to the basics of their construction, was reactivated. We have taken this as an 
incentive to present a treatment of Neron models in the form of a book. 

The three ofus have approached Neron models from different angles. The senior 
author has been involved in the developments from the beginning on. Immediately 
after the discovery of Neron models, it was one of his first assignments from 
A. Grothendieck to translate Neron's construction to the language of schemes. The 
other two authors worked in the early 1980's on the uniformization of abelian 
varieties, thereby finding a rigid analytic approach to Neron models. It was at this 
timethat we realized that we had a common interest in the field and decided to write 
a book on Neron models and related topics. 

At first we had the idea of covering a much wider variety of subjects than we 
actually do here. We wanted to start with a presentation of the construction of 
Neron models, on an elementary level and understandable by beginners, and then 
to continue with a general structure theory for rigid analytic groups, with the 
intention of applying it to the discussion of uniformizations and polarizations of 
abelian varieties. However, it did not take long to realize that an appropriate 
treatment of Neron models would require a book of its own. So we changed our 
plans; colleagues watehing the project encouraged us in doing so. Now, having 
finished the manuscript, we hope that the "elementary" part of the book, which 
consists ofChapters 1 to 7, is, indeed, understandable by beginners. 

We are, of course, indebted to Neron for the original ideas leading to the 
construction of Neron models, and to the work of Grothendieck which provides 
language and methods of expressing these ideas in an adequate context. There are 
other sources from which we have borrowed, most noteworthy the work of A. Weil 
as well as various contributions of M. Artin. 

In preparing this book we received help from many sides. We thank the Deutsche 
Forschungsgemeinschaft for its constant support during the entire project. 
Similarly we wish to thank the CentreN ational de la Recherche Scientifique, as well 
as the Institute des Hautes Etudes Scientifiques for its hospitality. Finally, we are 
indebted to our home universities and Mathematics departments in Münster and 
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Orsay for their interest in the project, for their help whenever possible, and for 
granting sabbaticals during which substantial work on the subject was done. Also 
we thank the Heinrich-Hertz-Stiftung. 

During the project Dr. W. Reinen from Münster was of invaluable help to us; he 
proofread the manuscripts and set up the index. We thank him heartily for his work. 
Last but not least, our thanks go to the publishers for their cooperation. 

Münster and Orsay 
June 1989 

Siegfried Bosch 
Werner Lütkebohmert 
Michel Raynaud 
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Introduction 

Let K be a number field, S the spectrum of its ring of integers, and Ax an abelian 
variety over K. Standardargumentsshow that Ax extends to an abelian scheme A' 
over a non-empty open part S' of S. Thus Ax has good reduction at ail points s of 
S' in thesensethat Ax extends to an abelian scheme or, what amounts to the same, 
to a smooth and proper scheme over the local ring at s. In general, one cannot 
expect that Ax also has good reduction at the finitely many points in S - S'. How­
ever, one can ask if, even at these points, there is a notion of "good" models which 
generalizes the notion of good reduction. It came as a surprise for arithmeticians 
and algebraic geometers when A. Neron, relaxing the condition of properness and 
concentrating on the group structure and the smoothness, discovered in the years 
1961-1963 that such models exist in a canonical way; see Neron [2], see also 
his lecture at the Seminaire Bourbaki [1]. Gluing these models with the abelian 
scheme A', one obtains a smooth S-group scheme A of finite type which may be 
viewed as a best possible integral group structure over S on Ax. It is cailed a Neron 
model of Ax and is characterized by the universal property that, for any smooth 
S-scheme Z and any K-morphism Ux: Zx---+ Ax, there is a unique S-morphism 
u: Z---+ A extending Ux. In particular, rational points of Ax can be interpreted as 
integral points of A. 

Neron hirnself used his models to study rational points of abelian varieties over 
global fields, especiaily their heights. In his paper [3], he shows that the local height 
contribution at a non-arehirneclean place can be calculated on the local Neron 
model in terms of intersection multiplicities between divisors and integral points. 

Before Neron's discovery, in 1955, Shimura systematicaily studied the reduction 
of algebraic varieties over a discrete valuation ring R, in the affine, projective, as 
weil as in the "abstract" case; see Shimura [1]. In particular, he defined the speciali­
zation of subvarieties as weil as the reduction of algebraic cycles. In the years 1955 
to 1960, several other authors became interested in the reduction of abelian varieties, 
either in the abstractform or in the form of Albanese and Picard varieties. Koizumi 
[1] proved that if an abelian variety Ax over K extends to a proper and smooth 
R-scheme A, then the group structure of Ax also extends. Furthermore, it foilows 
from Koizumi and Shimura [1] that A is essentiaily uniquely determined by Ax. 
The latter corresponds to the fact that A is a Neron model of Ax and therefore 
satisfies the universal mapping property characterizing Neron models. Igusa [1] 
showed that the Jacobian of a curve with good reduction has good reduction. He 
also considered the case where the reduction of the curve has an ordinary double 
point as singularity. 
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Concerning the reduction of elliptic curves, a systematic investigation of de­
generate fibres was carried out by Kodaira [1] for the special case ofholomorphic 
fibrations of smooth surfaces by elliptic curves. Among other things, he classified 
the possible diagrams of the fibres for minimal fibrations by using the intersection 
form. 

On the other hand, starting with an elliptic curve over the field of fractions of 
an arbitrary Dedekind ring R, equations of Weierstraß type can provide natural 
R-models, even at bad places. It seems certain that, at least in characteristic different 
from 2 and 3, the minimal Weierstraß modelwas known to arithmeticians at the 
time Neron worked on his article [2]. However, it was Neron's idea to consider 
minimal models which are regular and proper, but not necessarily planar. In [2], 
after constructing Neron models for general abelian varieties, he turns to elliptic 
curves, shows the existence of regular and proper minimal models, and works out 
their different types. The classification of special fibres which he obtains is the same 
as Kodaira's. In order to pass to the "Neron model" as considered in the case of 
general abelian varieties, one has to restriet to the smooth locus ofthe corresponding 
regular and proper minimal model. Furthermore, the identity component coincides 
with the smooth part ofthe minimal Weierstraß model. 

In his paper [2], Neron uses a terminology which is derived from that in Weil's 
Foundations of Algebraic Geometry [1]. The terminology has earned its merits 
when working with varieties over fields. However, applying it to a relative situation, 
even if the base is as simple as a discrete valuation ring, one cannot avoid a nurober of 
unpleasant technical problems. For example, since there are two fibres, namely the 
generic and the special fibre, it is necessary to work with two universal domains, one 
for each fibre. Both domains have to behave weil with respect to specialization, and 
so on. Clearly, Weil's terminology was not adapted to handle problems ofthis kind. 

Neron's paper appeared at a time when Grothendieck hadjust started a revolu­
tion in algebraic geometry. With his theory of schemes, he had developed a new 
machinery, specially designed for treating problems in relative algebraic geometry. 
Neron knew of this fact, but he did not want to abandon the framework in which 
he was used working. In the introduction to his article [2], he says that the notion 
of a scheme over a commutative ring will frequently intervene in his text, in a more 
or less explicit way. However-and now we quote-"faute d'etre suffisamment 
accoutume a ce Iangage, nous avons estime plus prudent de renoncer a son emploi 
systematique, et d'utiliser le plus souvent un Iangage derive de celui des Foundations 
de Weil ... ou de celui de Shimura ... , laissant les specialistes se charger de Ia 
traduction." 

Certainly, a few specialists did the translation, but mainly for themselves and 
without publishing proofs. It was only about 20 years later, in 1984, at the occasion 
of a conference on Arithmetic Algebraic Geometry, that M. Artin wrote a Proceed­
ings article [9] explaining the construction of Neron models from a scheme view­
point. So, at Neron's time, the situation remained somewhat mysterious. On the 
one hand, it was very hard to follow Neron's arguments concerning the construction 
of his models. On the other, arithmeticians were able to use the notion of Neron 
models with great success, for example, in the investigation of Galois cohomology 
of abelian varieties. Since Neron models are characterized by a simple universal 
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property, it is possible to work with them without knowing about the actual 
construction process. 

After Neron's work, substantial progress on the structure ofNeron modelswas 
achieved with the so-called semi-abelian reduction theorem. It states that, up to 
finite extension of the ground field, Neron models of abelian varieties are semi­
abelian. A first proof of this result was carried out by Grothendieck during the fall 
of 1964; he explained it in a series ofletters to Serre, using regular models for curves 
and 1-adic monodromy. The proofwas published later in [SGA 71]. Independently, 
Mumford was able to obtain the semi-abelian reduction theoremvia his theory of 
algebraic theta-functions, at least for the case where the residue characteristic is 
different from 2; for this proof see the Appendix II to Chai [1]. The behavior of 
a Neron model with respect to base change can be difficult to follow; however, in 
the semi-abelian case it is particularly simple because the identity component is 
preserved. 

In the late sixties, Raynaud [6] further developed the relative Picard functor 
over discrete valuation rings R in such a way that, in quite general situations, the 
Neron model of the Jacobian of a curve could be described in terms of the relative 
Picard functor of a regular R-model of this curve. U sing Abhyankar's desingulariza­
tion of surfaces, one thereby obtains, at least in the case of Jacobians, a second 
method of constructing Neron models which is largely independent of the original 
construction given by Neron. 

Today, using the relative Picard functor, the semi-abelian reduction theorem is 
viewed as a consequence of the corresponding semi-stable reduction theorem on 
curves; see, for example, Artin and Winters [1], or see Bosch and Lütkebohmert 
[3] for an approach through rigid analytic uniformization theory. To a certain 
extent, the semi-abelian reduction theorem has changed the view on the reduction 
of abelian varieties. Namely, it is sometimes enough to work with semi-abelian 
models and to consider the corresponding monodromy at torsion points. As an 
example, we refer to Faltings' proof [1] of the Mordeil conjecture. 

On the other band, there are questions where, in contrast to the above, Neron 
models are involved with all their beautiful structure, with their Lie algebra, and 
with their group of connected components. An example is given by the precise form 
of the Taniyama-Weil conjecture on modular elliptic curves over Q; cf. Mazur and 
Swinnerton-Dyer [1]. 

For further applications of Neron models, we refer to the work of Ogg [1] and 
Shafarevich [1] concerning moderately ramified torsors over function fields. This 
was extended by Grothendieck to arbitrary torsors; cf. Raynaud [1]. 

It should also be noted that the Neron model is of interest when studying the 
Shafarevich-Tate group III. Namely, Iet A be the Neron model over a Dedekind 
scheme S of an abelian variety AK where K is the field of fractions of S. Then III 
is the group of "locally trivial" torsors under AK, a group which is closely related 
to the group H 1(S, A). In this way the Neron model is involved in questions 
concerning the group III. For example, concerning its conjectural finiteness in the 
global arithmetic case. 

Finally, to give another application involving torsors under abelian varieties, 
we mention that Tate studied in [1] the group H 1 (K,AK), where AK is an abelian 
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variety over a local field K of characteristic 0 having a finite residue field. He used 
the compact group AK(K) (where AK is the dual abelian variety of AK) as well as its 
Pontryagin dual. Later, when the theory of Neron models was available, there 
appeared some variants of this work for algebraically closed residue field; cf. Begueri 
[1] and Milne [2]. Here the Neron model of AK, in particular, its proalgebraic 
structure plays an important role. 

The aim of the present book is to provide an exposition of the theory of Neron 
models and of related methods in algebraic geometry. Using the language and 
techniques of Grothendieck, we describe Neron's construction, discuss the basic 
properties ofNeron models, and explain the relationship between these models and 
the relative Picard functor in the case of Jacobians. Finally, using generalized Neron 
models which are just locally offinite type, we study Neron models of not necessarily 
proper algebraic groups. 

We now describe the contents in more detail. Chapter 1 is meant as a first 
orientation on Neron models. The actual construction ofNeron models in the local 
case takes place in Chapters 3 to 6. Instead of just using Grothendieck's [EGA] as 
a general reference, we have chosen to explain in Chapter 2 some of the basic notions 
we need. So, for the convenience of the reader, we give a self-contained exposition 
of the notion of smoothness relating it closely to the Jacobi criterion. A discussion 
of henselian rings, an overview on flatness, as weil as a presentation of the basics 
on relative rational maps follows. Also, at the beginning of Chapter 6, we have 
included an introduction to descent theory. 

In Chapter 3, we start the construction of Neron models with the smoothening 
process. W orking over a discrete valuation ring R with field of fractions K, this 
process modifies any R-model X (offinite type and with a smooth generic fibre XK) 
by means of a sequence of blowing-ups with centers in special fibres to an R-model 
X' such that each integral point of X Iifts to an integral point of the smooth locus 
of X'. This Ieads to the construction of so-called weak Neron models. Since there 
is a strong analogy between the smoothening process and the technique of Artin 
approximation, we have included the latter, although it is not actually needed for 
the construction of Neron models. 

Next, in Chapter 4, we Iook at group schemes. We consider a smooth K-group 
scheme offinite type XK admitting a weak Neron model X and show that the group 
law on XK extends to an R-birational group law on X ifwe remove allnon-minimal 
components from the special fibre of X; the minimality is measured with respect to 
a non-trivialieft-invariant differential form of maximal degree on XK. In Chapter 
5, working over a strictly henselian base and following ideas of M. Artin, we 
associate totheR-birational group law on X an R-group scheme. The latter is, by 
a generalization of a theorem of Weil for rational maps from smooth schemes into 
group schemes, already the Neron model of XK. The generalization to an arbitrary 
discrete valuation ring is done in Chapter 6 by means of descent. After we have 
finished the construction ofNeron models in Chapter 6, we discuss their properties 
in Chapter 7. 

The next topic to be dealt with is the relative Picard functor and, in particular, 
its relationship to Neron models in the case of Jacobians of curves. Since there seems 
tobe no systematic exposition of the relative Picard functor Picx;s available which 
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takes into account developments after Grothendieck's lectures [FGA], we thought 
it necessary to include a chapter on this topic. In Chapter 8 we explain the various 
representability results for Picx;s in terms of schemes or algebraic spaces, mainly due 
to Grothendieck [FGA] and Artin [5]. From this point on, due to lack of space, it 
was impossible to give detailed proofs for all the results we mention. It is our strategy 
to list the important results, to prove them whenever possible without too much 
effort, or to sketch proofs otherwise. In any case, we attempt to give precise 
references and to pointout improvements which have appeared in the subsequent 
literature. 

The same can be said for the first half of Chapter 9 where we deal with relative 
Jacobians of curves. Among other things, modulo some considerations contained 
in Chapter 7, we show here how to derive the semi-abelian reduction theorem for 
Neron models from the semi-stable reduction theorem for curves. A proof of the 
latter theorem has not been included in the book since a detailed discussion of 
models for curves and of related methods would be a topic of its own, too large to 
be dealt with in the present book. Instead, for a proof using Abhyankar's desingu­
larization, we refer to Artin and Winters [1] or, for a proof using rigid geometry, 
to Bosch and Lütkebohmert [1]. Finally, in Sections 5 to 7 of Chapter 9, we compare 
the Neron model with the relative Picard functor in the case of Jacobians. As an 
application, we show how to compute the group of connected components of a 
Neron model. 

The book ends with a chapter on Neron models of commutative, but not 
necessarily proper algebraic groups. In the local case, we prove a criterion for a 
smooth commutative K-group scheme XK of finite type to admit a Neron model 
which, over an excellent strictly henselian base, amounts to the condition that X K 

does not contain subgroups of type Ga or Gm. We also indicate how to globalize 
this result. In doing so, it is natural to admit Neron models which are locally of 
finite type (1ft), but not necessarily of finite type. This way we can construct Neron 
models for tori as well as study the sameproblern for K-wound unipotent groups. 
Since our investigations seem to have few applications at the moment and, since 
some of the Statements arestill at a conjectural stage, we have chosen only to give 
short indications of proofs. 

Bibliographical references are given by mentioning the author, with a number 
in square brackets to indicate the particular work we are referring to. An exception 
is made for Grothendieck, where we also use the familiar abbreviations [FGA], 
[EGA], and [SGA], as listed at the beginning ofthe bibliography. Cross references 
to theorems, propositions, etc., like Theorem 1.3/1, usually contain the number of 
the chapter, the section number, and the number of the particular result. For 
references within the same section, the chapter and the section numbers will not be 
repeated. 



Chapter 1. What Is a Neron Model? 

This chapter is meant to provide a first orientation to the basics of Neron models. 
Among other things, it contains an explanation of the context in which Neron 
models are considered, as well as a discussion ofthe main results on the construction 
and existence, including some examples. 

Westart by looking at models over Dedekind schemes. In particular, the notion 
of etale integral points is introduced, and models of finite type satisfying the 
extension property for etale integral points are considered. For a local base, the 
existence of such models is characterized in terms of a boundedness condition. Then, 
in Section 1.2, we define Neron models and prove some elementary properties which 
follow immediately from the definition. We also discuss the relationship between 
global and local Neron models as well as a criterion for a smooth group scheme of 
finite type to be a Neron model. Next, in Section 1.3, we state the main existence 
theorem for Neron models in the local case and explain the skeleton of its proof, 
anticipating some key results which are obtained in later chapters. 

In Section 1.4, we discuss the case of abelian varieties. More precisely, we study 
the notion of good reduction and show how the existence of local Neron models 
leads to the existence of global Neron models. In Section 1.5, in order to provide 
some explicit examples, we consider elliptic curves. In particular, we compare the 
Neron model with the minimal proper and regular model and with the minimal 
Weierstraß model. The chapter ends with a look at Neron's article [2] which serves 
as a basis for the construction of Neron models. For this section, a certain fami­
liarity with the contents of later Chapters 3 to 6 is advisable. 

1.1 Integral Points 

When dealing with Neron models, one usually works over a base scheme S which 
is a Dedekind scheme, i.e., a noetherian normal scheme of dimension ~ 1. The local 
rings of S are either fields or discrete valuation rings. For example, S can be the 
spectrum of a Dedekind domain. We will talk about the local case if S consists of 
a local scheme and, thus, is the spectrum of a discrete valuation ring or even of a 
field; the general case will be referred to as the global case. Any Dedekind scheme S 
decomposes into a disjoint sum of finitely many irreducible components S; with a 
generic point Yf; each. We set K := ffik(Yf;), so K is the ring of rational functions on 
S. Furthermore, the affine scheme Spec K is referred to as the scheme of generic 
points of S. If S is connected-and this is the case to keep in mind-there is a unique 
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generic point 11 E S. Its residue field is K and we can identify 11 with the associated 
geometric point SpecK~ S. It is only for technical reasons that we do not require 
Dedekind schemes to be connected. 

There are three examples ofDedekind schemes, which are of special interest. To 
describe the first one, let K be a number field, i.e., a finite extension of (J), and let R 
be the ring of integers of K. Then set S = Spec R. Similarly, we can consider an 
algebraic function field K of dimension 1 over a constant field k and define S to be 
the normal proper k-curve associated to K. In both cases, S is a Dedekind scheme. 
On the other hand, we can start with anormal noetherian local scheme of dimension 
2 and remove the closed point from it. Also this way we obtain a Dedekind scheme. 

Now let S be an arbitrary Dedekind scheme with ring of rational functions K 
and consider an S-scheme X. We define its generic fibre ( or, more precisely, its scheme 
of generic fibres) by X K := X ®s K, viewed as a scheme over K. Conversely, if we 
start with a K-scheme XK, any S-scheme Y extending XK, i.e., with generic fibre 
YK = XK, will be called an S-model of XK. There is an abundance of such models. 
For example, any change of Y (such as blowing up or removing a closed subscheme) 
which takes place in fibres disjoint from XK, will produce a new S-model of the 
same K-scheme XK. On the other hand, XK can be viewed as an S-model of itself. 
In the local case, the latter is even offinite type over S if XK is offinite type over K. 

The main problern we will be concerned with when studying the existence of 
Neron models is to construct S-models X of X K which satisfy certain natural 
properties. One of them is the extension property concerning etale integral points, 
or just etale points, as we will say; for the notion of etale see Section 2.2. 

Definition 1. Let X be a scheme over a Dedekind scheme S. Then we say that X satisfies 
the extension property for eta[e points at a closed point S E S if, for each eta[e [oca[ 
@5 , 8-algebra R' with field of fractions K', the canonical map X(R') ~ XK(K') is 
surjective. 

Each etale local @5 , 8-algebra is a discrete valuation ring again. In fact, it can 
be seen from Chapter 2, in particular, from 2.4/8 and 2.3/9, that the etale local 
@5 , 8-algebras R' correspond bijectively to the (faithfully flat) extensions of discrete 
valuation rings @s,s c R' with the properties that a uniformizing element of @5,s is 
also uniformizing for R', that the extension of fraction fields of @s,s c R' is finite 
and separable, and that the residue extension of @s,s c R' is finite and separable. 
So we conclude from the valuative criterion of separatedness [EGA II], 7.2.3, that 
the map X(R') ~ XK(K') is injective if Xis separated over S. Furthermore, the 
extension property for etale points as formulated in Definition 1 is similar to the 
one occurring in the valuative criterion of properness [EGA II], 7.3.8; the only 
difference isthat we restriet ourselves to valuation rings R' which are etale over @s.s· 

Instead of considering all etale local @5 , 8-algebras R' one can just as weil apply 
limit arguments and work with a strict henselization Rsh of @s,s· The latter is the 
inductive limit over all pairs (R', tx) where R' is an etale local @5 , 8-algebra and where 
tx is an R-homomorphism from R' into a fixed separable algebraic closure of the 
residue field k(s); see Section 2.3. Then, if Ksh is the field offractions of Rsh, it follows 
that X satisfies the extension property for etale points at s E s if and only if the map 
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X(Rsh)---+ XK(Ksh) is surjective. Furthermore, let us mention that X satisfies the 
extension property for etale points at s E s if and only if X ®s {!)S,S' viewed as a 
scheme over {!)5 ,8, does. 

A simple method for constructing S-models offinite type is the method of chasing 
denominators. It applies to the case where S is affine, say S = Spec R, and where X K 
is affine of finite type over K (resp. projective over K). The resulting models are 
affine of finite type over R (resp. projective over R). To explain the affine case, let 
X K be the spectrum of a ring 

AK = K[tr, ... ,tn]/IK; 

i.e., of a quotient of a free polynomial ring by an ideal IK. Then IK is generated by 
finitely many polynomials / 1 , ... ,j,., which we may assume to have coefficients in R. 
So set 

A := R[tr, ... ,tn]/I, 

where I is the ideal generated by / 1 , ... ,f,.. Then X:= Spec R is an R-model offinite 
type of XK. Furthermore, since a module over a valuation ring is flat as soon as 
there is no torsion, we see that X will be flat over R if we saturate I; i.e., if we set 

Then, by its definition, Xis just the schcmatic closure of XK in the affine n-space 
over R; for the notion of schematic closure see Section 2.5. Finally, the projective 
case is completely analogous; here one works with the Proj of homogeneous 
coordinate rings. 

If XK is projective, any R-model X obtained by chasing denominators is projec­
tive and, thus, satisfies the extension property for etale points by the valuative 
criterion of properness. lf X K is just of finite type, but not projective, the construction 
of an S-model of finite type satisfying the extension property for etale points can 
be quite complicated or even impossible as the example of the affine n-space A~ 
shows. As a necessary condition in the local case, we will introduce the notion of 
boundedness. 

So assume that S consists of a discrete valuation ring R with field of fractions 
K. Furthermore, consider a faithfully flat extension of discrete valuation rings 
R c R' and Iet K' be the field of fractions of R'. Then R and R' give rise to absolute 
values on K and on K'; we denote them by I I assuming that both coincide on K. 
For us the case where R' is a strict hensclization Rsh of R will be of interest. Now, 
for any K-scheme XK, for any point x E XK(K'), and for any section g of {!)xK being 
defined at x, we may view g(x) as an element of K' so that its absolute value lg(x)l 
is well-defined. In particular, it makes sense to say that g is bounded on a subset of 
XK(K'). Applying this procedure to the coordinate functions of the affine n-space 
A~, we arrive at the notion of a bounded subset of A~(K'). 

Definition 2. As before, Iet R c R' be a faithfully flat extension of discrete valuation 
rings with fields of fractions K and K'. Furthermore, Iet XK be a K-scheme of finite 
type and consider a subset E c XK(K'). 
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(a) If Xx is affine, E is called bounded in Xx if there exists a closed immersion 
Xx ~ AK- mapping E onto a bounded subset of AK(K'). 

(b) In the generat case, Eis called bounded in Xx if there exists a covering of Xx 
byfinitely many affine open subschemes U1 , ... , u. c Xx as well as a decomposition 
E = U E; into subsets E; c U;(K') such that, for each i, the set E; is bounded in U; in 
the sense of (a). 

lt should be kept in mind that the definition of boundedness takes into account 
the choice ofvaluation rings R c R' and, thereby, the choice ofparticular valuations 
on K and K', although the latter is not expressed explicitly when we say that a 
subset E c Xx(K') is bounded in Xx. 

lf X x is affine, say if X x = Spec Ax, condition (a) of the definition means that 
there are elements g1 , ••• , gn E Ax generating Ax as a K-algebra which, as maps 
Xx(K')--+ K', are bounded on E. The latter is equivalent to the fact that each g E Ax 
is bounded on E and it is easily seen that, in the affine case, conditions (a) and 
(b) of the definition are equivalent. Moreover, if there is one closed immersion 
Xx ~ AK- mapping E onto a bounded subset of AK(K'), it follows that the latter 
property is enjoyed by all closed immersions oftype Xx ~Al(. 

We want to show that condition (b) of Definition 2 is independent of the 
particular affine open covering { U;} of X. 

Lemma 3. Let R c R' be a faitlifully flat extension of discrete valuation rings with 
fields of .fractions K and K'. Furthermore, Iet Xx be a K-scheme of finite type and 
consider a subset E c Xx(K'). If there exists a finite affine open covering U = {U;} 
of Xx such that condition (b) of Definition 2 is satisfied, then the latter condition is 
satisfied independently of the particular covering U. More precisely, given any finite 
affine open covering ID = {Jj} of Xx, there is a partition E = U Fj into subsets 
Fj c Jj(K') such that Fj is bounded in lJ for each j. 

Proof Since conditions (a) and (b) ofDefinition 2 are equivalent in the affine case, we 
may assume that ID is a refinement of U. Now pick an element U; E U, say U; = 
Spec A, and Iet it be covered by the elements V1, ••• , V,: E ID. Then we may assume 
that ~ is of type Spec A1 •• p = 1, ... r, where f 1 , ... ,f,. generate the unit ideal in A. 
So there is an equation 'l:.a,J'P = 1 with coefficients aP E A. Let E; be a bounded 
subset of U;(K'). Then it follows from the equation representing the unit 1 that 

e := inf{max{lfp(x)l; p = 1, ... ,r}; x E E;} 

is positive. Therefore, setting 

FP = {x E E;; lfp(x)l ~ e} , 

we have E; = F1 u ... u F,., and each FP is bounded in ~ = Spec A 1, Proceeding in 
the same way with all U; EU, we see that ID satisfies condition (b) of Definition 2 if 
Udoes. D 

We want to give two immediate applications of the above Iemma, the first 
one saying that the image of a bounded set is bounded again and the second one 
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that the notion of boundedness, in some sense, is compatible with extensions of the 
field K. 

Proposition 4. Let R c R' be a faithfully flat extension of discrete valuation rings 
with fields of fractions K and K' and consider a K-morphism f: XK--+ YK between 
K-schemes of finite type. Then, for any bounded subset E c XK(K'), its image under 
XK(K')--+ YK(K') is bounded in YK. 

Proposition 5. Let R c R' be a faithfully flat extension of discrete valuation rings 
with fields of fractions K and K'. Furthermore, let XK be a K-scheme of finite type. 
Then a subset E c XK(K') is bounded in XK if and only if the corresponding subset 
E' c XdK') is bounded in XK'· 

Both assertions are obvious in the affine case; the reduction to this case is done 
using Lemma 3. Next we want to show that properness always implies boundedness. 

Proposition 6. Let R c R' be a faithfully flat extension of discrete valuation rings 
with fields of fractions K and K', and consider a proper K-scheme XK. Then any 
subset E c XK(K') is bounded in XK. 

Proof. Let us begin with the remark that the notion of boundedness as introduced 
in Definition 2 works just as weil without the discreteness assumption if we restriet 
to faithfully flat extensions of valuation rings R c R' corresponding to valuations 
of height 1 on K and K'. The above mentioned properties of boundedness remain 
true. So, for the purposes of the present proposition, we may extend the valuation 
of K' to an algebraic closure of K' and thereby assume that K' is algebraically closed. 

Due to Chow's Iemma [EGA li], 5.6.1, there is a surjective K-morphism YK--+ 
XK, where YK is projective. Then, using Proposition 4, we see that it is enough to 
Iook at the case where XK is projective or, more specifically, where XK = IP~ and 
where E = IP~(K'). To do this, fix a set of homogeneaus Coordinates on IP'~ and 
consider the associated standard covering of IP'~. For i = 0, ... n, Iet Ui ~ Al~ be the 
affine open part of IP'~ where the i-th coordinate does not vanish. Writing points 
x E IP'~(K') in homogeneaus coordinates in the form x = (x0 , ... , xn) with x 0 , ... , Xn 
E K', we can set 

Ei:= { x = (x0 , ... , xn) E IP~(K'); lxil = max(lx0 l, ... , lxnl)} . 

Then IP'~(K') = U Ei with Ei c UJK') being bounded in Ui. So it follows that IP~(K') 
is bounded in IP'~. D 

If XK is a closed subscheme of Al~, and if Xis its schematic closure in AIR_, the 
image of the canonical map 

X(R')--+ XK(K') c AI~(K') 

consists of those points in X K(K') whose coordinates are bounded by 1. In particular, 
multiplying coordinate functions on Al~ by suitable constants, we can always 
assume that the image of X(R')--+ XK(K') contains a given subset E c XK(K') 
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provided E is bounded in XK. So, for affine schemes, we see that the following 
characterization of boundedness is valid: 

Proposition 7. Let R c R' be a faithfully flat extension of discrete valuation rings 
with fields of fractions K and K'. Furthermore, Iet XK be a K-scheme (resp. an affine 
K-scheme) of finite type. Then a subset E c XK(K') is bounded in XK if and only if 
there is an R-model (resp. an affine R-model) X of XK of finite type such that the 
image of the canonical map X(R')---+ XK(K') contains E. 

In particular, taking for R' a strict henselization R•h of Rand for K' the field K•h 
of fractions of R•h, there is an R-model (resp. an affine R-modeQ X of XK of finite 
type satisfying the extension property for etale points if and only if X K(K•h) is bounded 

inXK. 

Proof lf, in the general case, E c XK(K') is bounded in XK, one considers an affine 
open covering {Ui.K} of XK and a decomposition E = U E; into subsets E; c 

U;,K(K') which are bounded in U;,K· Then one can find an affine R-model U; of each 
U;,K such that E; belongs to the image of U;(R') ---+ Ui.K(K'). Gluing the U; along 
the generic fibre, one ends up with an R-model X of XK suchthat the image of 
X(R')---+ XK(K') contains E. 

Remark S.lf XK is a separated K-scheme, the R-model X we obtain in Proposition 
7 will not, in general, be separated. It requires substantial extra work to modify X 
in such a way that it becomes separated; see 3.5/6. 

Using the approximation theorem of Greenberg [2], we want to add here a 
non-trivial criterion for boundedness. 

Proposition 9. Let R be an excellent henselian discrete valuation ring with field of 
fractions K and Iet XK be an open subscheme of a K-scheme XK of finite type. 
Furthermore, consider a subset E c XK(K) which is bounded in XK. Then, if 
(XK- XK)(K) = 0, the set Eis bounded in XK, too. 

Proof We may assume that XK is affine. Let X= Spec.A be an affine R-model of 
XK suchthat each point of E extends to an R-valued point of X. Furthermore, let 
Z be the schematic closure of XK- XK in X so that XK = XK- ZK. Therefore Z(K) 
and, thus, also Z(R) are empty. Now fix a uniformizing element n of R and set 
Rn = R/(n"). It follows then from Greenberg [2], Cor. 2, that Z(Rn) is empty if n is 
large enough. Therefore, if Z is defined in X by the elements f 1, ... ,f.. E A, we must 
have 

for all x E XK(K). 
Using the latter fact, it is easy to show that E c XK(K) is bounded in XK. Namely 

set 

E; = {x E E; 1/;(x)l > ln"l}. 
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Then E is the union of the E; and X K is the union of the affine open subschemes 
SpecAK[f;-1]. Furthermore, since E; is bounded in XK, it is obvious that E; is 
bounded in SpecAK[f;-1 ]. Thus Eis bounded in XK. D 

Each separated K-scheme offinite type XK admits a compactification; i.e., there 
isaproper K-scheme XK containing XK as a dense open subscheme; cf. Nagata [1], 
[2]. If there exists a compactification with (XK - XK)(K) = 0, we say that XK 
has no rational point at infinity. Using this terminology, we can conclude from 
Propositions 6 and 9: 

Corollary 10. Let R be an excellent discrete valuation ring with field of fractions K 
and let XK be a separated K-scheme of finite type with no rational point at infinity. 
Then XK(K) is bounded in XK. 

1.2 Neron Models 

In the following, let S be a Dedekind scheme with ring of rational functions K. 
Considering a smooth and separated K -scheme X K of finite type, we are interested 
in constructing S-models X of X K which are smooth, separated, and of finite type 
over S. Furthermore, we may ask if among all such models X one can select a 
minimal one; i.e., an S-model X suchthat for any other S-model Y of this type there 
is a unique morphism Y ~ X restricting to the identity on the generic fibre. 
Requiring this mapping property for arbitrary smooth S-schemes Y, we arrive at 
the notion of Neron models. 

Definition 1. Let XK be a smooth and separated K-scheme of finite type. A Neron 
model of X K is an S-model X which is smooth, separated, and of finite type, and which 
satisfies the following universal property, called N eron mapping property: 

Foreach smooth S-scheme Y and each K -morphism uK : YK ~ X K there is a unique 
S-morphism u : Y ~ X extending uK. 

The restriction to schemes of finite type is not really necessary. In Chapter 10 
we will consider Neron models, so-called Neron lft-models, which are locally of 
finite type (by the smoothness condition), but not necessarily offinite type. However, 
adding the finiteness condition simplifies things to a certain extent. In many impor­
tant cases, Neron models are automatically offinite type; see, for example, the case 
of abelian varieties. 

As a first step towards Neron models, we will have to consider a weaker form, 
so-called weak Neron models of XK. Thereby we understand smooth S-models X of 
finite type which satisfy the extension property for etale points 1.1/1; see also 3.5/1 
for the definition we will work with in later chapters. 

We want to list some elementary properties of Neron models which follow 
immediately from the definition. 
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Proposition 2. Let X be a smooth and separated S-scheme which is a N eron model of 
its generic fibre XK. 

(a) Xis uniquely determined by XK, up to canonical isomorphism. 
(b) X is a weak Neron model of its generic fibre; in particular, it satisfies the 

extension property for etale points. 
(c) The formation of Neron models commutes with etale base change; i.e., if 

S'---+ S is an etale morphism and if K' is the ring of rational functions on S', then 
X 8 • =X x 8 S' is a Neron model over S' ofthe K-scheme XK' = XK xK K'. 

Proof Assertion (a) follows immediately from the Neron mapping property. The 
same is true for assertion (b) (modulo a limit argument as provided by Lemma 5 
below); one has to apply the Neron mapping property to schemes Y which are etale 
over S. To verify assertion (c), we only have to show the Neron mapping property 
for X 8 •. So consider a smooth S'-scheme Y' and a K'-morphism Y~.---+ XK'· Com­
posing the latter morphism with the projection XK'---+ XK, we obtain a K-mor­
phism Y~.---+ XK which uniquely extends to an S-morphism Y'---+ X since X 
is a Neron model of XK; namely, Y' is smooth over S since the composition ofthe 
structural morphism Y'---+ S', which is smooth, with the etale morphism S'---+ S 
is smooth again. Now Y'---+ X yields an S'-morphism Y'---+ X 8 • and the latter is 
a unique extension of the K'-morphism Y~.---+ X K'· D 

Next, we mention that the notion of Neron models is local on the base: 

Proposition 3. Let S be a Dedekind scheme and Iet (S;) be an open covering of S. 
Furthermore, Iet X be an S-scheme. Then X is a N eron model of its generic fibre if 
and only if, for each i, the same is true for the S;-scheme X x 8 S;. 

In the above assertion, one can replace the open subschemes S; c S by the 
localizations of S at closed points. However, then it is necessary to require the 
scheme we start with to be of finite type. 

Proposition 4. Let S be a Dedekind scheme and Iet X be an S-scheme of finite type. 
Then the following assertions are equivalent: 

(a) Xis a Neron model of its generic fibre. 
(b) F or each closed point s E S, the ms .• -scheme X X s Spec ms,s is a N eron model 

of its generic fibre. 

If we want to verify the implication (a) ==*' (b), we cannot just apply an 
argument of base change as provided by Proposition 2 (c). The reason is that 
Spec ms,s is a limit of open subschemes of S but not, in general, an etale extension 
of S. So we will have to combine limit arguments with arguments of base change. 
Let us mention the necessary facts on limits. 

Lemma 5 ([EGA IV 3 ], 8.8.2). LetS be a base scheme and Iet s be a point of S. 
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(a) Let X and Y be S-schemes which are of finite presentation. Then the canonical 
map 

is bijective, the direct Iimit being taken over all open neighborhoods S' of s in S. 
(b) Let X<sl be an (1)s,s-scheme of finite presentation. Then there are an open 

neighborhood S' of s in S and an S'-scheme X' of finite presentation such that 
X' ®s· (I)S,s is isomorphic to x(s)• 

Proof of Proposition 4. To verify the implication (a) ~ (b), pick a point s E S 
and write X<sl = X ®s (l)s,s· Let K be the field of fractions of (l)s,s· It is only to 
show that X<sl satisfies the Neron mapping property. So consider a K-morphism 
uK: l(sJ,K ~ X(s),K where l(sJ is a smooth (1)s,s-scheme; we may assume that l(sl is of 
finite type and, thus, of finite presentation over (l)s,s· Then we can extend l(sl to a 
scheme Y' over a connected open neighborhood S' c S of s and, taking S' small 
enough, we may even suppose that Y' is smooth just as l(sJ is; cf. the definition of 
smoothness in 2.2/3. U sing the fact that X' := X x s S' is a Neron model of its generic 
fibre, it follows that uK extends uniquely to an S'-morphism u': Y' ~X'. Then 
u' ®s· (l)s,s: l(sJ ~ X<sl is a unique (1)s,s-morphism extending uK. So X<sl is a Neron 
model of its generic fibre. 

The opposite implication (b) ~(a) is obtained similarly. Let K be the ring 
of rational functions on S and consider a K-morphism uK: YK ~ XK where Y 
is a smooth S-scheme. Again we may assume that Y is of finite type and, thus, 
of finite presentation over S. Then condition (b) implies that, over a neighbor­
hood S(s) of each closed point s ES, the morphism uK extends uniquely to an 
S(s)-morphism u(s): Y Xs S(s) ~X x 5 S(s). Gluing all u(s) yields a unique 
S-morphism u: Y ~X extending uK. Since the smoothness and the separatedness 
of the (1)s,s-scheme X ®s (l)s,s imply the smoothness and separatedness of X over a 
neighborhood of s, we see that Xis a Neron model of XK. D 

In the situation of condition (a) of Proposition 4 we will say that X is a global 
Neron model of the generic fibre XK whereas in the situation of condition (b) the 
schemes X Xs Spec (l)s,s will be called the local Neron models of XK. Thus we see 
that if XK admits a global Neron model, all its local Neron models exist. The 
converse ofthis assertion is not true as we will see in 10.1/11. 

A further consequence of the Neron mapping property is the fact that Neron 
models respect group schemes. 

Proposition 6. Let X be a smooth and separated S-scheme which is a N eron model of 
its generic fibre XK. Assurne that XK is a K-group scheme. Then the group scheme 
structure of XK extends uniquely to an S-group scheme structure on X. 

Remark 7. When dealing with group schemes, the separatedness occurring as a 
condition in Definition 1 is superfluous. Indeed, a group scheme is separated over 
its base as soon as the unit section is a closed immersion; cf. 7.1/2. So group schemes 
over fields are automatically separated. Furthermore, let X be a smooth S-group 
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scheme offinite type which satisfies the Neron mapping property. In order to show 
that X is separated over S, we may apply Proposition 4 and thereby assume that S 
is local. Then, due to the Neron mapping property, the unit section SpecK---+ XK 
of the generic fibre XK extends uniquely to a section S---+ X, namely to the unit 
section of X. It follows that the latter is a closed immersion, as can be seen from 
7.1/1 and its proof. Thus Xisseparatedas claimed. 

Although Neron models have been defined within the setting of schemes, their 
importance seems to be restricted to group schemes or, more generally, to torsors 
under group schemes as we will see in Chapter 6. For example, IPi: admits IP§ as a 
smooth and separated S-model which, due to the properness, satisfies the extension 
property for etale points. But IP§ is not a Neron model of its generic fibre since not 
all K-automorphisms of IPi: extend to S-automorphisms of IP§; cf. 3.5/5. The situa­
tion is much better in the group scheme case as can be seen from an extension 
theorem of Weil for rational maps into group schemes; cf. 4.4/1: 

Let u : Y ---~X be a rational map between S-schemes where Y is smooth and where 
Xis a smooth and separated S-group scheme. Then, if u is defined in codimension :s; 1, 
it is defined everywhere. 

Using this result, one can show without difficulties that abelian schemes over S, 
i.e., proper and smooth S-group schemes with connected fibres, provide examples 
of Neron models. 

Proposition 8. Let X be an abelian scheme over S. Then X is a N eron model of its 
generic fibre XK. 

Proof Let Y be a smooth S-scheme and let uK: YK---+ XK be a K-morphism. We 
claim that uK extends to a rational map u : Y ---~ X with a domain of definition 
V c Y which is S-dense; i.e., which is dense in each fibre of Y over S. Namely, 
consider a closed point s E S and a generic point ( of the fibre over s in Y Then the 
local ring mr.~ is a discrete valuation ring; cf. 2.3/9. So the valuative criterion of 
properness implies that uK extends to a morphism Spec mr.~---+ X or, using Lemma 
5, to a rational map Y ---~X which is defined in a neighborhood of (. Therefore u 
is defined in codimension :s; 1 and, thus, by Weil's extension theorem, it is defined 
everywhere. The uniqueness of the extension follows from the separatedness of 
X. 0 

Wehaveseen that Neron models satisfy the extension property for etale points. 
On the other hand, using a similar argument as the one given in the above proof, 
one can show that a smooth and separated group scheme satisfying the extension 
property for etale pointsisalready a Neron model; seealso 7.1/1. 

Criterion 9. Let X be a smooth and separated S-group scheme of finite type. Then X 
is a N eron model of its generic fibre if and only if X satisfies the extension property 
for etale points. 

Describing the necessary steps of the proof, we mention first of all that, due to 
Proposition 4, the criterion has only to be verified in the local case. So assume that 
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S is a local scheme. Then one has to use the fact that X, as a weak Neron model of 
its generic fibre, satisfies the so-called weak Neron mapping property; cf. 3.5/3. The 
latter means that each K-morphism ux: Yx ~ Xx extends to anS-rational map 
u: Y ---~X; i.e., to a rational map which is defined on an S-dense open subscheme 
of Y. So, just as in the case of abelian schemes, the if-part of the assertion is reduced 
to Weil's extension theorem for morphisms into group schemes. 0 

1.3 The Local Case: Main Existence Theorem 

As we have seen in 1.2/4, the existence of a Neron model over a global Dedekind 
scheme S implies the existence of the local Neron models at closed points of S. In 
fact, if global Neron models aretobe constructed, the first step is to obtain alllocal 
ones. Then one can try to glue them in order to build a global model; see Section 
1.4 for the case of abelian varieties. The purpose of the present section is to present 
the existence theorem for Neron models in the local case. 

Theorem 1. Let R be a discrete valuation ring with field of fractions K, with a strict 
henselization Rsh, and with field of fractions Ksh of Rsh. Let Xx be a smooth K-group 
scheme of finite type. Then Xx admits a Neron model X over R if and only if Xx(Ksh) 
is bounded in Xx. 

In particular, since properness implies boundedness, abelian varieties admit 
Neron models in the local case: 

Corollary 2. Let Ax be an abelian variety over the field of fractions K of a discrete 
valuation ring R. Then Ax admits a Neron model over R. 

The only-if-part of Theorem 1 is a trivial consequence of 1.1/7 since Neron 
models are offinite type. The proof ofthe if-part, however, is more complicated and 
will be carried out in Chapters 3 to 6, each one ofthem dealing with a certain aspect 
ofthe construction oflocal Neron models. At this place we have to content ourselves 
with a simplified description of the necessary steps. 

We start the construction by choosing a separated R-model X of Xx of finite 
type which satisfies the extension property for etale points. If Xx is projective, we 
can take for X the schematic closure of X Kin a projective n-space over R. Similarly, 
if Xx is affine, we may use the boundedness condition and take for X the schematic 
closure of Xx in a suitable affine n-space over R. In the general case we use 1.1/7. 
Since the model X obtained from 1.1/7 might not be separated and since we want 
to avoid the result 3.5/7 saying that a separated R-model can be found, we will 
generalize the situation slightly in Chapters 3 and 4 by working with a finite family 
(X;) of separated R-models of Xx suchthat the canonical map 

U X;(Rsh) ~ Xx(Ksh) 
is surjective. 



1.3 The Local Case: Main Existence Theorem 17 

For simplicity, Iet us consider a separated R-model x<1> of finite type of XK 
satisfying the extension property for etale points. Then we apply the so-called 
smoothening process to x(l>, which will be explained in Chapter 3. Thereby we 
obtain a proper R-morphism x<2> - x<1> consisting of a sequence of blowing-ups 
with Centers in Special fibres. lt has the property that each R•h-valued point of x<l) 
Iifts to an R•h-valued point of x<2> which factors through the smooth locus X!!looth 
of x<2 >; cf. 3.1/3. Thus x<3> := X!!looth is a smooth R-model offinite type of XK which 
satisfies the extension property for etale points. In other words, x<3> is a weak Neron 
model of XK. It satisfies the so-called weak Neron mapping property which means 
that, for each smooth R-scheme Y and each K-morphism uK: YK- x}l>, there is 
an R-rational extension u: Y ---+ x<3>; i.e., a rational extension which is defined on 
an R-dense open part of Y; cf. 3.5/3. Hence x<3> satisfies certain aspects of a Neron 
model. However, weak Neron models arenot unique and it might be that the group 
structure of XK does not extend to a group scheme structure on x<3 >. Thus, one 
cannot expect that x<3> is already a Neron model of XK. 

In general, it is necessary to modify x<3 >. This can be done by using the group 
structure on XK; cf. Section 4.3. To simplify the notation, write X instead of x<3>. 
Furthermore, Iet n be a uniformizing element of R, and Iet k = R/nR be the residue 
field of R. Fixing a non-trivialieft-invariant differential form w on XK of degree 
d = dim X K• we define its n-order over each component lk of the special fibre Xk 
of X. Namely, Iet 17 be the generic point of }k. Then rYx,., is a discrete valuation ring 
with uniformizing element n. Since the sheaf of relative differential forms Q~!R is a 
line bundle, there is an integer n such that n-nw extends to a generator of Q~!R at 
1], and we can set ordyk w := n. Then the w-minimal components of Xk, i.e., those 
components for which the n-order of w is minimal, are uniquely determined by X K 

up to R-birational isomorphism. They occur in each weak Neron model of XK 
and have to be interpreted as the components which have largest volume. More 
precisely, any isomorphism uK: XK- XK, which leaves w invariant, extends to an 
R-rational map X---+ X which maps the w-minimal components of Xk birationally 
onto each other; cf. 4.3/2. So if X' is the open subscheme obtained from X by 
removing all non-minimal components of the special fibre Xk, the isomorphism uK 
gives rise to an R-birational map X' ---+X' which even is an open immersion on its 
domain of definition; see 4.3/1 (ii). Applying this argument to general translations 
on XK, one can realize that the group multiplication mK: XK x XK- XK extends 
to an R-birational map m: X' x X'---+ X'. In fact, m defines a so-called R-birational 
group law on X'; cf. 4.3/5. The R-scheme X' is, as we will see in the end (cf. 4.4/4), 
already an R-dense open subscheme ofthe Neron model we are going to construct, 
although X' will not, in general, satisfy the extension property for etale points 
any more. 

Now a Neron model of X K can be derived from X' by considering its "saturation" 
under the birational group law. There is a standard procedure, first invented by 
Weil for the case where the base consists of a field and then generalized by A. Neron 
and M. Artin, which associates group schemes to R-birational group laws. We will 
explain it in Chapter 5 for the case where the base ring R is strictly henselian; the 
generalization to an arbitrary discrete valuation ring is donein Chapter 6 by means 
of descent. Thereby we will see, cf. 5.1/5, that X' can be enlarged to an R-group 
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scheme X" which is an R-model of XK of finite type and which has the property 
that the group multiplication on X" restricts to the R-birational group law m on 
X'. Then one uses a translation argument to show that X" satisfies the extension 
property for etale points so that X" is a Neron model of XK by Criterion 1.2/9. 

1.4 The Global Case: Abelian Varieties 

In the preceding section we have discussed the existence of Neron models in the 
local case. If a global Neron model is to be constructed, one has to find a way to 
glue the local Neron models. The problern is that the resulting global model might 
not be offinite type again, a property which is necessary for Neron models. However, 
as we want to show in the present section, when dealing with abelian varieties the 
gluing works well and we do obtain global Neron models this way. To start with, 
let us state Proposition 1.2/4, which describes the relationship between local and 
global Neron models, in a form which is more useful for applications. 

Proposition 1. Let S be a Dedekind scheme with ring of rational functions K and Iet 
XK be a smooth and separated K-scheme of finite type. Then thefollowing assertions 
are equivalent: 

(a) There exists a global Neron model X of XK over S. 
(b) There exists a dense open subscheme S' c S such that XK admits a Neron 

model over S' as well as local N eron models at the finitely many closed points of 
S- S'. 

Proof The implication (a) ~(b) is trivial, due to 1.2/3 and 1.2/4. To obtain the 
opposite, we may assume that S is connected. Let s1 , ... , s, be the closed points 
which form the complement of S' inS and let X' be a Neron model of XK over S'. 
Furthermore, let X(s;) be a local Neron model of XK over the ring (!Js.s;· Then, using 
1.2/5, X(s;) extends to a smooth and separated scheme offinite type X; over a suitable 
open neighborhood S; of s;. Since X; and X' coincide at the generic point of S, both 
must coincide over a non-empty open part of S'. Removing finitely many closed 
points from S;, we may assume that S; n (S - S') = { s;} and that X; coincides with 
X' over S' n S;. But then we can glue each X; with X' over S' n S; to obtain a smooth 
and separated S-model X of finite type satisfying X x 8 S' =X' and X ®s (!Js.s; = 

X(s;)· Thus Xis a global Neron model of XK by 1.2/4. D 

Now consider a connected Dedekind scheme S with field of rational functions 
K and an abelian variety AK over K. One says that AK has good reduction at a closed 
point s ES if AK extends to a smooth and proper scheme A<s> over (!Js.s· We want to 
show that A(s) is automatically an abelian scheme in this case and, thus, a Neron 
model of AK. 
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Proposition 2. Let S be a connected Dedekind scheme with field of fractions K and 
Iet AK be an abelian variety over K. Assurne that AK extends to an S-scheme A which 
is smooth and proper. Then A is an abelian scheme under a group structure which 
extends the given group structure on AK. In particular, Ais a Neron model of AK. 

Proof Using 1.2/4 we may assume that we are in the local case where S consists of 
a discrete valuation ring. Since A is proper, the valuative criterion of properness 
shows that Ais already a weak Neron model of AK. Furthermore, the special fibre 
Ak of A is connected by [EGA 111 1 ], 5.5.1. Therefore Ak has to be viewed as an 
w-minimal component, with w being a generatingdifferential form of degree dim AK 
on AK; use the weak Neron mapping property 3.5/3 and the result 4.3/1. On the 
other band, we know from 1.3/2 that AK admits a Neron model X. Thus, by the 
Neron mapping property, there is a canonical S-morphism A--+ X which is an 
open immersion by 4.3/1 (ii) or 4.4/1. Because A is proper, its image is closed in X. 
However, X is connected due to the fact that X is flat over S, with the generic fibre 
XK = AK being connected. So A--+ Xis an isomorphism and Ais a Neron model 
of AK. Thus, applying the Neron mapping property, the group structure of AK 
extends to a group scheme structure on A and Aisseentobe an abelian scheme. D 

In order to apply Proposition 1 in the case of abelian varieties AK, we have to 
show that AK has good reduction at almost all closed points of S and even more: 
that AK extends to an abelian scheme A' over a dense open subscheme S' of S. 
Looking at a simple example, assume that the characteristic of K is different from 
2 and consider the case where AK is an elliptic curve in IPi: given by an equation in 
W eierstraß form 

yzz = x3 + ßxzz + yz3 

with a non-zero discriminant d = 4ß3 + 27y 2 • Then the elements ß, y, d, and d - 1 

belong to almost alllocal rings ms.s at closed points s E S. So there exists a non­
empty open subscheme S' c S such that ß, y, and d extend to sections in (()8 (S') and 
such that d and 2 are invertible in (()(S'). Consequently, AK extends to a smooth 
projective family A' of elliptic curves in IP~,. Then A' is an abelian scheme extending 
AK as we have shown in Proposition 2. Alternatively, we can apply Iimit arguments 
of type 1.2/5 and see directly that, after a possible shrinking of S', the scheme A' 
gives rise to an abelian scheme over S'. In principle, the same reasoning applies to 
any abelian variety AK over K. 

Theorem 3. Let S be a connected Dedekind scheme with field of fractions K and Iet 
AK be an abelian variety over K. Then AK admits a global Neron model A over S. 
Furthermore, Iet S' be the subset of S consisting of the generic point and of all closed 
pointsinS where AK has good reduction. Then S' is a dense open subscheme of Sand 
A x 8 S' is an abelian scheme over S'. 

Proof Wehave to show that AK extends to a smooth and proper scheme over a 
neighborbood ofthe generic point of S as well asover a neighborhood of each closed 
point of S where AK has good reduction. Then allsuch schemes are abelian schemes 
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by Proposition 2 and, using the Neron mapping property, they can be glued to give 
an abelian scheme over S'. Furthermore, due to the existence oflocal Neron models 
1.3/2, we conclude from Proposition 1 that Ax admits a global Neron model A. 

In order to show that Ax extends to a smooth proper scheme over a non-empty 
open part of S, choose a closed embedding Ax---+ IPK: into some projective n-space 
and consider the schematic closure A of Ax in IP;. Then Ais smooth over the generic 
point of S and, thus, smooth over an open neighborhood S" of this point. So 
A" = A x 8 S" is a smooth projective S"-model of Ax. Alternatively, we can use 1.2/5 
to extend Ax to a scheme A" of finite type over an open neighborhood S" of the 
generic point in S. If S" is small enough, A" will be smooth and, by [EGA IV 3 ], 

8.10.5, also proper. The same argument applies if we consider a closed point s ES 
where Ax has good reduction. Namely, then Ax extends to a smooth and proper 
scheme A<•> over (!)s.s and we can extend the latter over an open neighborhood 
~& 0 

It follows from the valuative criterion of properness that any K-rational map 
Ux: Yx ---+ Ax from a smooth K-scheme Yx into an abelian variety Ax is defined in 
codimension 1 and, thus, is defined everywhere by Weil's extension theorem 4.4/1. 
Thereby it is seen that, in the case of abelian varieties, the Neron mapping property 
can be strengthened. 

Proposition 4. Let S be a connected Dedekind scheme with field of fractions K and 
Iet Ax be an abelian variety over K with N eron model A over S. Then, for each smooth 
S-scheme Y, andfor each K-rational map Ux: Yx ---+ Ax, there is a unique S-morphism 
u: Y---+ A extending Ux. 

For further generalizations of this result see 8.4/6 and 10.3/1. 

1.5 Elliptic Curves 

In order to illustrate the construction of Neron models, we want to Iook at Neron 
models of elliptic curves. In this particular case, the procedure of construction can 
be made quite explicit. The reader who is interested in a more profound discussion 
of models of elliptic curves is referred to Kodaira [1], Neron [2], and Tate [2]. In 
our terminology, an elliptic curve will always be understood to have a rational point. 

We will work over a base scheme S consisting of a strictly henselian discrete 
valuation ring R with field of fractions K and with an algebraically closed residue 
field k. First we want to clarify the interdependence between Neron models and 
regular and proper minimal models of elliptic curves over K. So consider an elliptic 
curve Ex over K. Then Ex admits a Neron model, as we have stated in 1.3/2. lt also 
admits a proper minimal model. By the latter we mean a proper flat R-model E 
which is a regular scheme and which is minimal among all models E' of this type 
in the sense that each R-morphism E ---+ E' which is an isomorphism on generic 
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fibres is an isomorphism itself. So there are no irreducible components ofthe special 
fibre of E which can be contracted without loosing the regularity of E. Regular and 
proper minimal models of curves are unique; see Abhyankar [1] and Lipman [1] 
for the existence of regular and proper models and Lichtenbaum [1], Shafarevich 
[1], or Neron [2] for the existence of regular and proper minimal models. 

Proposition 1. Assurne that R is a strictly henselian discrete valuation ring. Let E be 
a regular and proper minimal model over R of the elliptic curve Ex. Then the smooth 
locus of Eisa Neron model of Ex. 

Proof Write E' for the smooth locus of E. It follows from 3.1/2 that each R-valued 
point of E factors through E'. So, by the valuative criterion of properness, we see 
that E' satisfies the extension property for etale points and, thus, is a weak Neron 
model of Ex. Furthermore, it follows from 2.3/5 that all k-valued points ofthe special 
fibre Eilift to R-valued points of E'. 

Fix an invariant differential form w of degree 1 on Ex. We claim that all 
components of the special fibre Ei are w-minimal. To see this, consider two com­
ponents xl and x2 of Ei and two k-valued points Yk E xl and zk E x2. Lift them 
to R-valued points y, z of E' and restriet them to K-valued points Yx. zx E Ex. Then 
the translation by ZxYK1 is a K-isomorphism of Ex mapping Yx to zx. Due to the 
uniqueness of regular and proper minimal models, this isomorphism extends to 
an R-isomorphism of E and, thus, of E', mapping y onto z. So there are 
R-isomorphisms of E' which operate transitively on the components of the special 
fibre Ei and which leave w invariant. Consequently, all components of Ei must be 
w-minimal; cf. 4.3/1. 

Now, as explained in Section 1.2 or, in more detail, in Section 4.3 and Chapter 
5, the group structure on Ex extends to an R-birational group law on E' and, then, 
to a group scheme structure on a bigger R-scheme E" containing E' as an R-dense 
open subscheme; cf. 5.1/5. However, using the fact that all translations by 
K-valued points on Ex extend to isomorphisms on E', and to the translations by the 
corresponding R-valued points on E", it follows that E' and E" coincide. So E' is a 
Neron model of Ex. D 

If Eisa proper and flat R-model of an elliptic curve Ex over K, then Eis smooth 
over R at all points of the generic fibre. Furthermore, E is smooth at a point x of 
the special fibre Ek if and only if this fibre is smooth over k at x, or equivalently 
since k is algebraically closed, if and only if Ek is regular at x. So, in order to 
pass to the smooth locus of E, one removes all irreducible components with 
multiplicities > 1 from Ek as weil as from the remaining part of Ek all singular points; 
the latter form a finite set. For algebraically closed residue field k, special fibres of 
regular and proper minimal models of elliptic curves have been classified by Neron 
[2], see also Kodaira [1]; there is only a finite Iist of possible types. An algorithm 
to compute the type ofthe special fibre from a given equation for Ex has been given 
in Tate [2]. 

If one is interested in a Neron modelE of an elliptic curve Ex and not so much 
in its regular and proper minimal model, one can construct E directly without too 
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much effort starting out from an equation describing EK in Pi, at least when the 
residue characteristic of K is different from 2 and 3. To do this, one classifies 
Weierstraß equations into a finite Iist of types, according to certain conditions 
involving the values of their coefficients, discriminants, and j-invariants. Then one 
can construct the Neron model E by direct computation in each of these cases. To 
demonstrate this, assume that R is a strictly henselian discrete valuation ring with 
residue characteristic char k different from 2 and 3 and consider an elliptic curve EK 
over K, defined in Pi by an equation in Weierstraß form 

Then discriminant A and j-invariant j are given by 

Viewing EK as a group scheme, we assume that the point (0, 1,0) defines the unit 
section of EK. Let n be a uniformizing element of R, and Iet v: K---+ Z be the 
additive valuation given by R which satisfies v(n:) = 1. We need some elementary 
properties of the eq ua tion ( * ). 

Lemma 2. F or n e Z, the change of homogeneous coordinates in Pi 

(x, y, z) f---+ (n- 2"x, n-3"y, z) 

induces on the equation of EK the change 

Lemma 3. (a) If v(j) ~ 0, then v(A) = min(v(ß3 ), v(y2 )). In particular, v(A) = 0 (2) or 
v(A) = 0 (3). 

(b) If v(j) < 0, then v(A) > v(ß3 ) = v(y2 ). In particular, v(ß) = 0 (2) and 
v(y) = 0 (3). 

Making a change of coordinates as described in Lemma 2, we can assume that 
the coefficients ß and y of (*) belong to Rand, furthermore, that min(v(ß3 ), v(y2 )) is 
minimal. Thereby we arrive at a so-called minimal Weierstraß equation of EK; i.e., 
at a Weierstraß equation with coefficients in R suchthat v(A) is minimal. We Iist 
the possible cases which remain. 

Lemma 4. Let the equation (*) be a minimal Weierstraß equation for EK. Then, if 
v(j) ~ 0, we have v(A) e {0, 2, 3, 4, 6, 8, 9, 10}. Furthermore, if v(j) < 0, either v(ß) = 
v(y) = 0, or v(ß) = 2 and v(y) = 3. 

Using Neron's symbols as introduced in his table [2], p. 124/125, the possibilities 
foraminimal Weierstraß equation for EK as mentioned in the above Iemma split 
into the following subcases; see also the table in Tate [2], p. 46. 

(a) v(j) ~ 0 , v(A) = 0 

(bm) v(j) = -m < 0, v(ß) = v(y) = 0 



1.5 Elliptic Curves 23 

(c1) v(j) z 0, v(Ll) = 2 

(c2) v(j) z 0, v(Ll) = 3 

(c3) v(j) z 0, v(Ll) = 4 

(c4) v(j) z 0, v(Ll) = 6 

(c5m) v(j) = -m < 0, v(ß) = 2, v(y) = 3 

(c6) v(j) z 0, v(Ll) = 8 

(c7) v(j) z 0, v(Ll) = 9 

(c8) v(j) z 0, v(Ll) = 10 

Now, to construct a Neron model of EK, one proceeds as followso One chooses 
a minimal Weierstraß equation for EK and uses it for the definition of an R-model 
E of EK in IP~o Let E0 be the smooth part of E. Then one verifies by direct 
computation, or by using general properties of planar cubics, that E 0 is a smooth 
R-group scheme extending EKO In fact, we will see that it is the so-called identity 
component of the Neron model of EKO There are three possibilities which we 
characterize by the first letters of Neron's symbols: 

(a) v(ß) = 00 Then Eis smooth, so E0 =Eis an abelian scheme extending EKO 
It follows that EK is an elliptic curve with good reduction and that Eis its Neron 
model. 

(b) v(Ll) > 0 and min(v(ß), v(y)) = 00 Then Eis not smooth; the special fibre of 
E0 is the multiplicative group Gmoko 

(c) v(Ll) > 0 and min(v(ß), v(y)) > 00 Also in this case, E is not smooth; the 
special fibre of E0 is the additive group Ga,ko 

Consider the invariant differential cu = ax on EKO Then cu has n-order 0 over 
y 

E0
0 We claim that, for the construction of the Neron model of EK, it is enough to 

extend E0 into a weak Neron modelE of EK with the property that the special fibre 
of E consists of cu-minimal components, all of them being isomorphic to E~o 

Lemma 5. Let E 1, 0 0 0, E' be smooth and separated R-models of EKO Assurne that, for 
all p, the special fibre Ef:, as a k-scheme, is isomorphic to E~, that cu has n-order 0 
over Ek, and that the canonical map U~=o EP(R)-----+ EK(K) is bijectiveo Then, gluing 
the EP along the generic fibre EK, we obtain a Neron modelE of EKo Furthermore, 
E0 is the identity component of E. 

Proof It is clear that Eisa smooth R-model offinite type of EK which satisfies the 
extension property for etale points 1.1/1. So E is a weak Neron model of EKO 
Furthermore, E is separated since, for p =I= r, the intersection of EP x R E' with 
the diagonal in E x RE is just EKO By the assumption on the n-order of cu, all 
components of the special fibre Ek are cu-minimal. So, denoting by N the Neron 
model of EK, we have an open immersion E ~ N by 4.3/1 or 4.4/40 Then E0 must 
coincide with the identity component N° of the Neron model No Thereby we see 
that the special fibre Nk consists of r + 1 copies of E~ which, in case (c) is the affine 
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1-space Al, andin case (b) is Al minus the origin. Since the same is true for E, we 
conclude from the specialtype of Eg that E ~ N is bijective. So Eisa Neron model 
of EK. D 

In each of Neron's cases, a Neron modelE of EK can be constructed via the 
above lemma. To show how to proceed, we willlook at the cases (cl) and (c2) which 
are quite simple, as well as at case (bm) which is more complicated. Firstnote that 
ek := (0, 1, 0) E E(k) is a non-singular point of the special fibre of E; in fact, it is the 
unit section of Eg. So the singularities of Ek belong to the affine part Ez of E which 
is described in A~ by the equation 

yz = x3 + ßx + y . 

There is precisely one singularity Pk in Ez,k in the cases (b) or (c); it corresponds to 
a multiple zero of the right-hand side of (**). So, in order to apply Lemma 5, we 
have to concentrate on R-models Et of EK suchthat the image of E\R)---+ EK(K) 
consists of K-valued points which, in E, specialize into the singular point Pk· 

Case (cl). Then v(ß) ;;,:: 1 and v(y) = 1 by Lemma 3; hence Pk = (0, 0), using affine 
coordinates of Ez,k· Since 

{ (x, y) E Ez(K); v(x) > 0, v(y) > 0} = 0 , 

it follows from Lemma 5 that E0 = E- {Pk} is the Neron model of Ek. Also it is 
easily checked that the minimal Weierstraß model is regular and, thus, coincides 
with the regular and proper minimal model. D 

Case (c2). Wehave v(ß) = 1 and v(y);;,:: 2 by Lemma 3. Again, Pk = (0,0) is the 
singular point of Ez,k· Thus all points (x, y) E Ez(K) which do not extend to R-valued 
points of E 0 must satisfy v(x);;,:: 1 and v(y) ;;,:: 1. Use x := n-1x and y := n-1y as new 
coordinates and let E 1 be the R-model of EK obtained by gluing 

SpecR[x,y]/(y2 - nx3 - n-1ßx- n-2y) 

along its generic fibre to EK. Then all points (x, y) E Ez(K), which satisfy v(x);;,:: 1 
and v(y);;,:: 1, extend to R-valued points of E 1. In addition, E 1 is smooth and 
separated and has special fibre Ei ~ At ~ Eg as required. Furthermore, since x and 
y do not vanish at the generic point of Ei, we see that w =dxjy = dxjyis of n-order 
0 over Bf. Thus Lemma 5 can be applied. The Neron model of EK is obtained by 
gluing E0 and E 1 along the generic fibre EK; its special fibre consists of two 
components. D 

We mention here that the process of replacing a variable x by x = n-1x is a 
special case of a dilatation, a technique to be applied systematically when we work 
out the smoothening process in Chapter 3. In fact, the method we have used above 
for the construction of E is a very explicit form of the smoothening process. It has 
tobe applied in a similar way for treating the remaining cases. 
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Case (bm)o This case is of special interest if R is complete; then EK is a so­
called Tate elliptic curveo We have v(j) = -m < 0, v(ß) = v(y) = 0, and, hence, 
v(A) = m > 00 Furthermore, Er ~ Gm0

ko Let us write 

P(x) = x 3 + ßx + y 

for the right-hand side of ( **) and P(x) for the polynomial obtained from P(x) by 
reducing coefficients from R to ko Then P(x) has a single root a E k and a double 
root b E ko So Pk = (b, 0) is the singular point of Ez,k and all points (x, y) E Ez(K) 
which do not extend to R-valued points of E0 must reduce to Pko 

The root a Iifts to a root a ER of P(x) since R is strictly henseliano Set Q(x) := 
P(x)/(x - a)o Then Q(x) has coefficients in Rand Q(x) = (x - b)2 is the polynomial 
obtained from it by reducing coefficients from R to ko Extending the valuation v 
from K to the algebraic closure Ka1g, the root b Iifts to two roots b1 , b2 E Kaig 

of Q(x), where v(a - b;) = 0 for i = 1, 20 Thus, the discriminant of P(x), which 
is A, coincides with the discriminant of Q(x), up to a unit in R. Since v(A) = m, 

we have 

v(b1 - b2 ) = m/2 o 

Furthermore, since R is strictly henselian, the extension of v from K to K(b~> b2 ) is 
unique, just as for complete fieldso So v(b1 ) = v(b2 )o Using an inductive argument 
on m, interpreted as the value of the discriminant of Q(x), we want to construct 
R-models E\ 0 0 0, Em-l which, tagether with E0 , will satisfy the conditions of 
Lemma 50 

To do this, choose an arbitrary Iifting b ER ofb and use x- b as a new variable 
instead of x; denote it by x againo The effect is that the singular point Pk = (b, 0) is 
transformed into the origin (0, 0) this wayo We will denote transformed polynomials 
and roots by P(x), Q(x), a, bi, etco, again, so that 

P(x) = (x - a)Q(x) , Q(x) = (x- bd(x- b2 ) 

where now 

v(a) = 0, 

For m = 1 we obtain v(b1 - b2 ) = 1/2 and, hence, v(b;) = 1/20 Then each x ERn 
satisfies v(P(x)) = 1 and we see that P(x) cannot have a square root in R. So there 
are no points (x, y) E Ez(K) satisfying v(x) ~ 1 and v(y) ~ 1, and we can conclude 
from Lemma 5 that, in this case, E0 is already the Neron model of EKO Furthermore, 
the minimal W eierstraß model is regular in this caseo 

Ifm > 1, we use n-1x and n-1y as new variables, writing x and y for them againo 
Then, looking for points (x, y) E Ez(K) satisfying v(x) ~ 1 and v(y) ~ 1, we have to 
Iook for integral solutions of the equation 

y2 = (a - nx) 0 Q(x) , 

where we have written Q(x) instead of n- 2Q(nx) againo This way the discriminant 
of Q(x) has been divided by n2 so that its value is now m - 20 Assurne m = 20 Then 

SpecR[x,y]j(y2 - (a- nx)o Q(x)) 
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is smooth over R. Gluing it along its generic fibre to EK, we obtain an R-model E 1 

as required in Lemma 5. Namely, the special fibre of E 1 is 

Spec k[x, y ]/(y2 - aQ(x)) 

with Q(x) having two distinct roots in k. So it is IP'~ minus two closed points and, 
thus, isomorphic to E~. That the differential w has n-order 0 over E~, is easily 
checked. So, form= 2, the Neron model is obtained by gluing E0 and E 1 along the 
generic fibre EK; its special fibre consists of two components. 

If m > 2, the polynomial Q(x) has a root of multiplicity 2 and the scheme 

SpecR[x,y]j(y2 - (a- nx)· Q(x)) 

is not smooth over R; its special fibre consists of two affine lines intersecting each 
other. Removing the intersection point, we can construct two R-models E 1 and E 2 

of E K with special fibre isomorphic to E~ each. If m = 3, one is reduced to the case 
considered above where the discriminant of Q(x) has value 1. Thereby it is seen that 
E0, Ei, E2 satisfy the conditions of Lemma 5. If m > 3, the value of the discriminant 
of Q(x) is > 1 and can be reduced by 2 again as shown above. One continues this 
way until the value of the discriminant of Q(x) is 1 or 0. Thereby one constructs 
R-models Ei, ... , Em-t of EK which, together with E0 satisfy the conditions of 
Lemma 5. So the special fibre of the Neron modelE of E K consists of m components. 
With a little bit of extra work one can show that the group EklE~ is cyclic of order 
m. Also, by means of the arguments we have given, one can determine the regular 
and proper minimal model of E K· Its special fibre consists of a chain of m projective 
lines forming a loop (if m > 1) or of a rational curve with a double point (if m = 1). 
In particular, we can thereby see that the regular and proper minimal model of EK 
will not be planar if m > 3, because a planar cubic cannot have more than 3 
components. D 

It is useful to look at Tate elliptic curves also from the rigid analytic viewpoint. 
So let R be a complete discrete valuation ring. We do not need that R is strictly 
henselian orthat the residue field k is perfect. An elliptic curve EK over K is called 
a Tate curve if, in the sense of rigid analytic geometry, it can be represented 
as a quotient Gm,rig/qz where Gm,rig is the analytification of the multiplicative 
group Gm,K and where q E K* satisfies m := v(q) > 0. The quotient Gm,rig/qz can be 
thought ofas being constructed by gluing m annuli oftype {x E Gm,rig; lnl :::; lxl :::; 1} 
in a cyclical way. Using this covering, we can extend Gm,rig/qz into a formal scheme 
X whose special fibre Xk is a projective line with a double point if m = 1 and a chain 
of m projective lines forming a loop if m > 1. 

Choosing an effective Cartier divisor D on X whose support is contained in the 
smooth locus of X and which is very ample on all components of Xk and on the 
generic fibre Xri8 , one constructs a projective embedding of X and, thus, an R-model 
E' of EK whose formal completion is X. Then it turnsout that the smooth locus E 
of E' is a Neron model of EK. The special fibre Ek coincides with the smooth locus 
of Xk and, thus, is an extension of Gm,k by ZjmZ. See Bosch and Lütkebohmert [3] 
for a generalization of the construction to abelian varieties. 
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1.6 Neron's Original Article 

We want to give here some analysis of Neron's article "Modeles minimaux des 
varietes abeliennes sur les corps locaux et globaux"[2] which appeared in 1964 and 
which serves as a basis for the construction of Neron models as done in this book; 
seealso the lecture [1] given by Neron in 1961 at the Seminaire Bourbaki. Consider 
an abelian variety AK over a local field K and think of it as being embedded into a 
projective space lfl>~. Let X be the schematic closure of AK in lfl>~ where R is the 
discrete valuation ring of integers of K. Then Xis an R-model of AK on which 
integral points might not be read as nicely as possible. Moreover, it will be likely 
that the group structure of AK does not extend to the smooth part of X. To obtain 
R-models of AK which do not have these disadvantages, Neron had to apply a series 
of substantial modifications to X and, in doing so, he had to overcome a lot of 
technical difficulties. 

His article is divided into three chapters. The first one develops a language of 
varieties over discrete valuation rings, taking Weil's "Foundations" [1] as point of 
departure. The main results are "Theoreme 3" on p. 57, which corresponds to our 
smoothening process (see 3.1/3), and, as a coroilary, "Theoreme 6" on p. 61, which 
yields the existence of weak Neron models (see 3.5/2). In the second chapter, one 
finds the construction of Neron models for abelian varieties or, more generaily, for 
torsors under abelian varieties; Neron uses the terminology "modele faiblement 
minimal". The existence ofNeron models is asserted in "Theoreme 2" on p. 79 for 
the local case andin "Theoreme 4" on p. 87 for the global case. Finaily, the third 
chapter, which is fairly independent of the others, contains the construction of 
regular proper minimal models for eiliptic curves. 

Neron's article has tobe viewed as a contribution to relative algebraic geometry 
over a discrete valuation ring; the applications he gives in the global case are 
easily deduced from the local case. Concerning the construction of Neron models, 
Chapters 1 and 2 of his article are quite difficult to read. To a substantial ex­
tent, this is due to the fact that they are very technical and also to the fact that 
the terminology Neron applies is not commonly used; it has been abandoned 
since. 

To give some impression of his terminology, let us explain the basic setting 
considered by Neron. Westart with a discrete valuation ring R with maximal ideal 
p. Denote by K the field of fractions as weil as by k the residue field of R. The latter 
is assumed to be perfect. Neron, familiar with the notion of generic points in the 
sense of Weil's "Foundations" [1], works with universal domains on two levels. 
First he chooses a universal domain f for the residue field k and then a universal 
domain 5\ for the field of fractions K. The latter is done in such a way that 5\ is a 
universal domain of the field of fractions of a ring 9l which serves as an "integral" 
universal domain. To define 9l in the equal characteristic case, he considers a Iifting 
of k to the completion of R as weil as a uniformizing element T of R and takes for 
9l the formal power series ring f[[T]]. In the unequal characteristic case, he sets 
9l = .R. ®w<k> W(f) where .R. is the completion of R and where W indicates rings of 
Witt vectors. The interference of Witt vectors is the main reason why the residue 
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field k is assumed to be perfect. Then he works with relative schemes over R, 
so-called p-varieties. Tobe precise, a p-variety corresponds to a flat R-scheme of 
finite type; its points have values in the universal domains ~ or f or, when consider­
ing integral points, in the subring 91 of R Such a p-variety is called p-simple if it is 
regular; it is called simple modulo p at a point of the special fibre if it is smooth 
over Rat this point. For both notions, Neron discusses the Jacobi criterion. 

In the following, we want to examine Neron's approach to the smoothening 
process as presented in his Chapter 1, without pursuing his terminology any further; 
we will use the language of schemes, as generally applied in this book. Let X be a 
flat R-scheme offinite type with a smooth generic fibre XK and consider R'-valued 
points of X where R' is a discrete valuation ring over R having same uniformizing 
element as R. (So R' is of ramification index 1 over R, since the residue field k of R is 
perfect.) For such points x E X(R'), Neron defines the integer l(x, X) which 
measures the defect of smoothness of X along x; see his section n°17 starting on 
p. 35 or our section 3.3. He shows that l(x, X) is bounded as a function of x. Then 
he works out the smoothening process by relying on two techniques: the first one 
is a generic smoothening and the second is the theory of pro-varieties. 

The generic smoothening can be formulated as follows: 

Let u : Spec R' --+ X be an R' -valued point of X where R' is as above. Reducing 
modulo the maximal ideal p of R, one obtains a morphism u: Speck' --+ Xk. Let Y 
be the closure of its image and Iet f: X --+X be the blowing-up of Y on X. Then, if 
Ci : Spec R' --+ X is the Iifting of u to X, one has 

l(fi,X) < max(l(u,X), 1). 

In particular, after a finite repetition, one ends up with a factorization of u through 
the smooth locus of a blowing-up of X. 

The statement may be viewed as an individual smoothening for R'-valued points 
x of X. In order to obtain some form of smoothening which works simultaneously 
for several x and R', Neron relies on the technique of pro-varieties; this is one of 
the most delicate points in his construction. To give a sketch of his approach, 
consider an affine open part of X and thereby suppose that X is embedded into an 
affine space A~. Using the coefficients of formal series in f[[T]] in the equal 
characteristic case and Witt coordinates in the unequal characteristic case, Neron 
introduces on the set of R/pn-valued points of A~ a structure of k-variety nAf. Since 
X has a smooth generic fibre, the image of X(R) in nAf gives rise to a constructible 
subset nx and one obtains a projective system of morphisms 

... -n+lx--+nX--+··· 

defining a k-pro-variety. 
The possibility of parametrizing solutions of X modulo pn by a k-variety or, 

more specifically, of points of X with values in the completion R of R by a 
k-pro-variety, had been systematically studied by M. Greenberg [1] within the 
context of schemes and representable functors; see also Serre [3]. The technique is 
referred to as the Greenberg functor. However, since Neron did not use the language 
of functors, he gave proofs of his own for the facts he needed. 
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Let us retum to the situation of a generic smoothening as above where we 
consider a blowing-up f: X --X with center Y. Then there is an induced morphism 
"f: nx-- nx for each n and, taking Iimits over n, a bijection X(R) ~ X(R). To 
obtain a simultaneous smoothening, Neron has to consider partial inverses of the 
maps y More precisely, for each n, there is a constructible subset ny of nx given by 
the points in X(R) which reduce to points of Y and he shows that there is a 
constructible map n+l y-- nx such that the diagram 

n+ly 

j 
ny '-c--~1 "X 

commutes. (In the case of Witt coordinates, a map of type n+l Y-- ng involves 
radicial morphisms of extracting p-th roots. Later, to overcome this kind of diffi­
culties, Serre [2] worked with quasi-algebraic varieties.) 

Now set l = max l(x, X) where the maximum is taken over all R' -valued points 
of X and Iet Z be an irreducible component of 1X. Combining blowing-ups and 
shiftings as above, Neron shows the following assertion: there exists a non-empty 
open part U of Z such that there is a simultaneous smoothening of X with respect 
to all points of X(R') whose image in 1X is already contained in U. Using this 
assertion, he can finish the smoothening process by a constructibility argument; cf. 
his "Theoreme 3" on p. 57. 

The proof we will give for the existence of the smoothening process is basically 
the same as Neron's, except for the fact that we can avoid using pro-varieties 
and the Greenberg functor. We do this by establishing a more precise form of the 
generic smoothening; cf. 3.3/5. Namely, as we will see, considering the blowing-up 
f: X --X, there exists a non-empty open subscheme V c Y, described in terms of 
differential calculus, such that, for each R'-valued point v of X whose special fibre 
factors through V, and for the Iifting iJ of v to X, we have 

l(iJ,X) < max(l(v,X), 1). 

Then it is possible to end the smoothening process directly by a constructibility 
argument without looking at solutions of X modulo higher powers of v. 

At the end of Neron's Chapter 1, there is the discussion of what we call weak 
Neron models and the measuring of the size of their components. The latter is done 
with respect to a non-zero differential form w of maximal degree of XK. The 
smoothening process implies that, up to birational equivalence, there are only 
finitely many components of "maximal volume" with respect to w. The arguments 
are the same as we will present them later at the corresponding places in our 
Chapters 3 and 4. 

Let us dicuss now Neron's Chapter 2. lt starts with the definition of torsors, or 
principally homogeneous spaces in his terminology. The definition is given in terms 
ofternary laws of composition in such a way that the underlying group ofthe torsor 
is hidden. Presumably this is donein ordernot toseparate the construction ofNeron 
models into the group case and the case of a torsor under a group scheme. So 
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consider a torsor XK under an abelian variety AK over K and a projective R-model 
X' of XK. Neron applies the smoothening process to X', restricts to the smooth 
locus, and removes from the special fibre all irreducible components which do not 
have maximal volume. The volume is measured with respect to a non-zeroinvariant 
differential form of maximal degree on XK; write X" for the resulting R-model of 
XK. Then he shows that the structure of torsor on XK extends to a birationallaw 
of torsor on X". 

The next step is to show that finitely many "translates" of X" (defined over 
certain unramified extensions of R) cover all points of X' with values in unramified 
extensions R' of R. The sameproblern occurs in our presentation at the end of the 
construction of Neron models, where we want to prove their universal mapping 
property; cf. 4.4/4. 

To construct the Neron model X of XK, it is, of course, necessary to really glue 
translates of X"; the latter is not a standard procedure since the translates are only 
defined over certain unramified extensions of R. Starting with an ample invertible 
sheaf on X", Neron shows that it extends to an ample invertible sheaf on the 
translates of X" and, finally, on the Neron model X. So this part contains in one 
step the construction of X in terms of gluing translates under the birationallaw on 
X" as weil as the descent and the quasi-projectivity of the resulting model. It 
presents a tremendous accumulation of difficulties. In addition, explanations which 
are given are not very detailed and in most cases quite complicated to follow. In 
order to simplify things, it is possible to separate the construction into two steps. 
First one constructs the Neron model over an etale extension R' of R, where one 
has enough integral points to perform translations and where it is enough to 
consider the group scheme case. Then, as a second step, one goes back from R' to 
R by means of descent, using ample invertible sheaves and thereby proving the 
quasi-projectivity of the model. This is how M. Artin proceeds in [9]; the same 
strategy will be applied in the present book. 

Finally, the universal mapping property of Neron models is established (in a 
rudimentary form) quite early in Neron's article, see n°4, pp. 71-73, even before 
Neron models are constructed. It is based on Weil's arguments [2], concerning 
rational maps from smooth varieties into algebraic groups. 

It remains to say a few words about Neron's Chapter 3 where he constructs 
proper and regularminimal R-models for elliptic curves with a rational point over 
K. Except for a few examples, already mentioned inSection 1.5, the subject will not 
be touched in this book. Neron studies minimal Weierstraß equations and classifies 
them according to the values of their coefficients, discriminants, and j-invariants. 
Then he obtains the regular and proper minimal model as a successive joint of new 
components. His construction leads to the same diagrams as the ones obtained by 
Kodaira [1]. But Neron's approach of discussing minimal Weierstraß equations 
case by case is quite different, it does not use the existence of regular models nor 
does it use the intersection form. An improved version of his method was later 
published by Tate [2] in algorithmical form; it is known as the Tate algorithm. 



Chapter 2. Some Background Material from 
Algebraic Geometry 

In this chapter we give a review of some basic tools which are needed in later 
chapters for the construction ofNeron models. Assuming that the reader is familiar 
with Grothendieck's definition of schemes and morphisms, we treat the concept of 
smooth and etale morphisms, ofhenselian rings, and of S-rational maps; moreover, 
we have included some facts on differential calculus and on flatness. Concerning 
the smoothness, we give a self-contained exposition of this notion, relating it closely 
to the Jacobi criterion. For the other topics we simply state results, sometimes 
without giving proofs. Most of the material presented in this chapter is contained 
in Grothendieck's treatments [EGA IV4 ] and [SGA 1]. 

2.1 Differential Forms 

In this section we define the sheaf of relative differential forms of one scheme over 
another. We introduce it by a purely algebraic method using derivations. So let us 
first review the basic facts on derivations; detailed explanations and proofs can be 
found in [EGA 01v ], 20.5. 

In the following let R be a ring, and let A be an R-algebra. An R-derivation of 
A into an A-module M is an R-linear map d: A--+ M suchthat 

d(fg) = fd(g) + gd(f) for all J, g E A . 

In particular, d(r ·1) = 0 for all r ER. The set DerR(A, M) of all R-derivations of A 
into an A-module M is canonically an A-module. One defines the module ofrelative 
differential forms (of degree 1) of A over Ras an A-module nJ_1R, together with an 
R-derivation dA/R: A--+ Qj_1R, which is universal in the following sense: Foreach 
A-module M, the canonical map 

is bijective. The map dA/R is called the exterior differential. Such a couple (Qj_1R, dA/R) 
is uniquely determined up to canonical isomorphism. The existence can easily be 
verified in the following way.lf Ais a free R-algebra R['Iilei ofpolynomials in the 
variables T;, i E J, then let !11 be the free A-module generated by the symbols dT;, 
i E J, and define d : A - !11 by the formula 

aP 
d(P) :=:L-a ·d7i, 

iel 1i 
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where oPjoT; is the usual partial derivative of P with respect to T;. It is easy to see 
that (Q1,d) is the A-module ofrelative differential forms of A over R. In general, an 
R-algebra Bis a residue ring B = Aja of a free R-algebra of polynomials A. Then 
the B-module of relative differential forms of B over R is given by the B-module 

nl;R/(anl;R + AdA;Ra)' 

and the exterior differential is canonically induced by dAJR· 
We give an alternate method for proving the existence of modules of differentials. 

Let m: A ®RA-A be the map induced by the multiplication on A, set I = ker(m) 
and consider the map 

d:A-I/12 , jf---+1®!-!®1 mod/2 • 

The (A ®R A)-module I/12 is actually an ((A ®R A)/1)-module. Using the canonical 
isomorphism 

(A®R A)/1 ~A 

one can view I/12 as an A-module, and one verifies that (//12 , d) is the A-module 
of relative differential forms of A over R. 

The universal property of !ll1R implies certain functorial properties. For exam­
ple, each morphism cp: A-B of R-algebras induces a unique A-linear map 

and hence a B-linear map 
nl;R ®A B- n1;R . 

Moreover, since each A-derivation of Bis also an R-derivation, one obtains a map 

Thus we have a canonical sequence 

nl;R ®A B - n1;R - n1;A - o 
which can be shown to be exact. If B is a residue algebra of A, say B = Aja, the 
R-derivation dA/R induces a canonical B-linear map 

(j: a/a2 - nl;R ®AB' af---+ dA;R(a)@ 1 

where a denotes the residue dass of a E a modulo a2. As a second important fact 
on the behavior of differentials, one shows that the sequence 

aja2 ~ nl;R ®AB- n1;R- 0 
is exact. 

Next we want to globalize the notion of modules of differentials in terms of 
sheaves over schemes. One can either show that the formation of modules of 
differentials is compatible with localization or, what is more elegant, use the alter­
nate description we have given above. Proceeding the latter way, consider a base 
scheme S and an S-scheme X. The diagonal morphism 

Li:x-x xsX 
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yields an isomorphism of X onto its image A(X) which is a locally closed subscheme 
of X x 8 X; i.e., A(X) is a closed subscheme of an open subscheme W of X x 8 X. 
Let f be the sheaf of ideals defining A(X) as a closed subscheme of W Then we 
define the sheaf of relative differential forms (of degree 1) of X over S as the sheaf 

n}1s := A*(f/f2 ) 

on X. Note that f/f 2 has a natural structure ofan lD4<xrmodule; hence A*(f/f2 ) 

is canonically an lDx-module. lt is clear that 0}18 is a quasi-coherent lDx-module, 
which is of finite type if X is locally of finite type over S. The canonical map 

dX/S : (DX- Q}/S ' 

induced by the map sending a section f of lDx to the section p!f- pTf of f (where 
P;: X x 8 X- X is the projection onto the i-th factor), is called the exterior 
differential. 

Since 0}18 is quasi-coherent, (0}18, dx1s) can be described in local terms: for each 
open affine subset V = Spec R of S and for each open affine subset U = Spec A of 
X lying over V, the sheaf!l}1slu is the quasi-coherent lDxlu-module associated to the 
A-module 011R, and the map dx1siu is associated to the canonical map dA/R: 
A-n1tR· 

The sheaf of relative differential forms has similar functorial properties as the 
module of relative differential forms. Given an S-morphism f: X - Y, one can pull 
back differential forms on Y to X. So one obtains a canonicallDx-morphism 

j*Q}/S- Q}/S · 

Each section w of Ob gives rise to a section w' of f*!l}18 and hence to a section w" 
of 0}18, namely to the image of w' under the above map. lt is convenient to use the 
notion f*w for both w' and w"; however to avoid confusion, we will always specify 
the module, either f*!lhs or 0}18, when we talk about the section f*w. 

The canonical sequences between modules of differentials, as given above, can 
immediately be globalized to the case of differentials over schemes; cf. [EGA IV4 ], 

16.4: 

Proposition 1. Let f: X - Y be an S-morphism. Then the canonical sequence of 
lDx-modules 

is exact. 

Proposition 2. Let j : Y ~ X be an immersion of S-schemes. Let / be the sheaf of 
ideals defining Y as a subscheme of X. Then the canonical sequence of lDy-modules 

/1/ 2 ~ j*!l}ts- Ohs- 0 

is exact. 

Furthermore, we cite that the formation of sheaves of relative differentials 
commutes with base change and products: 
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Proposition 3. Let X and S' be S-schemes. Let X' = X x s S' be the S' -scheme obtained 
by base change, and Iet p : X' ----+X be the projection. Then the canonical map 

*I"\ 1 "' 1"\ 1 P ux;s----+ ux·;s• 

is an isomorphism. 

Proposition 4. Let X 1 and X 2 be S-schemes. If P;: X1 x 8 X 2 ----+ X; are the projections 
for i = 1, 2, the canonical map 

*1"\1 ffi *I"\ 1 "' 1"\1 P1uX 1!S w Pzux 2;s----+ uxl xsX2/S 

is an isomorphism. 

2.2 Smoothness 

In this section we want to explain the basic concept ofunramified, etale, and smooth 
morphisms from the viewpoint of differential calculus. Our approach differs from 
the one given in [EGA IV4 ], 17, in sofaras we have chosen the Jacobi criterion as 
point of departure. In the following, Iet S be a base scheme. 

Definition 1. A morphism of schemes f : X ----+ S is called unramified at a point x E X 
if there exist an open neighborhood U of x and an S-immersion 

j: u <=-+ As 
of U into some linear space AlsoverS suchthat the following conditions are satisfied: 

(a) locally at j(x) (i.e., in an open neighborhood of j(x)), the sheaf of ideals ß 

defining j(U) as a subscheme of Als is generated by finitely many sections, 
(b) the differential forms of type dg with sections g of ß generate n1~;s at j(x). 

The morphism f: X----+ S is called unramified if it is unramified at all points of X. 

Condition (a) says that unramified morphisms are locally offinite presentation. 
Obviously, an immersion which is locally of finite presentation is unramified. It can 
easily be shown that the class of unramified morphisms is stable under base change, 
under composition, and under the formation ofproducts. We give some equivalent 
characterizations of unramified morphisms: 

Proposition 2. Let f: X ----+ S be locally of finite presentation, Iet x be a point of X, 
and set s = f(x). Then the following conditions are equivalent: 

(a) f is unramified at x. 
(b) n};s,x = 0 
(c) The diagonal morphism d: X----+ X x 5 Xis a local isomorphism at x. 
(d) The k(s)-scheme Xs =X x 8 Speck(s) is unramified over k(s) at x. 
(e) The maximal ideal mx of mx,x is generated by the maximal ideal ms of (!)S,S' 

and k(x) is a (finite) separable extension of k(s). 
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Proof The equivalence of conditions (a) and (b) follows from the exact sequence 
2.1/2. The equivalence of (b) and (c) is seen by using the identity 

nl/s = !!!.*(ß'/§2) ' 

where § is the sheaf of ideals defining the diagonal in X x 8 X, and by applying 
Nakayama's lemma. Furthermore, since unramified morphisms are preserved by 
any base change, condition (a) implies condition (d). Conversely, if (d) is satisfied, 
we know already 

nl.Jk(s).x = 0. 

Let m. be the maximal ideal of ms.s· Then, since the formation of sheaves of 
differentials is compatible with base change, we have 

nl.Jk(s).x = nljs,xlm.nljs,x ' 

and Nakayama's lemma yields ill1s,x = 0. So condition (b) is satisfied, and we see 
that conditions (a) to (d) are equivalent. 

In order to show that the equivalence extends to condition (e), we may assume 
that S is the spectrum of a field k. Then the implication (e) ~ (b) is an elemen­
tary algebraic fact, because ill1s,x = Qf<xJJk in this case. Conversely, let us show that 
condition (c) implies condition (e). We may assume that Xis affine, say X = Spec A, 
and that the diagonal morphism !!!. : X ---+ X x k X is an open immersion. Let k be 
the algebraic closure of k. It suffices to prove that A ®k k is a finite direct sum of 
fields isomorphic to k; then A will be a finite direct sum of separable field extensions 
of k. To do this we may assume that k is algebraically closed. For a closed 
point z of X, let hz : X ---+ X be the constant morphism mapping X to z, and consider 
the morphism 

(idx, hz): X---+ X Xk X . 

Since !!!. is an open immersion, 

is open in X. Hence each closed point of Xis open, and X consists of a finite number 
of isolated points. In particular, A is a finite-dimensional vector space over k. 
Shrinking X if necessary, we may assume that X consists of only one point. Then 
the same is true for X xk X. Since !!!. is an open immersion, the corresponding 
morphism !!!. * : A ®k A ---+ A is an isomorphism and, by comparing vector space 
dimensions, we see A = k. D 

If follows from condition (e) above that the relative dimension of an unramified 
morphism is zero. More generally, one can show that the relative dimension 
dimxf = dimxf-1 (f(x)) at a point x of an S-subvariety X c As with structural 
morphism f: X ---+ S is r if, locally at x, the subvariety is defined by sections g,+1 , 

... , gn of (() A~ and if the differentials dg,+ 1 (x), ... , dgn(x) are linearly independent in 
nb,~/S ® k(x). Namely, this follows from the result above and the fact that the relative 
dimension decreases at most by 1 if one goes over from an S-scheme to a subscheme 
defined by a single equation. 



36 2. Some Background Material from Algebraic Geometry 

Definition 3. A morphism f: X---+ S is called smooth at a point x of X (of relative 
dimension r) if there exist an open neighborhood V of x and an S-immersion 

j:V~A~ 

of V into some linear space A~ over S such that the following conditions are satisfied: 
(a) locally at y := j(x), the sheaf of ideals defining j(V) as a subscheme of A~ is 

generated by (n - r) sections gr+l, ... , gn, and 
(b) the differentials dg,+l (y), ... , dgn(Y) are linearly independent in Ol~;s ® k(y). 

A morphism is called smooth if it is smooth at all points. Furthermore, a morphism is 
said to be etale (at a point) if it is smooth (at the point) of relative dimension 0. 

Note that, as we have explained above, the integer r is indeed the relative 
dimension of f at x and that, due to its definition, the smooth locus of a morphism 
which is locally of finite presentation is open. lt is an elementary task to verify that 
the dass of smooth (resp. etale) morphisms is stable under base change, under 
composition, and under the formation of products. lt is clear that open immersions 
are etale. Furthermore, etale morphisms are unramified, but the converse is not true 
as is seen by the following lemma. 

Lemma 4. An immersion f: X ---+ S is etale if and only if f is an open immersion. 

Proof. The if-part is obvious. For the only-if-part, it suffices to consider the special 
case where f is a closed immersion. Furthermore we may assume that, as an 
S-scheme, X has been realized as a closed subscheme of an affine open subscheme 
V c A~, in such a way that X is defined by n sections g 1 , ... , gn of (!)4~ on V, 
where the differentials dg 1 , ••• , dgn generate Ol~;slv· Since f: X---+ S is a closed 
immersion, we may assume that the coordinate functions T1 , .•• , T" of A~ vanish 
on X. Then we have relations 

with aij E (!)4~(V) for i,j = 1, ... , n. Taking the differentials of these equations shows 
that the matrix (aij) is invertible in a neighborhood of X. Due to Cramer's rule, the 
sheaves of ideals generated by (T1 , ... , T") and (g 1 , ..• , gn) coincide in this neighbor­
hood. This implies that f is an open immersion. D 

More generally, one can show that etale morphisms are flat and, hence, open 
(cf. 2.4); in fact, a morphism is etaleifand only if it is flat and unramified, see 2.4/8. 
In particular, if S is the spectrum of a field k, the notions etale and unramified 
coincide. In this case, each etale S-scheme X consists of isolated reduced points 
suchthat the residue field k(x) of each point x EX is a finite separable extension 
of k. 

Proposition 5. Let f: X ---+ Y be a smooth morphism of schemes. Then: 
(a) n};r is locally free. Its rank at x EX is equal to the relative dimension of f 

at x. 
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(b) If f is a smooth morphism of smooth S-schemes, the canonical sequence of 
mx-modules 

0 ~ f*O.~;s ~ 0.}13 ~ 0.}1r ~ 0 

is exact and locally split. (Actually, the assumption on X and Y tobe smooth over S 
is unnecessary; cf. [EGA IV 4 ], 17.2.3.) 

Proof Since O.l~ is free of rank n, assertion (a) follows immediately from the 
definition of smoothness if one uses 2.1/2. In the situation (b) we know from 2.1/1 
that the canonical sequence 

f*O.~;s ~ O.};s ~ O.};r ~ 0 

is exact. Due to (a), the three mx-modules are locally free of finite rank. Hence, for 
all x EX, the mx,x-module (f*O.i;s)x is isomorphic to the direct sum of ker rxx and 
im rxx both of which are free. Counting the ranks, one sees ker rx = 0. D 

It is an easy consequence of (a) that, for a smooth morphism f: X~ S, the 
map x ~ dimxf is locally constant. Next we want to characterize smoothness by 
the infinitesimallifting property for morphisms. 

Proposition 6. Let f :X~ S be locally of finite presentation. The following 
conditions are equivalent: 

(a) f is unramified (resp. smooth, resp. etale). 
(b) For all S-schemes Y which are affine and for all closed subschemes Y0 of Y 

defined by sheaves of ideals / of (9Y with / 2 = 0, the canonical map 

Homs(Y, X)~ Homs(Y0 , X) 

is injective (resp. surjective, resp. bijective). 

Proof First we want to treat the characterization of unramified morphisms. In this 
situation, conditions (a) and (b) are local on X and S, so we may assume that X and 
S are affine, say X= SpecB and S =SpeeR. Let C be an R-algebra, let J be an 
ideal of C with J2 = 0, and consider a commutative diagram 

B 

/]~ 
R-C~CjJ. 

One easily shows that the map 

{ ljJ E HomR(B, C) ; v o ljJ = cp} ~ Der R(B, J) , ljJ~ljJ-cp, 

between the set ofliftings of cp and the B-module of R-derivations is bijective. Notice 
that J is a CjJ-module and, hence, a B-module via cp. 

If X is unramified over S, we know 0.11R = 0 from Proposition 2 so that 
DerR(B,J) = 0 in this case. Thus, the implication (a) ~(b) is clear. In order to 
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verify the implication (b) ==>(a), set C := (B Q9R B)/I2, where I is the kernel of 
the map 

m: B Q9R B -----+ B , L xi 0 Yi ~ L XiYi . 

Furthermore, set J = I/I 2 • The considerations above show Der R(B, J) = 0. Since 
J ~ 011R, the implication (b) ==>(a) follows. 

Next we turn to the characterization of smooth morphisms. Starting with the 
implication (a) ==> (b), let us first consider a special case which corresponds to 
the local situation of a smooth morphism. So let S be affine, say S = Spec R, and 
let X = Spec B be a closed subscheme of an affine open subscheme V = Spec A of 
A8. Let I be the ideal of A defining X. Assurne that there are g1 , ••• , g. E A such 
that dg 1, ... , dg. form a basis of Q_l1R and such that, for some r, the ideal I c A of 
Xisgenerated by g,+1 , ••• , g •. Then, since I/I 2 is generated over B = A/I by the 
residue classes of these elements, the canonical sequence 

(*) 0-----+ I/I 2 -----+ Q_l/R Q9A B-----+ 01;R-----+ 0 

is easily seen to be split exact. 
Now let Y = Spec C be an affine S-scheme, and fix a closed subscheme Y0 c Y 

defined by an ideal J of C with J 2 = 0. To verify condition (b), we have to show 
that each R-morphism iji: B-----+ CfJ lifts to an R-morphism cp: B-----+ C. Due to the 
universal property of a polynomial ring, we can lift iji to an R -morphism t/1 : A -----+ C 
such that the diagram 

A~B=A/I 

/l· l· 
R~c~c;J 

is commutative. Since t/J{I) c J, the map t/J gives rise to a B-linear map 

t/J':I/I2 ----+J. 

Since the sequence (*) is split exact, the B-linear map t/J' extends to aB-linear map 
t/J" as follows: 

Hence, t/J" induces an R-derivation <5: A -----+ J satisfying t/111 = <51 1 . Then 
(t/1 - <5): A -----+Cis an R-morphism inducing a lifting cp: B-----+ C of iji. 

It remains to reduce the general case of an arbitrary smooth morphism 
f: X-----+ S to the special case treated above. This can be done by showing that 
condition (b) is a local condition on X. So, as before, let Y = Spec C be an affine 
S-scheme, and let Y0 be a closed subscheme of Y defined by a sheaf of ideals / of 
C9y with / 2 = 0. Let iji: Y0 -----+ X be an S-morphism. Due to the special case 
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discussed above, there exists an open covering {J-:}.. of Y suchthat 1/Jknro lifts to 
a morphism tp~: J-:---+ X. The obstruction for (tp~) to define a morphism from Y to 
Xis a cocycle with values in :tfoml'J~ (tp*0}18 , ,!"); seealso [SGA 1], Exp. III, 5.1. 
Since this sheaf is a quasi-coherent r2r: -module, its first cohomology group vanishes 
on the affine scheme Y0 . So there exist liftings IJJrz: J-:---+ X of qi"ir_,..,y0 suchthat (tp"') 
gives rise to a morphism tp : Y ---+ X lifting ifi. This establishes the implication 
(a) ~ (b) for smooth morphisms. 

In order to show the converse, we may assume that X is a closed subscheme of 
a linear space As which is defined by a finitely generated sheaf of ideals f c @ A~· 

Then it suffices to show that the canonical sequence 

0---+ fjf 2 ---+ 0!_~/S <8) @X---+ 0}1s---+ 0 

is locally split exact. We will prove this in a more general situation where As is 
replaced by a smooth S-scheme Z. In order to do this, we may assume that S and 
Z are affine, say S = Spec R and Z = Spec A, and that X = Spec B is defined by a 
finitely generated ideal I c A; in particular, we have B = A/I. Due to condition 
(b), the map 

i/i = id: A/I---+ A/I = (A/12 )/(I/12 ) 

lifts to an R-morphism tp: A/I---+ A/12• Then the exact sequence of R-modules 

0---+ I/12 ~ A/12 ~ A/I---+ 0 

splits; namely, tp is a section of v, and idAJI2 - tp o v defines an R-linear map 

r: A/12 ---+ I/12 

which is a section of the inclusion l. Since r(a) · r(b) = 0 for all a, b E A/12 , we have 

r(ab) = ab - tp o v(ab) + (a - tp o v(a))(b - tp o v(b)) = ar(b) + br(a) . 

Hence r is an R-derivation giving rise to an A-homomorphism 011R---+ I/12• 

Consequently, the sequence 

0---+ I/12 ---+ 01/R ®A B---+ 01/R---+ 0 
is split exact. 

Finally, the characterization of etale morphisms follows from what has been 
shown for smooth and unramified morphisms, since a morphism is etale if and only 
if it is smooth and unramified. D 

In the definition of smoothness it is required that a smooth S-scheme X can 
locally be realized as a subscheme of a suitable linear space As such that the 
associated sheaf of ideals satisfies certain conditions. Now we will see that these 
conditions are fulfilled for each immersion of X into a smooth S-scheme. 

Proposition 7. (Jacobi Criterion). Let X and Z be S-schemes, and letj: X~ Z be a 
closed immersion which is locally of finite presentation. Let f be the sheaf of ideals 
of r2z which defines X as a subscheme of Z. Let x be a point of X, and set z = j(x). 
Assurne that, as an S-scheme, Z is smooth at z of relative dimension n. Then the 
following conditions are equivalent: 
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(a) As an S-scheme, Xis smooth at x of relative dimension r. 
(b) The canonical sequence of f9x-modules 

o---+ Jj.P---+ j*0.}1s---+ n}1s---+ o 

is split exact at x, and r = rank(O.};s ® k(x)). 
(c) lf dz1, ... , dzn is a basis of (0.}1s)z, and if g1, ••• , gN are local sections of f9z 

generating ~. there exists a re-indexing of the z 1 , ••• , Zn and of the g 1 , .•• , gN such 
that g,+1 , ... , gn generate J at z and such that dz 1 , ••• , dz,, dg,+1, ... , dgn generate 
(O.};s)z. 

(d) There exist local sections g,+1 , •.. , gn of (9z generating ~such that the 
differentials dgr+1 (z), ... ' dgn(z) are linearly independent in n};s ® k(z). 

Proof The implication (a) ~(b) follows from the preceding proposition. 
Namely, if condition (a) is satisfied, X has the Iifting property, and, as shown in the 
last part of the proof of Proposition 6, the canonical exact sequence of (b) is split 
exact. Furthermore, (0.}1s)x is free of rank r by Proposition 5. 

The implication (b) ~(c) follows from Nakayama's Iemma, whereas 
(c) ~(d) is clear. Finally, the implication (d) ~(a) is easily checked by 
using a local representation of Z at z as required for Z---+ S to be smooth at z. 

0 

Condition (d) can also be stated in terms of matrices. Namely, considering a 
representation 

of the differential forms dg,+l, ... , dgn with respect to a basis dz 1, .•. , dzn of (0.}1s)z, 
condition (d) says that ~ is generated by the (n - r) elements gi and that there exists 
an (n - r)-minor of the matrix (og)ozi) which does not vanish atz. So we see that 
Proposition 7 corresponds to the Jacobi Criterion in differential geometry. We want 
to derive a second version ofit (see [EGA IV4 ], 17.11.1 forafurther generalization). 

Proposition 8. Let f: X ---+ Y be an S-morphism. Let x be a point of X, and set 
y = f(x). Assurne that X is smooth over S at x and that Y is smooth over S at y. Then 
the following conditions are equivalent: 

(a) f is smooth at x. 
(b) The canonical homomorphism (f*0.}1s)x---+ (Q}1s)x is left-invertible (i.e., is an 

isomorphism onto a direct factor). 
(c) The canonical homomorphism (f*0.}18) ® k(x)---+ 0.}18 ® k(x) is injective. 

Proof The implication (a) ~ (b) is a direct consequence of Proposition 5; the 
implication (b) ~(c) is trivial. Concerning the implication (c) ~(a), we 
will first treat the case where Y = AS.. Then the morphism f is given by global 
sections fr, ... , J. of f9x, and condition (c) means that dfr (x), ... , df.(x) are linearly 
independent. Furthermore, we may assume that Xis a subscheme of A'S of relative 
dimension r and that the sheaf of ideals defining Xisgenerated by sections h,+1, 
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... , hm such that dhr+l (x), ... , dhm(x) are linearly independent. Let us consider the 
graph embedding 

x 1---+ (x,f(x)) . 

We can lift the sections!; to sections /; defined in a neighborhood of x in A';. Then, 
locally at (x,f(x)), we have realized X as the subscheme of A';+• = A'f which is given 
by 

where T1 , ..• , T. denote the coordinate functions of As = Y. This yields a local 
representation of X as a subscheme of A'f as required. 

In order to handle the general case, let Y be smooth at y of relative dimension 
s over S. Let g 1, ... , g. be local sections at y of (!)Y such that dg 1, ..• , dg, induce a 
basis of (Q}1s)y· After shrinking X and' Y, we may assume that g 1, ... , g. are global 
sections. Due to condition (c), there exist local sections hs+l• ... , h, at x of (!)x such 
that 

f*dgl, ... ,f*dg., dhs+l, ... , dh, 

is a basis of n}1s,x where r is the relative dimension at x of X over S. Again, we 
may assume that h,+1 , •.. , h, areglobal sections of (!)x· Setting 

g = (gl, ... , g.) = Y---+ As, 

h = (h.+l, ... , h,): X---+ As-•, 

we obtain the commutative diagram 

X~YxsAs-·~y 

~~] ... 
A:S 

By the special case above, the maps (g o J, h) and g x id are etale at x and y, 
respectively. Hence, due to Lemma 9 below, the morphism (f, h) is etale at x. Then, 
f = p o (J, h) is a composition of smooth morphisms and, hence, smooth at x. 0 

Lemma 9. Let X ---+ S be unramified (resp. smooth, resp. etale), and let Y---+ S be 
unramified. Then each S-morphism X ---+ Y is unramified (resp. smooth, resp. etale). 

Proof The assertion follows from Proposition 6. Namely, one verifies immediately 
that X---+ Y satisfies the lifting property (b) of this proposition. 0 

Let us state the assertion of Proposition 8 for the special case of etale morphisms. 

Corollary 10. Let f: X ---+ Y be an S-morphism. Let x be a point of X, and set 
y = f(x). Assurne that X is smooth over S at x and that Y is smooth over S at y. Then 
the following conditions are equivalent: 

(a) j is eta[e at X. 

(b) The canonical homomorphism (f*Q}1s)x---+ (Q}1s)x is bijective. 
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Thinking of the classical inverse function theorem, the corollary suggests an 
analogy between the notions of etale morphisms in algebraic geometry and in 
differential geometry. But note that, in algebraic geometry, if one wants to view etale 
morphisms as local isomorphisms, the Zariski topology has to be replaced by the 
so-called etale topology (cf. 2.3/8). In differential geometry, the implicit function 
theorem shows that, locally, smooth morphisms are fibrations by open subsets of 
linear spaces. Up to localization by etale morphisms, the same is true in algebraic 
geometry: 

Proposition 11. Let f : X ---+ S be a morphism, and let x be a point of X. Then the 
following conditions are equivalent: 

(a) f is smooth at x of relative dimension n. 
(b) There exists an open neighborhood V of x and a commutative diagram 

u~j: 
s 

where g is etale and p is the canonical projection. 

Proof That condition (b) implies condition (a) is clear, since the composition of 
smooth morphisms is smooth. To show the converse, choose local sections g 1 , ... , 

gn of (!Jx suchthat dg 1 , ••• , dgn generate il11s at x. Due to Corollary 10, the latter is 
eq uivalent to the fact that g 1' ... ' g n define an etale map from an open neighborhood 
V ofx to A8. D 

Remark 12. If Xis a smooth S-scheme and if g1 , ... , gn are local sections of (!Jx at 
a point x EX, then, by Nakayama's Iemma, the differentials dg 1 , ••• , dgn generate 
il11s at x if and only if the differentials dg 1 (x), ... , dgn(x) form a basis of the 
k(x)-vector space il11s,x ® k(x). Furthermore, as we have mentioned in the preced­
ing proof, this condition is equivalent to the fact that g1, ... ' gn define an etale 
morphism from an open neighborhood V of x to A8. If g1 , ... , gn satisfy these 
equivalent conditions, they will be called a system of local coordinates at x (over S). 
This terminology is justified since, up to an etale morphism, g 1, ... , gn indeed behave 
like a set of coordinates of the affine n-space A8. 

As a consequence of Proposition 11, we obtain the following useful fact. 

Corollary 13. lf X is a smooth scheme over a field k, the set of closed points x of X 
suchthat k(x) is a separable extension of k is densein X. 

Proof For each point x 0 of X, there exists an open neighborhood V of x 0 and a 
factoriza tion 

V ~A~~Speck 

where g is etale. Then, if x is a point of V, the extension k(x) of k(g(x)) is finite and 
separable. Hence it is enough to show g(V) contains a closed point y suchthat k(y) 
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is a separable extension of k. The set of closed points y such that k(y) is separable 
over k is densein ~~- Namely, this is clear if k is perfect. If k is not perfect, it contains 
infinitely many elements so that the set of k-valued points is dense in ~~- Thus it 
suffices to show that g(U) contains a non-empty open subset. However, the latter 
is clear by reasons of dimension, since g(U) is constructible (cf. [EGA IV1 ], 1.8.4). 
(Actually, g(U) is open, because an etale map is flat and hence open.) D 

Next we apply Proposition 7 in order to construct etale sections of smooth 
morphisms. 

Proposition 14. Let f: X---+ S be a smooth morphism. Lets be a point of S, and Iet 
x be a closed point of the fibre Xs =X x 8 Spec k(s) such that k(x) is a separable 
extension of k(s). Then there exist an etale morphism g: S'---+ S and a point s' ES' 
above s such that the morphism f' : X x s S' ---+ S' obtained from f by the base change 
S'---+ S admits a section h: S'---+ X x 8 S', where h(s') lies above x, and where 
k(s') = k(x). 

Proof. Let n be the relative dimension of X over S at x. Let / c mx. be the sheaf 
of ideals associated to the closed point x of X 8 • Since Spec k(x) ---+ Spec k(s) is etale, 
the ideal fx is generated by n elements g1 , ... , 1fn suchthat their differentials dg1 , 

... , dgn generate Q}18 ® k(x), as seen by the Jacobi criterion (Proposition 7). Now 
we lift g1 , •.. , 1fn to sections g1 , ... , gn of {!)x defined on an open neighborhood of x 

in X. Then let S' be the subscheme of X defined by g1 , ... , gn. Again by Proposition 
7, the scheme S' is etale over S at x. After shrinking S' we may assume that S'---+ S 
is etale. Then the tautological section h' : S' ---+ X' is a section as required. D 

Using Proposition 7, the smoothness of a scheme X over a field k can be 
characterized by algebraic properties of the local rings of X. A k-scheme X which 
is locally of finite type is called regular if, for each closed point x of X, the local ring 
mx,x is regular. (One knows then that mx,x is regularalso for non-closed points XE X; 
cf. [EGA 01v ], 17.3.2). 

Proposition 15. Let X be locally of finite type over a field k. Let x be a point of X. 
Then the following conditions are equivalent: 

(a) X is smooth over k at x. 
(b) (Qh)x is generated by dimx X elements (and hence free). 
(c) There exist an open neighborhood U of x and a perfect field extension k' of 

k such that U ®k k' is regular. 
(d) There exists an open neighborhood U of x suchthat U ®k k' is regular for all 

field extensions k' of k. 

Proof. We start with the implication (a) =?(d). Due to Proposition 11, there 
exists an etale morphism g : U ---+ ~~' defined on an open neighborhood U c X of 
x. Then Proposition 2 shows for each y E U that the maximal ideal my is generated 
by m9(y)· So my is generated by n = dim U elements because ~~ is regular; hence U 
is regular. Since the situation remains essentially the same after extending tbe field 
k to k', the assertion follows. 



44 2. Some Background Material from Algebraic Geometry 

The implication (d) ====*' (c) is trivial. So Iet us consider the implication 
(c) ====*'(b). We may assume k = k' and X= U. Moreover, it suflices to show for 
each closed point y e X that (Q}1k)y is generated by dim (!)x,y elements. For such a 
point y, the field k(y) is separable over k. Hence Q~(ylfk = 0, and the exact sequence 
of 2.1/2 yields an exact sequence 

my/m; -+ (Qh)y ® k(y) -+ 0 . 

Since my/m; is generated by dim (!)x,y elements (due to assumption (c)), the assertion 
follows with the help ofNakayama's Iemma. 

Finally, we turn to the implication (b) ====*' (a). We may assume that X is a 
closed subscheme of an open subscheme V of A\i:, via the immersion j: X ~ A;:. 
Let f be the sheaf of ideals of (!)v defining X, and Iet r = dimx X. Looking at the 
exact sequence of 2.1/2 

(f/f2)x-+ (j*(QA~/k))x-+ (Q}/k)x-+ 0 > 

we see that there exist local sections g,+1 , ... , gn of f at x such that dg,+1 , ••• , dgn 
generate a free direct factor of (Ql~1k)x of rank (n- r). We may assume that g,+l, 
... , gn are defined on V and give rise to a smooth subscheme X' c V of dimension 
r. So X is a closed subscheme of X' and has the same dimension at x as X'. Let y 
be a closed point of X, which is a specialization of x. Then, by what we have already 
seen, (!)x',y is an integral domain. Since dim (!)x,y ~ r, the surjective map (!)x',y-+ 

(!)x,y has tobe injective by reasons of dimension. This shows that X and X' coincide 
in a neighborhood of x. 0 

The property (d) of the preceding proposition gives rise to the following defini­
tion. A scheme X which is locally of finite type over a field k is called geometrically 
reduced (resp. geometrically normal, resp. geometrically regular) if X ®k k' is reduced 
(resp. normal, resp. regular) for all field extensions k' of k. 

Proposition 16. Let X be locally of finite type over a field k. If X is geometrically 
reduced, the smooth locus of X is open and dense in X. 

Proof It is clear that the smooth locus is open. For the proof ofthe density, consider 
a generic point x of X. For any field extension k' of k, the algebra k(x) ®k k' is 
reduced. Then it is an elementary algebraic fact that Q~<xlfk is generated by n elements 
where n is the degree oftranscendency of k(x) over k; cf. Bourbaki [1], Chap. V,§ 16, 
n°7, Thm. 5. Since n equals the dimension of X at x, Proposition 15 shows Xis 
contained in the smooth locus of X. Thus, the smooth locus contains all generic 
points of X. 0 

2.3 Henselian Rings 

In the following we want to have a closer Iook at the local structure of etale 
morphisms, in particular, we want to construct the (strict) henselization of a local 
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ring; references for this section are [EGA IV4 ], 18, and Raynaud [5]. Let R be a 
local ring with maximal ideal m and residue field k. Let S be the affine (local) scheme 
of R, and Iet s be the closed point of S. From a geometric point of view, henselian 
and strictly henselian rings can be introduced via schemes which satisfy certain 
aspects of the inverse function theorem. 

Definition 1. The local scheme S is called henselian if each etale map X ~ S is a 
local isomorphism at all points x of X over s with trivial residue field extension 
k(x) = k(s). Jf, in addition, the residue field k(s) is separably closed, S is called strictly 
henselian. 

Notice that if S is strictly henselian, any etale morphism X~ S is a local 
isomorphism at all points of X over s. U sually one introduces the notion ofhenselian 
rings in terms ofproperties ofthe local ring R; namely, one requires Hensel's Iemma 
to be true for R. As we will explain later (cf. Proposition 4), it suffices to require a 
seemingly weaker condition. 

Definition 1'. The local ring R is called henselian if, for each monic polynomial 
PE R[T], all k-rational simple zeros of the residue class PE k[T] Iift toR-rational 
zeros of P. If, in addition, the residue field k is separably closed, R is called strictly 
henselian. 

It is easily seen that the ring R is (strictly) henselian if the scheme S is (strictly) 
henselian. The converse is also true, but the proof is not so easy; it is mainly a 
consequence of Zariski's Main Theorem. For the statement of this theorem Iet us 
recall the definition of quasi-finite morphisms. Let f: X ~ Y be a morphism 
which is locally of finite type. Then f is said to be quasi-finite at a point x of X if x 
is isolated in the fibre Xy = X x r Spec k(y) over the image point y := f(x); the latter 
is equivalent to the fact that the ring (i)x,x/my(i)x,x is a finite-dimensional vector 
space over the field k(y) = @y,y/my, cf. [EGA II], 6.2.1. For example, unramified 
morphisms are quasi-finite at all points. The set of points x EX such that f is 
quasi-finite at x is open in X, cf. [EGA IV3 ], 13.1.4. The morphism f is called 
quasi-finite if fisquasi-finite at all points x E X and if f is offinite type. For example, 
a composition of a quasi-compact open immersion X ~ Z and a finite morphism 
Z ~ Y is quasi-finite. Zariski's Main Theorem says that essentially every quasi­
finite morphism is obtained in this way. 

Theorem 2 (Zariski's Main Theorem). Let f: X ~ Y be quasi-finite and separated. 
Furthermore, assume that Y is quasi-compact and quasi-separated. Then there exists 
a factorization 

X g Z 

\I 
y 

of f, where g is an open immersion and where h is finite. 
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Fora proofsee [EGA IV4 ], 18.12.13; a more direct argument (for the local case) 
can be found in Peskine [1]. For our applications we will need a weaker version 
which is close to Zariski's original form of the theorem, cf. [EGA IV3 ], 8.12.10. 

Theorem 2'. Let f: X~ Y be quasi-finite and separated. Assurne that Xis reduced, 
that Y is normal, and that there exist dense open subschemes U c X and V c Y such 
that !Iu: U ~ V is an isomorphism. Then f is an open immersion. 

Theorem 2 can be used to investigate the local structure of etale morphisms. In 
terms of the corresponding extension of algebras, an etale extension is sort of a 
Iifting of a finite separable field extension which, due to the theorem of the primitive 
element, is always generated by a single element. 

Proposition 3. Let f: X ~ Y be a morphism of schemes, let x be a point of X, and 
set y = f(x). Assurne that f is etale at x. Then there exist an affine open neighborhood 
U = Spec B of x, an affine open neighborhood V = Spec A of y with f(U) c V and a 
Y-immersion U =--. A} suchthat U becomes an open subscheme of a closed subscheme 
Z c A}, where Z is defined by a monic polynomial P E A [T] and where the derivative 
P' of P has no zeros on the image of U. Moreover, B is isomorphic to (A[T]/(P))Q 
for some Q E A[T]. 

A detailed proofis given in Raynaud [5], Chap. V. The idea ofthe proofis easy 
to explain. Namely, we may assume that X and Y are affine, and, due to Theorem 
2, that X is an open subscheme of a scheme X' = Spec B' which is finite over Y. 
Since k(x) is finite and separable over k(y), there exists a non-zero element b E k(x) 
suchthat b generates k(x) over k(y). Let bEB' be a Iifting ofb which vanishes at all 
points of the fibre of X'~ Y over y, except at x. Now b gives rise to a morphism 
X'~ A}. Since X' is finite over Y, one can verify that this morphism induces an 
open immersion of a neighborhood of x into a subscheme Z of A} of the required 
type. D 

It follows immediately from Proposition 3 that the notions of henselian local 
rings and henselian local schemes are equivalent. This equivalence can be extended 
by further conditions, cf. [EGA IV4 ], 18.5, or Raynaud [5], Chap. I. 

Proposition 4. Let R be a local ring, and set S = Spec R. Then the following conditions 
are equivalent: 

(a) R is henselian. 
(b) S is henselian. 
(c) Foreach finite R-algebra A, the canonical map 

Idempotent (A) ~ Idempotent (A ®R k) 

between the sets of idempotent elements is bijective. 
(d) Each finite R-algebra A decomposes into a product of local rings. 
(e) Foreach quasi-finite morphism X~ S, andfor each point x above the closed 

point of S, there exists an open neighborhood U of x such that U ~ S is finite. 
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We will only sketch the proof, following the ideas of Grothendieck. The impli­
cations (a)~(b) and (d)~(e) (which are the hard ones) are clear by 
Proposition 3 and Theorem 2. In order to show that (b) implies (c), one has to 
observe that it suffices to establish (c) in the case where Ais a free R-module. Then 
one can write down formally what the idempotent elements of A must Iook like, 
and one notices that they are represented by an etale R-scheme. So it remains to 
show that such an etale R-scheme admits an R-section. The proof of the remaining 
implications is more or less trivial. 0 

The main reason for us to introduce strictly henselian rings is the fact that 
smooth schemes over strictly henselian rings admit many sections. Due to the 
geometric characterization of henselian rings, this property follows directly from 
2.2/13 and 2.2/14. 

Proposition 5. Let R be a local henselian ring with residue field k. Let X be a smooth 
R-scheme. Then the canonical map X(R) ~ X(k) from the set of R-valued points of 
X to the set of k-valued points of Xis surjective. In particular, if R is strictly henselian, 
the set of k-valued points of Xk =X ®R k which Iift to R-valued points of Xis dense 
in Xk. 

Examples of henselian rings are local rings occurring in analytic geometry such 
as rings of germs of holomorphic functions. Furthermore, local rings which are 
separated and complete with respect to the maximal-adic topology are henselian. 
In the latter case the condition mentioned in Definition 1' is established by Hensel's 
Iemma; cf. Bourbaki [2], Chap. III, § 4, no 3, Thm. 1. Alternatively, using the 
infinitesimal Iifting property 2.2/6 for etale morphisms one can verify directly that 
such rings fulfill Definition 1. Since a noetherian local ring R is always a subring of 
its maximal-adic completion R, these local ringsRare apriorisubrings ofhenselian 
rings. The "smallest" henselian ring containing R is called the henselization of R. 

Definition 6. A henselization of a local ring R is a henselian local ring Rh together 
with a local morphism i : R ~ Rh such that the following universal property is 
satisfied: For any local morphism u: R ~ A from R to a henselian local ring A, there 
exists a unique local morphism uh : Rh~ A such that uh o i = u. 

If the henselization exists, it is unique up to canonical isomorphism. Moreover, 
the residue field of Rh must be k. In view ofDefinition 1, the henselization of R must 
be the "union" of alllocal rings mx,x of etale R-schemes at points X above the closed 
point s of S = Spec R, whose residue fields coincide with k. That such a "union" 
exists in terms of inductive Iimits, becomes clear by the following result: 

Lemma 7. Let S' be an etale R-scheme and Iet s' be a point of S' above the closed 
point s of S = Spec R. Let R' be the local ring (!)8 .,s. of S' at s' and let k' be the residue 
field of R'. Furthermore, Iet A be a local R-algebra with residue field kA- Then all 
R-algebra morphisms from R' to Aare local. So there is a canonical map 

HomR(R', A) ~ Homk(k', kA) . 
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This map is always injective; it is bijective if A is henselian. 

Proof. Since the maximal ideal of R' is generated by the maximal ideal of R, all 
R-morphisms R'------+ A are local. The injectivity of the map follows from the fact 
that the diagonal morphism S'------+ S' x 8 S' is an open immersion. The surjectivity 
is due to the characterization of henselian local rings given in Definition 1. D 

For the construction ofthe henselization of R, one considers the family (RJ;eJh 
of all isomorphism classes of R-algebras which occur as local rings of etale 
R-schemes at points over the closed point ofSpec Rand which have the same residue 
field as R. Due to Proposition 3, the family Jh is a set and, due to Lemma 7, there 
is a natural partial order on Jh. Namely, one defines i ~ j for i, j E Jh if there exists 
an R-morphism uii: R;------+ Ri. So (RJieJh is an inductive system, which is seen to 
be directed and one easily proves that 

Rh:= lim R; 
--+ 

ieJh 

is a henselization of R (for details see Raynaud [5], Chap. VIII). 
If one wants to introduce the smallest strictly henselian ring containing R, one 

has tobe a little bit more careful. Namely, in view ofLemma 7, there may be different 
R-morphisms between two (local) etale R-algebras unless we require that the residue 
extension is trivial. One has to eliminate this ambiguity, and then one can proceed 
as in the case of the henselization. 

Definition 6'. A strict henselization of a local ring R is a strictly henselian local ring 
R•h, whose residue field coincides with the separable algebraic closure k. of k, tagether 
with a local morphism i : R - Rsh such that the following universal property is 
satisfied: For any local morphism u: R------+ A from R to a strictly henselian ring A, 
and for any k-morphism a: k.------+ kA from k. to the residue field kA of A, there exists 
a unique local morphism u•h : Rsh ------+ A such that u•h o i = u and such that u•h induces 
a on the residue fields. 

If Rsh exists, it is unique up to canonical isomorphism. For the construction of 
R•h, Iet (R;);e 1 be the family of all isomorphism classes of R-algebras which occur 
as local rings of etale R-schemes at points over the closed point of Spec R. Let I'h 
be the set of all couples (R;, oc;i) where R; is a member of I and where aii : R; ------+ k. 
varies over all R-morphisms into a fixed separable closure k. of k. Due to Lemma 
7, there exists a natural order on I'h. So ((R;, ocii))(i,j)eJSh is a directed inductive system, 
and one easily verifies that 

Rsh = l!!p (R;, OC;) 
(i,j) E JSh 

is the strict henselization of R; cf. Raynaud [5], Chap. VIII. 
As an application oftbis construction, we want to mention some results on etale 

localizations of quasi-finite morphisms. Let us call Y' ------+ Y an etale neighborhood 
of a point y in Y if Y'------+ Y is etale and if y is contained in the image of Y'. 
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Proposition 8. Let f: X~ Y be locally of finite type. Let x be a point of X, and set 
Y = f(x). 

(a) If fisquasi-finite at x, then there exists an etale neighborhood Y' ~ Y of y 
such that the morphism f' :X'~ Y', obtained from f by the base change Y' ~ Y, 
induces a finite morphism !'Iu·: U' ~ Y', where U' is an open neighborhood of the 
fibre of X' ~ X above x. If, in addition, f is separated, U' is a connected component 
of X'. 

(b) lf f is unramified at x (resp. etale at x), there exists an etale neighborhood 
Y' ~ Y of y such that, local/y at each point of X' above x, the morphism f' (as in 
(a)) is an immersion (resp. an open immersion). 

Proof. Let R be a strict henselization of the local ring (I)Y,y of Y at y, and set 
S = Spec R. Then R is the Iimit of alllocal rings (I)Y',y' which occur as local rings of 
etale neighborhoods Y' of y E y at points y' above y. Using Iimit arguments (cf. 
[EGA IV3 ], 8.10.5), it suffices to prove the assertions in the case where Y = S. Then 
(a) follows from Proposition 4, and (b) is a consequence of the fact that each finite, 
local, and unramified R-algebra Ais a quotient of R. Namely, the assumptions yield 
R/m = A/mA, where m is the maximal ideal of R, and so Nakayama's Iemma 
applies. Finally, the case of etale morphisms is deduced from the case of unramified 
ones by means of 2.2/4. D 

The preceding proposition justifies the interpretation of unramified, resp. etale, 
resp. smooth morphisms given in 2.2. Namely, Proposition 8 teils us that, up to 
base change by etale morphisms, unramified morphisms are immersions and etale 
morphisms are open immersions. So, if we Iook at S-schemes X only up to etale 
base change, as it is done within the context ofthe etale topology or, more generally, 
in the theory of algebraic spaces, we may view unramified morphisms as immersions 
and etale morphisms as open immersions. Furthermore, Proposition 2.2/11 says 
that smooth morphisms may be viewed as Iibrations by open subsets oflinear spaces 
A~. 

The local structure of etale morphisms X~ Y (cf. Proposition 3) can be used 
to study how algebraic properties are transmitted from Y to X. By a minor 
calculation (cf. Raynaud [5], Chap. VII), one shows that all etale schemes over a 
reduced (resp. normal) base are reduced (resp. normal) again. Using the elementary 
fact that polynomial rings inherit such properties from the base, it follows from 
2.2/11 that smooth schemes over a reduced (resp. normal) base are reduced (resp. 
normal) again. Finally, since polynomial rings over regular rings are regular, 
smooth schemes over regular schemes are regular again; use 2.2/11 and 2.2/2(e). 
Summarizing, we can say: 

Proposition 9. Let X ~ Y be a smooth morphism. If Y is reduced (resp. normal, resp. 
regular), then X is reduced (resp. normal, resp. regular). 

Obviously, a directed inductive Iimit R of reduced (resp. normal) rings R; is 
reduced (resp. normal). So we have the permanence of reducedness and normality 
for the (strict) henselization. Moreover, since the maximal ideal m of R generates 
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the maximal ideal mi of each Ri which occurs in the construction of the (strict) 
henselization of R, it is clear that m also generates the maximal ideal of the (strict) 
henselization. In particular, we see that the (strict) henselization of a discrete 
valuation ring is a discrete valuation ring, and that a uniformizing parameter of R 
yields a uniformizing parameter of the (strict) henselization. Furthermore, one can 
show that properties oflocal rings such as being noetherian or regular are preserved 
by the process of (strict) henselization. We state this for later reference: 

Proposition 10. If R is a reduced (resp. normal, resp. regular, resp. noetherian) local 
ring, the (strict) henselization is reduced (resp. normal, resp. regular, resp. noetherian) 
again. In particular, if R is a discrete valuation ring with uniformizing parameter n, 
then the (strict) henselization is a discrete valuation ring, and n gives rise to a 
uniformizing element there. 

Finally, we want to have a closer Iook at the ring extensions 

R---+Rh---+Rsh. 

Due to the local structure of etale morphisms (Proposition 3), these canonical 
homomorphisms are injective. Since Rsh can also be interpreted as the strict hensel­
ization of Rh, it follows from the construction of Rsh that the extension Rh <=-+ Rsh 
is integral, as can be seen by using the characterization ofhenselian rings mentioned 
in Proposition 4(e). If R is normal, the rings Rh and Rsh are normal and, hence, 
integral domains. Thus we can consider their fields of fractions 

K c Kh c Ksh, 

which are separable algebraic over K. Moreover, Ksh is a Galois extension of K\ 
the Galois group of Ksh over Kh acts on R•h, and the fixed subring of Rsh is Rh. Due 
to Lemma 7, the Galois group is canonically isomorphic to the Galois group of k. 
over k. 

Proposition 11. Let R be normal with field of fractions K. Let K. be a separable 
closure of K, and let G be the Galois group of K. over K. Let R. be the integral closure 
of R in K., and let m. be a maximal ideal of R. lying over the maximal ideal m 
of R. Let 

D = {a E G;a(m.) = m.} 

be the decomposition group of m., and Iet 

I = { a E D; a(x) = x for x E R./m.} 

be the inertia group of m •. Then the following assertions hold: 
(a) The localization R' of the fixedring R~ of R. underD at the maximal ideal 

m. n R~ is the henselization of R. 
(b) The localization R" of the fixedring R! of R. under I at the maximal ideal 

m. n R! is the strict henselization of R. 
(c) The extension Rh c Rsh is Galois. Its Galois group D/I is canonically iso­

morphic to the Galois group of the residue field extension k. over k. 
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Proof. (a) Let P(T) E R'[T] be a monic polynomial whose reduction P(T) has a 
simple zero a lying in the residue field of R'. Now P(T) has a zero rx lying in (RJm, 
which induces a if we regard Ci as an element of R./m •. Since a is simple, there is 
only one zero rx oftbis kind. Then it is easily seen that rx is invariant under D. Hence 
rx lies in R'. Thus we see R' is henselian. Moreover it is known that R' is a limit of 
etale extensions Ri of R which have the same residue fields as R; cf. Raynaud [5], 
Chap. X. So R' is a henselization of R. 

(b) follows similarly as (a), one has only to replace the decomposition group by 
the inertia group. Assertion (c) follows from (a) and (b) by formal arguments. D 

2.4 Flatness 

Let R be a ring, and let M be an R-module. Then M is called flat over R (or a flat 
R-module) if 

constitutes an exact functor on the category of R-modules ModR. If R is a field, 
flatness poses no condition, and if R is a Dedekind domain, the flatness of M means 
that M has no torsion. Flatness is a local property; i.e., an R-module M is flat over 
R if and only if, for each primeideal p of R, the localization Mr is flat over Rr. For 
a local ring R, a finitely generated R-module is flat ifand only ifit is free; cf. Bourbaki 
[2], Chap. I, § 2, ex. 23. But, in general, flat modules do not need to be free or 
projective (in the sense of being a direct factor of a free module); for example, the 
field of fractions of a discrete valuation ring R is a flat R-module which cannot be 
free. Nevertheless, it can be shown that an R-module M is flat if and only if M is a 
direct limit of free R-modules of finite type; cf. Lazard [1], Thm. 1.2, or Bourbaki 
[1], Chap. X,§ 1, n°6, Thm. 1. A flat R-module M is calledfaithfully flat ifthe tensor 
product by M is a faithful functor; i.e., if N ®R M =I= 0 for all R-modules N =I= 0. 
Viewing R-algebras as R-modules, one has also the notion offlatness (resp. faithful 
flatness) for R-algebras. For example, localizations s-1 R are flat R-algebras and 
polynomial rings R[T1 , ... , T"] are faithfully flat R-algebras. Furthermore, we want 
to mention that a local flat morphism R ---+ A of local rings is automatically 
faithfully flat. 

N ow, turning to schemes, a morphism f: X ---+ S of schemes is called flat at a 
point x of X if 0s,J(x)---+ 0x,x is flat, and f is called flat if it is flat at all points of 
X. Furthermore, a morphism f: X ---+ S is said to be faithfully flat if f is flat and 
surjective. If X and S are affine, say X = Spec A and S = Spec R, then f is flat (resp. 
faithfully flat) if and only if f* : R ---+ A is flat (resp. faithfully flat). Obviously, open 
immersions are flat, and it is easy to see that the dass of flat (resp. faithfully flat) 
morphisms is stable under composition, base change, and formation of products; 
cf. [EGA IV 2 ], 2.1 and 2.2. In the case where S is the spectrum of a discrete valuation 
ring, f: X---+ S is flat if and only if 0x has no R-torsion. So there are no irreducible 
and no embedded components of X which are contained in the special fibre. Since 
the notion of flatness is quite transparent over valuation rings, it is useful to know 
that there is a valuative criterion for flatness which applies to the geometric case. 
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Proposition 1 ([EGA IV3 ], 11.8.1). Let f: X-+ S be locally of finite presentation. 
Let x be a point of X, and set s = f(x). Assurne that ms.s is reduced and noetherian. 
Then f is flat at x if and only if, for each scherne S' which is the spectrurn of a discrete 
valuation ring, and each rnorphisrn S' -+ S sending the special point s' of S' to s, the 
rnorphisrn f' : X' -+ S' obtained frorn f b y the base change S' -+ S is flat at all points 
x' E X' lying over x. 

It is much more difficult to understand the notion of flatness in the case where 
the base has nilpotent elements, for example, where the baseisanon-trivial artinian 
ring. In this case there exists no criterion to test flatness by geometric properties. 

Furthermore, we want to mention a criterion which allows to test the flatness 
of an S-morphism between flat S-schemes on fibres. 

Proposition 2 ([EGA IV3 ], 11.3.11). Let g: X-+ S and h: Y-+ S be locally of 
finite presentation. Let f: X -+ Y be an S-rnorphisrn. The following conditions are 
equivalent: 

(a) f is flat, and h is .flat at the points of f(X). 
(b) fs = f Xs k(s) is flat for all s ES, and g is flat. 

Now let us illustrate the meaning of flatness by some geometric properties of 
flat morphisms of finite presentation. In the following, let f: X -+ Y always be 
a morphism of finite presentation. There are two general facts concerning the 
geometry of such morphisms. First, the image f( C) of a constructible subset C of X 
is constructible in Y if Y is quasi-compact; a subset of a topological space is called 
constructible if it is a union of a finite collection of locally closed subsets; cf. 
[EGA IV1 ], 1.8.4. Second, the function of relative dimension of f 

is upper semi-continuous; i.e., for each n E N the subset where the relative dimension 
is ;?; n is closed; cf. [EGA IV3 ], 13.1.3. If we assume that, in addition,f is flat, the 
situation becomes much better. 

Proposition 3 ([EGA IV2 ], 2.4.6). Let f: X-+ Y be locally of finite presentation. If 
f is flat, then f is open. 

Proposition 4 ([EGA IV3 ], 14.2.2). Let f: X-+ Y be locally of finite type and flat. 
Assurne that X is irreducible and that Y is locally noetherian. Then the relative 
dirnension of f is constant on X. 

Dropping the finiteness condition in Proposition 3, its assertion has to be 
weakened. 

Proposition 5 ([EGA IV2 ], 2.3.12). Let f: X-+ Y be faithfully flat and quasi­
cornpact. Then the topology of Y is the quotient topology of X with respect to f; i.e., 
a subset V c Y is open if and only if f- 1(V) is open in X. 
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It is impossible to characterize the flatness of an S-scheme X of finite type by 
geometric properties when the base S is not reduced. But under reducedness 
conditions on the base and on the fibres, flatness is equivalent to universal openness; 
cf. [EGA IV3 ], 15.2.3. Moreover, if the base S is reduced and noetherian, each 
S-scheme X of finite type is generically flat. 

Proposition 6 ([EGA IV2 ], 6.9.1). LetS be reduced and noetherian, and let X be an 
S-scheme of finite type. Then there exists a dense open subscheme S' of S such that 
X x s S' is flat over S'. 

Anyway, the flat locus of an S-scheme which is locally of finite presentation 
is open. 

Proposition 7 ([EGA IV3 ], 11.3.1). Let X be an S-scheme which is locally of finite 
presentation. Then the set of points x E X such that X is flat over S at x is open. 

Non-trivial examples of flat morphisms of finite presentation are the smooth 
ones; see below. Furthermore, there is a useful criterion which relates smoothness 
over a general base to flatness and smoothness of the fibres. The latter are schemes 
over fields; in this case one can apply the nice criterion 2.2/15 to test smoothness. 

Proposition 8. Let f: X ~ S be locally of finite presentation. Let x be a point of X, 
and set s = f(x). The following conditions are equivalent: 

(a) f is smooth at x. 
(b) f is flat at x and the fibre Xs =X Xs k(s) is smooth over k(s) at x. 

In Section 2.2, we gave detailed proofs for all statements concerning smoothness. 
Proceeding similarly with Proposition 8, let us give its proof For the implication 
(a) ~ (b), it is only necessary to explain that smooth morphisms are flat. Due 
to 2.2/11, it suffices to treat the etale case. But in this case the assertion follows easily 
by looking at the local structure of etale morphisms; cf. 2.3/3. 

If one wants to verify this implication without using the local structure of etale 
morphisms (which involves Zariski's Main Theorem), one can proceed as follows. 
If Z is a smooth S-scheme which is flat over S, and if X is a subscheme of Z given 
by one equation, say g = 0, such that dx18(g) does not vanish at a certain point 
x EX, then X is flat over S at x. It suffices to prove this statement, since, in the 
general case, we can use an induction argument on the number of equations 
describing X locally at x as a subscheme of A8. In order to prove the assertion 
above, we may assume that S is noetherian. Then consider the exact sequence 

(!}Z,x ~ (!}Z,x ~ (!)X,x ~ 0 

If S is the spectrum of a field, then (!)z,x is an integral domain and g must be a regular 
element, so the map on the left-hand side is injective in this case. Since smoothness 
is stable under any base change, we see that the map g 0 k(s) is injective, where k(s) 
is the residue field at the image s of x. Because Z is flat over S, we get 

Torfs.s((!}x,x• k(s)) = 0. 
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Hence Xis flat over S at x, cf. Bourbaki [2], Chap. III, § 5, n°2, Thm. 1. 
For the implication (b) ==;>(a), we may assume that Xis a closed subscheme 

of a linear space A\8 over an affine scheme S = Spec R which is defined by a finitely 
generated ideal I c R [T1 , ... , T"]. Let r be the relative dimension of x. at x. Since 
x. is smooth over k(s) at x, there exist sections g,+1 , ... , gn of I such that, locally 
at x, the induced functions ffr+l, ... , 9n define x. as a subscheme of A: and such 
that dg,+1 (x), ... , dgn(x) are linearly independent in O.l~1s ® k(x); cf. 2.2/7. Now let 
Z be the S-scheme defined by g,+1, ... , gn. Notice that Z is smooth at x and that Z 
contains X as a closed subscheme. The fibres of x. and z. coincide locally at x. Now 
let B be the algebra associated to Z, and let A be the algebra associated to X. Then 
Ais a quotient B/J of B by a finitely generatedideal J of B. Since Ais flat over R 
at x, the exact sequence 

0----tJ----tB----tA----tO 

remains exact at x after tensoring with k(s) over R. Since x. coincides with z. locally 
at x, we see that J ®R k(s) vanishes at x. Nakayama's lemma yields Jx = 0. So X 
and Z coincide in a neighborhood of x and, hence, X is smooth over S at x. 0 

Since etale morphisms are flat, henselization and strict henselization are 
direct limits of flat ring extensions and, hence, they are flat extensions of the given 
ring. 

Corollary 9. Let R be a local ring. The ring extensions R _____.Rh _____. R•h, where Rh is 
a henselization and R•h a strict henselization of R, are faithfully flat. 

Apart from the nice geometric results for flat morphisms of finite presentation, 
the importance of flatness is expressed in the descent techniques for faithfully 
flat and quasi-compact morphisms. We want to mention here only the de­
scent for properties of morphisms, the more involved program of the descent for 
modules or schemes will be explained in Section 6.1. Consider the following 
situation. Let 

X __L__. y X' ____L___. Y' 

\I \I 
s - S' 

be a commutative diagram of morphisms, and assume that the triangle on the 
right-hand side is obtained from the one on the left by means of the base change 
S' _____. S. Frequently one wants to show that f enjoys a certain property provided 
it is known that f' has this property. So it is useful to know that quite a lot of 
properties descend under a faithfully flat and quasi-compact base change S' _____. S; 
for example, topological and set-theoretical properties (cf. [EGA IV2 ], 2.6), finite­
ness properties (cf. [EGA IV2 ], 2.7.1), and smoothness properties (cf. [EGA IV4 ], 

17.7.3). For precise statements, the reader is referred to the literature. 
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2.5 S-Rational Maps 

A rational map X ---+ Y between schemes X and Y is generally defined as an 
equivalence dass of morphisms from dense open subschemes of X to Y; cf. [EGA 
I], 7. Two such morphisms U--+ Y and U'--+ Y are called equivalent if they 
coincide on a dense open part of U 11 U'. However, when working over a base 
scheme S, this notion does not behave well with respect to a base change S' --+ S. 
So we want to introduce a relative version of rational maps over a base scheme S 
which is compatible with base change. For our purposes, it is enough to consider 
S-rational maps between smooth S-schemes. So we will restriet ourselves to this case; 
for more general versions see [EGA IV 4 ], 20. 

An open subscheme U of a smooth S-scheme X is called S-dense if, for each 
s ES, the fibre u. = U x 8 Speck(s) is Zariski-dense in the fibre x. =X x 8 k(s). 
Clearly, finite intersections of S-dense open subschemes of X are S-dense in X again. 
Furthermore, if U is S-dense and open in X and if V is an open subscheme of X, 
then U 11 V is S-dense in V. Considering a second smooth S-scheme Y, an S-rational 
map cp : X---+ Y is defined as an equivalence dass of S-morphisms U--+ Y, where 
U is some S-dense open subscheme of X. Two such S-morphisms U --+ Y and 
U' --+ Y are called equivalent if they coincide on an S-dense open part of U 11 U'. 
We will say that cp: X---+ Yis defined at a point x EX ifthere is a morphism U--+ Y 
representing cp with x E U. The set of all points x E X where cp is defined constitutes 
an S-dense open subscheme of X.lt is called the domain of definition of X; we denote 
it by dom(cp); but note that, without any further assumptions, there is no global 
morphism dom(cp)--+ Y defining cp. Furthermore, if cp: X---+ Y can be defined by 
an S-morphism U --+ Y which induces an isomorphism from U onto an S-dense 
open subscheme of Y, then cp : X---+ Y is called S-birational. In this case we have 
anS-birational map cp-1 : Y ---+X which serves as an inverse of cp. It is dear that 
the notions S-dense, S-rational, and S-birational are preserved by any base change 
S' --+ S. In general, the same is not true for the domain of definition of S-rational 
maps. For example, set S = Spec Z, and consider the Z-rational map cp: Ai ---+Ai 
given by the rational function (T + 1)/(T- 1). Then the base change Spec Z/2Z--+ 
Spec Z transforms cp into a morphism Ai1u--+ Ai1zz. 

Let f: X--+ Y be a quasi-compact and quasi-separated morphism between 
arbitrary schemes X and Y. Then the direct image f* (!)x of the structure sheaf of 
Xis a quasi-coherent @y-module, cf. [EGA I], 9.2.1, and the kernel J ofthe canon­
ical morphism (!)Y--+ j*(!)x is a quasi-coherent sheaf ofideals in @y. The schematic 
image of f is defined to be the subscheme of Y associated to J; it is the small­
est closed subscheme of Y that f factors through. If V is a subscheme of Y 
such that the inclusion j: V c_. Y is quasi-compact, the schematic image of j 
is also referred to as the schematic closure of V in Y. Furthermore, if the sche­
matic closure of V in Y coincides with Y, we will say V is schematically dense 
in Y. 

Lemma 1. Let Y be a smooth S-scheme, and let V be an open quasi-compact subscheme 
of Y. 
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(a) lf Y is of finite presentation, the set of points s ES such that V, is not dense 
in Y, is locally constructible in S (i.e. constructible if S is quasi-compact; cf. [EGA 
OmJ, 9.1.12). 

(b) If V isS-densein Y, it is schematically densein Y. 

Proof. (a) We may assume that the base S is noetherian. Let A be the closed reduced 
subscheme Y - V, and derrote by p : A ---> S the structural morphism. Then con­
sider the set 

F = {y E A; dimy p-1 (p(y)) = dimy(Y/S)} . 

It is clear that V, is notdensein Y, if and only if s E p(F). Due to [EGA IV3], 13.1.3, 
the set F is closed in Y and, due to [EGA IV1 ], 1.8.5, the image p(F) is locally 
constructible in S. 

(b) follows from [EGA IV3 ], 11.10.10. But, for the convenience of the reader, 
we will treat the case where the base is locally noetherian. It is enough to show that 
the restriction map CDy(Y')---> CDy(V n Y') is injective for each open subscheme Y' 
in a basis of the topology of Y; note that V n Y' is S-dense in Y' for each open 
subscheme Y' of Y. So we may assume that S is an affine scheme Spec R, and that 
Y is an affine scheme Spec A. I t suffices to show that A ---> CDy( V) is injective. 

Since A is flat over R, cf. 2.4/8, the associated prime ideals of A are just the 
associated prime ideals pij of p;A where p1 , .•. , Pn are the associated prime ideals 
of R; cf. [EGA IV2 ], 3.3.1. Since A is smooth over R, the prime ideals pij are the 
minimal prime ideals over p;A. So V meets each component V(p;) and, hence, the 
restriction map A ---> CDy(V) is injective. D 

For later reference we state thatthe schematic image is compatible with flat base 
change. 

Proposition 2. Let f: X ---> Y be an S-morphism which is quasi-compact and quasi­
separated. Let g: S'---> S be a flat morphism, and denote by f': X'---> Y' the 
S'-morphism obtained from f by base change. LetZ (resp. Z') be the schematic image 
of f (resp. of f'). Then, Z Xs S' is canonically isomorphic to Z'. 

The assertion follows immediately from the fact that the pull-back of CDy-modules 
with respect to the projection Y' ---> Y gives rise to an exact functor from the 
category of CDy-modules to the category of CDy.-modules; cf. [EGA IV2], 2.3.2. 

Next we want to define the graph of anS-rational map cp: X---~ Y, where X and 
Y are smooth S-schemes of finite type. Let U be an S-dense open subscheme of X 
suchthat cp is given by an S-morphism U---> Y. We need to know that we may 
assume U tobe quasi-compact. 

Lemma 3. Let U be an S-dense open subscheme of a smooth and quasi-compact 
S-scheme X. Then U contains an S-dense open subscheme which is quasi-compact. 

Proof. Let {U;};E1 be an affine open covering of U and, for each i E J, consider the 
second projection r;: X Xs U;---> U;. It admits a section l>;: U;---> X Xs U;, namely 
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the tautological one. Denote by V; the union of all connected components of fibres 
ofT; which meet the image of b;. Then, 7:; being smooth, V; is open in X x 8 U; by 
[EGA IV3 ], 15.6.5. Let Sat(U;) be the image of V; under the first projection 
X x 8 U;- X. Since U; is smooth and, hence, flat over S, the image Sat(U;) is open 
in X and contains U;; it may be viewed as a saturation of U; with respect to the 
structural morphism X- S. Now {Sat(U;)};61 is an open covering of X because 
U is S-dense in X, and this covering contains a finite subcover {Sat(U;), ... , Sat(U;J} 
because X is quasi-compact. Thus U' := U;, u · · · u U;" is S-dense and quasi­
compact in U. D 

So we have seen that qJ: X---~ Y can be represented by an S-morphism U- Y 
where U is S-dense open and quasi-compact in X. Let ru be the graph of this 
morphism; it is a locally closed subscheme of U x 8 Y (closed if Yis separated over 
S). Since U is quasi-compact over S, one can define the graph r of qJ as the schematic 
closure of U ~ ru in X x 8 Y. In order to see that the definition is independent of 
the choice of U, it suffices to mention the fact that any quasi-compact S-dense open 
subscheme V c U is schematically densein U due to Lemma 1; hence V and U have 
the same schematic closure r in X x 8 Y. 

Now Iet n be the largest open subscheme of X such that the projection 
p: X x 8 Y- X onto the first factor induces an isomorphism 

r n p-1(Q) ~ n. 
Then Q c dom( qJ ). Furthermore, if Y is separated over S, each graph r u as above is 
closed in u Xs y so that r (") (U Xs Y) = ru. Therefore we have an isomorphism 

r n p-1(U) ~ u, 
which shows U c Q. This shows dom(qJ) c Q and thus dom(qJ) = Q. In particular, 
there is a unique S-morphism dom(qJ)- Y corresponding to the S-rational 
map qJ: X---~ Y; but note that, in general, dom(qJ) is not necessarily quasi­
compact. 

Example 4. Let~ =(Oie I and tf = ('li)ieJ be systems ofvariables, and Iet k be a field 
with char(k) =F 2. Let R denote the k-algebra k[~, tf]/(~tf) where (~tf) is the ideal 
generated by all products ~i'fi, i E I and j E J. Set S = Spec R. Then we can view 
X= Speck[~] and Y = Speck[tf] as closed subschemes of S, intersecting each 
other at a single point, namely, at the origin of X and Y. Furthermore, the union of 
X and Y is S. Now fix indices i0 EI and j 0 E J, and consider the S-rational map 
qJ : A~ ---~ A~ given by the rational function 

yz -1 

(T- ~io + 1)(T- 'lio- 1)' 

where T is a coordinate of A~. Let D be the complement in A~ of the domain of 
definition dom(qJ). Then D n Al is the union of two closed subsets of Al; namely, 
of the zero set of (T- ~;0 + 1) and of the closed point (~, T- 1) which lies over the 
origin of X. A similar assertion is true for D n A~. Since char(k) =F 2, both parts 
are disjoint. Thus, if the system ~ contains infinitely many variables, the domain of 



58 2. Same Background Material from Algebraic Geometry 

definition dom(cp) cannot be quasi-compact, since a subset of Al consisting of a 
single closed point cannot be described by finitely many equations. 

Proposition 5. Let X, X', Y be smooth S-schemes of finite type, and assume that Y is 
separated over S. Let cp : X---+ Y be an S-rational map, and consider a flat 
S-morphismf: X'--+ X. Thenf- 1 (dom(cp)) is an S-dense open subscheme of X', and 
cp o f is an S-rational map from X' to Y which satisfies 

dom(cp o f) = f- 1 (dom(cp)) . 

In particular, if f is faithfully flat and if cp o f is defined everywhere on X', the map 
cp is defined everywhere on X. 

Proof. Since f is flat and locally of finite presentation, cf. [EGA IV 1 ], 1.4.3, the map 
f is open. Using this fact, one shows f- 1 (dom(cp)) isS-densein X'. So cp o f is an 
S-rational map and dom(cp o f) contains f- 1 (dom(cp)). Denote by 1 c X x 8 Y the 
graph of cp and by 1' c X' x 8 Y the graph of cp o f. Then we see from Proposition 
2 that 

X' Xx 1 = 1'. 

Let p : 1 --+ X and p' : 1' --+ X' be the projections onto the first factors. Set 
U' := dom(cp of), and consider its image U := f(U') which is an open subscheme 
of X. Since U' --+ U is faithfully flat, the projection p is an isomorphism over U if 
and only if p' is an isomorphism over U'. Therefore U c dom(cp), and the assertion 
is clear. 0 

Finally we want to show that the domain of definition of S-rational maps is 
compatible with flat base change. 

Proposition 6. Let cp : X ---+ Y be an S-rational map between smooth S-schemes of 
finite type where Y is separated over S. Let S' --+ S be a flat morphism, and denote 
by cp': X'---+ Y' the S'-rational map obtained from f by base change. Then 

dom(cp') = dom(cp) x 8 S' . 

Proof. It is clear that dom(cp) x 8 S' c dom(cp'). To show the opposite inclusion, 
denote the graph of cp by 1 c X x 8 Y and the graph of cp' by 1' c X' x 8 • Y'. Since 
the schematic closure commutes with flat base change, we have 

1 Xs S' = 1'. 

Let p : 1 --+ X and p' : 1' --+ X' be the projections onto the first factors. Further­
more, consider a point x' E dom(cp'), and let x be its image in X. Then we get a 
commutative diagram 

Spec (!)X',x' ~ Spec (!)x,x 

j j 
X'~ X, 
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where the map in the first row is faithfully flat. Therefore, the fact that p' is an 
isomorphism over Spec (!Jx·.x· implies that p is an isomorphism over Spec (!Jx,x· Since 
Y is of finite type over S, we see that r is of finite type over X. Hence, there exists 
an affine open neighborhood W of x such that p induces a closed immersion 
p-1(W) ~ W Let Z be the schematic image in W of this map and let U be a 
quasi-compact S-dense open subscheme of X where cp is defined. Then the open 
subscheme U n W of W is contained in Z. Since U n W is S-dense in W, the scheme 
Z coincides with W Thus p-1 (W) ~ W is an isomorphism, and x is contained 
in dom(cp). D 



Chapter 3. The Smoothening Process 

The smoothening process, in the form needed in the construction ofNeron models, 
is presented in Sections 3.1 to 3.4. After we have explained the main assertion, we 
discuss the technique ofblowing-up which is basic for obtaining smoothenings. The 
actual proof of the existence of smoothenings is carried out in Sections 3.3 and 3.4. 
As an application, we construct weak Neron models under appropriate conditions. 

Our version of the smoothening process differs from the one of Neron insofar 
as we have added a constructibility assertion, thereby avoiding the use of pro­
varieties; for more details see Section 1.6. A generic form of Neron's smoothening 
process has also been explained by M. Artin in [ 4]. 

The chapter ends with a generalization of the smoothening along a section where 
the base is a polynomial ring over an excellent discrete valuation ring. This kind of 
smoothening technique is very close tothat developed by M. Artin [ 4] for the proof 
of his approximation theorem; seealso Artin and Rotthaus [1]. 

3.1 Statement of the Theorem 

In the following Iet R be a discrete valuation ring with field of fractions K, with 
residue field k, and with uniformizing element n. We derrote by Rh a henselization 
of R and by Rsh a strict henselization of R. Then Rh and Rsh are discrete valuation 
rings with uniformizing element n and the residue field of Rsh equals the separable 
closure ks of k. For any R-scheme X, Iet XK =X ®R K be its generic fibre and 
xk = X ®R k its special fibre. 

Definition 1. Let X be an R-scheme of finite type whose generiefihre XK is smooth 
over K. A smoothening of X is an R-morphism f: X'-+ X which satisfies the 
following conditions: 

(i) f is proper and is an isomorphism on generic fibres. 
(ii) Foreach etale R-algebra R', each R'-valued point of X lifts uniquely to an 

R'-valued point of X' which factors through the smooth locus X~mooth of X'. More 
precisely, the canonical map x:mooth(R')-+ X(R') is bijective. 

Each etale R-algebra R' is semi-local. So in order to test condition (ii), one may 
restriet oneself to local extensions R' of R which are etale. In particular, such rings 
are discrete valuation rings; they are flat over R. Due to the valuative criterion of 
properness [EGA II], 7.3.8, condition (i) implies that the map X'(R')-+ X(R') 
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deduced from f is bijective for any flat R-algebra R' which is a discrete valuation 
ring. Hence, if condition (i) is satisfied, condition (ii) says that, for each local etale 
extension R' of R, the R'-valued points of X' factor through the smooth locus of X'. 
As seen in Section 2.3, the strict henselization Rsh of R is the direct limit of alllocal 
etale extensions of R. So condition (ii) is fulfilled if and only if the canonical map 
X~mooth(R•h)---+ X(Rsh) is bijective. 

In general, a smoothening X' ---+Xis not a desingularization of X (i.e., a proper 
morphism X" ---+ X from a regular scheme X" to X which is an isomorphism over 
the regular locus of X), because the points in the complement of the smooth locus 
of X' do not need to be regular. However, a desingularization of X is always 
a smoothening, as we will see by using the following fact from commutative 
algebra. 

Proposition 2. Let z : R ---+ A and 8 : A ---+ R be morphisms of regular local rings such 
that 8 o z = idR (i.e., 8 defines a section of the morphism Spec A---+ Spec R associated 
to z). Then the image of each regular system of parameters of R underz is part of a 
regular system of parameters of A. If 3 is the kerne[ of 8, then 3 is generated by apart 
of a regular system of parameters. If t 1 , ... , tn is a minimal system of generators of 
3, the completion of A with respect to 3 is canonically isomorphic to R[[t1 , ..• , tnJJ. 

Proof. Let m be the maximal ideal of R, and let s 1 , ... , sm be a minimal system of 
generators of m. Let m' be the maximal ideal of A. As 8 o z = idR, the residue fields 
R/m and A/m' are canonically isomorphic, and m/m2 may be viewed as a sub­
space of m'/m'2 . Hence z(s 1 ), ... , z(sm) is a part of a regular system of parame­
ters of A. So there exist elements t t. ... , tn in m' such that z(s 1 ), ... , z(sm), t 1 , ..• , tn 
is a regular system of parameters in A. After replacing ti by ti- z(8(t;)), we 
may assume that t 1 , ... , tn are in the kernel 3 of 8. An easy calculation shows 
3 = (t 1 , ... , tn) as required. The assertion concerning the 3-adic completion of A 
follows immediately from the definition of a regular system of parameters. D 

In order to show that a desingularization X" ---+ X is a smoothening of X one 
has only to verify that, for any etale R-algebra R', each a E X"(R') factors through 
the smooth locus of X". One knows that X" ®R R' is a desingularization of X ®R R' 
(see 2.3/9) and, furthermore, that the image of a : Spec R' ---+ X" factors through the 
smooth locus of X" if the corresponding fact is true for (a, id): Spec R'---+ X" ®R R' 
([EGA IV 4 ], 17.7.4). So we may assume R = R'. Then it follows from Proposition 
2 that X" is smooth over R along a; cf. [EGA IV 4 ], 17.5.3. 

Theorem 3 (Smoothening Process). Let X be an R-scheme of finite type whose generic 
fibre X K is smooth over K. Then X admits a smoothening f : X' ---+ X. 

Moreover, one can construct f as afinite sequence of blowing-ups with centers in 
the specialfibres. In particular, if Xis quasi-projective over R, the same is true for X'. 

Removing from X' the non-smooth locus, we see: 

Corollary 4. Let X be as before. Then there is an R-morphism f: X"---+ X from a 
smooth R-scheme X" of finite type to X such that 
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(i) f is an isomorphism on generic fibres, and 
(ii) the canonical map X"(R•h)---+ X(R•h) is bijective. 

Such schemes X" are not unique, and they do not need to be proper over R, 
even if X is proper over R. 

The smoothening process provides a first step towards the construction ofNeron 
models. For example, if XK is an abelian variety with a projective embedding 
XK c: IP>K:, one can apply the smoothening process to the schematic closure X of XK 
in IP>R.. Restricting the resulting R-scheme to its smooth locus, we obtain a smooth 
R-model of XK which, although it might not be proper over R, nevertheless satisfies 
the valuative criterion of properness for the special class of valuation rings which 
are etale over R. 

3.2 Dilatation 

We have claimed that a smoothening of X can be constructed by blowing up 
subschemes of the special fibre. First, let us explain what happens to the sections 
X(R) when such a blowing-up is applied to X. Consider the following example. Set 
X := Spec R [T], where T = (T1 , ... , T,.) is a set of variables, and let J'k be the 
reduced subscheme of X which consists of the origin of the special fibre Xk of X. 
Then J'k is defined by the ideal-3 c: R[T] which is generated by n, T1 , •.• , T,.. Using 
an absolute value on K belonging to the valuation ring R, the R-valued points of 
X correspond bijectively to the rational points xK E A~ with I T;(xK)I ~ 1, i = 1, ... , 
n. Furthermore, the R-valued points of X which specialize into J'k correspond to 
the rational points xK E A~ with I T;(xK)I ~ lnl. Now let X'---+ X be the blowing-up 
of J'k in X. Let .F' be the sheaf of ideals of (!)x, generated by 3, and denote by 
X~ the set of points of X' at which f' is generated by n. Then X~= SpecR[T'], 
where T' = (T{, ... , T;) is a second set of variables, and the morphism X~ ---+ X 
corresponds to the morphism induced by sending T; to nT;' for i = 1, ... , n. It is seen 
that X~(R) is mapped bijectively onto the set of those R-valued points of X which 
specialize into }k; hence X~(R) corresponds to the rational points xK E A~ which 
satisfy I T;(xK)I ~ lnl. Furthermore, two points x,y E X~(R) have the same specializa­
tion over k if and only if I T;(x K) - 'T;(YK) I ~ ln21 for all i. We will call X~ the 
dilatation of l'k in X. 

In order to construct dilatations of more general type, consider an arbitrary 
R-scheme X of finite type and a closed subscheme J'k of the special fibre Xk. Let f 
be the associated sheaf ofideals in (!)x; in particular, n E f. The blowing-up X' of f 
on Xis defined as the homogeneous spectrum Proj(9') of the graded {!}x-algebra 
9' = ffin~o fn (cf. [EGA II], 3.1 and 8.1.3). Locally, it is defined as follows. 
If X = Spec A, the sheaf of ideals f is associated to an ideal 3 of A. Since 
A is noetherian, -3 is generated by finitely many elements g0 = n, g 1 , ... , 9n of 
A. Then X' is the closed subscheme of IP>~ which is given by the homogeneous 
ideal 

3' = ker(A[T0 , ... , T,.]---+ ffi .3n), 
n~O 
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where we consider the graded homomorphism sending the variable 7i to gi E :11. 

Let Ui be the affine open subscheme of IP'~ where 7i does not vanish. Then X' n Ui 
is affine, and the A -algebra of its global sections is given by 

A [go, ... , gn J/(gi-torsion) 
gi gi 

where, suggestively, we have written 

A [go, ... , gn] := A[To, ... , 7i-t• 7i+t• · · ·, T,.]/(gi- gi ~)Ni· 
gi gi 

That we have to divide by the gctorsion corresponds to the fact that the sheaf of 
ideals .f' = .f ·(!)X' is invertible on X'. Furthermore, one shows that X' is R-flat (i.e., 
has no n-torsion) if the same is true for X. 

Returning to the case of a global R-scheme X, we set 

X~:= {x EX'; .f~ is generated by n} , 

which is an open subscheme of X'. Over an affine open part Spec A of X, it consists 
of the affine A-scheme Spec A("J, where 

A("l = A [ ~' ... , ~n]/(n-torsion). 
So X~ is always flat over R, even if X is not. Let u : X~ ----+ X be the canonical 
morphism, and denote by an index k restrictions to special fibres. The pair (X~, u) 
has the following universal property: 

If Z is a flat R-scheme, and if v: Z----+ Xis an R-morphism suchthat its restriction 
vk to special fibres factors through Jk, then v factors uniquely through u. 

Indeed, since the problern is local on X and Z, we may assume that both schemes 
are affine, say X= SpecA and Z = SpecB. Using notations as before, the fact 
that vk factors through lk implies that the ideal :3 · B is contained in nB. Hence 
there exist elements hiEB with v*gi = nhi; the elements hi are unique, because B 
has no n-torsion. Thus, the A-morphism A [T0 , ... , T,.] ----+X sending 7i to hi 
yields a morphism w* : A("l ----+ B and hence a morphism w : Z ----+ X~ such that 
V= U o W. 

We summarize what we have shown. 

Proposition 1. Let X be an R-scheme of finite type, let lk be a closed subscheme of 
its special fibre Xb and let .f be the sheaf of ideals of (!Jx defining Jk. Let X' ----+ X 
be the blowing-up of lk on X, and let u: X~----+ X denote its restriction to the open 
subscheme of X' where .f · (!Jx· is generated by n. Then 

(a) X~ is a flat R-scheme, and uk: (X~)k----+ Xk factors through Y". 
(b) For any flat R-scheme Z and for any R-morphism v: Z----+ X such that 

vk: Zk----+ Xk factors through Y", there exists a unique R-morphism v': Z----+ X~ such 
that v = u o v'. 
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Due to property (b), the couple (X~, u) is unique (up to canonical isomorphism) 
in the dass of all couples (Z, v) satisfying property (a). We call X~ the dilatation of 
Y" on X. It is clear that one can construct dilatations also for locally closed 
subschemes of Xk. We want to mention some elementary properties of dilatations. 

Proposition 2. (a) All dilatations factor through the largest flat R-subscheme of X, 
which is given by the ideal of n-torsion in (!)x· 

(b) Dilatations commute with flat base change R ---+ R' where R' is a discrete 
valuation ring such that n is also a uniformizing element of R'. 

(c) Let X be a closed subscheme of an R-scheme Z, and let Y" be a closed subscheme 
of Xk. Then the dilatation X~ of Y" on X can be realized as a closed subscheme of the 
dilatation Z~ of Yrc on Z. 

(d) Dilatations commute with products: Let Xi be R-schemes, and let Yrci be 
subschemes of X~ for i = 1, 2. Then the dilatation of Y"1 xk Y,( on X 1 x R X 2 is the 
product (X 1 )~ x R (X2 )~ of the dilatations of Y"i on Xi. In particular, if Xis an R-group 
scheme, and if Y" is a subgroup scheme of Xk, the dilatation X~ of Y" on Xis an R-group 
scheme and the canonical map X~ ---+ X is a group homomorphism. 

Finally we investigate how dilatations behave with respect to smoothness. 

Proposition 3. Let X be a smooth R-scheme, and let Yrc be a smooth k-subscheme of 
Xk. Then the dilatation X~ of Yrc on X is smooth over R. 

Proof Let u: X~---+ X be the dilatation of Y" on X, let x' be a point of the special 
fibre of X~, and set x = u(x'). Let n be the dimension of Xk at x, and let r be the 
dimension of Y" at x. Let J be the sheaf of ideals of (!)x defining Y", and let .7 = J jn(!)x 
denote the s!Ieaf ofi~eals of (!)xk defining Yrc in Xk:_ Due to the ~acobi ~riterion 2.2/7 
there exist / 1, .... , f.. E (!)xk.x and ?lr+l, ... , ?In E Jx such that / 1 , ... , f.., ?lr+l, ... , ?In 
form a system of local coordinates of Xk at x (cf. 2.2/12), and such that ?lr+t, ... , ?In 
generate ."lx. On an affine neighborhood U of x in X there exist Iiftings /; E (!)x(U) 
of I and gjEJ(U) of ~· Then f 1, ... , f.., Yr+t• ... , Yn form a system of local 
coordinates of X over R at x, and n, Yr+t, ... , Yn generate J at x. From the local 
construction of X~ we see that df1 , ••• , df.., dg;+to ... , dg~ generate Oi~;R at x', where 
gj E (!)x~.x' satisfies gj = ngj. Hence ObR is generated by n elements at x'. Since the 
relative dimension of X~ over R is at least n at x' (cf. [EGA IV 3 ], 13.1.3), it follows 
from 2.4/8 and 2.2/15 that X~ is smooth over Rat x'. D 

3.3 Neron's Measure for the Defect of Smoothness 

Throughout this section, let X be an R-scheme of finite type whose generic fibre 
XK is smooth over K. Let a be an Rsh_valued point of X, and let aK (resp. ak) denote 
its generic (resp. Special) fibre. Consider the pull-back a*011R of the {!}x-module of 
relative differential forms from X to Spec Rsh. By abuse of notation, we will identify 
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it with its module of global sections. Thereby a*011R becomes an Rsh_module of 
finite type. Since Rsh is a discrete valuation ring, this module splits into a direct sum 
of a free part and of a torsion part. The rank of the free part is just the rank of 011R 

at aK which is the dimension of XK at aK (since XK is smooth at aK)- Looking at the 
torsion part, we define 

c5(a) := length of the torsion part of a*011R 

as Neron's measure for the defect of smoothness at a. First we want to show that, 
indeed, c5(a) provides a measure ofhow far Xis from being smooth at a. 

Lemma 1. Let a be an Rsh_valued point of X. Then a factors through the smooth locus 
of X if and only if b(a) = 0. 

Proof If a is contained in the smooth locus of X, then 011R is locally free at ak and, 
hence, a*011R is free. Thus we have c5(a) = 0. Conversely, if c5(a) = 0, then a*011R 

can be generated by d elements, where d is the dimension of XK at aK. In particular, 
nl/R and, hence, nt/k can be generated by d elements at ak. Since the relative 
dimension at ak is at least d (cf. [EGA IV 3 ], 13.1.3), it follows from 2.2/15 that Xk 
is smooth over k at ak of relative dimension d. Then X is smooth over R at ak. This 
follows from 2.4/8, if it is known that Xis R-flat at ak. Avoiding the interference of 
flatness, one can proceed as follows. Choose a representation of a neighborhood 
U c X of ak as a closed subscheme of some A~. Due to the Jacobi Criterion 
2.2/7(c), there exist local sections gd+1 , • •• , gn on a neighborhood of ak E A~ which 
vanish on U, and which have the property that Uk is defined by (n, gd+1, ... , gn) at 
ak and that dgd+ 1 , ••• , dgn generate a direct factor of Q~~/R at ak. Then, in a 
neighborhood of a, the subscheme Z of A ~ given by gd+1 , ••• , gn is smooth of relative 
dimension d; furthermore locally at a, the scheme Z contains U as a closed sub­
scheme. Thus, by reasons of dimension and of smoothness, the generic fibres UK 
and ZK coincide at aK and, hence, U and Z coincide at ak. D 

The Jacobi Criterion provides a useful method to calculate c5(a). Namely, let U c X 
be a neighborhood of a which can be realized as a closed subscheme of an R-scheme 
Z where Z is smooth over R and has constant relative dimension n. Assurne that 
there exist z 1 , ... , Zn on Z such that dz 1 , ... , dzn constitute a basis of Oi1R, and let 
g 1 , ... , gm be functions on Z which generate the sheaf of ideals of (!Jz defining U in 
Z. Representing the relative differentials dg ~' with respect to the basis dz 1 , ... , dzn, 
say 

n ogl' 
dgl' =I -8 dz., 

v=1 Zv 

we define the Jacobi matrix of g1 , ... , gm by 

(agil) ]=- . az. l':l, ... ,m 
v-l, ... ,n 
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If d is the relative dimension of X at aK, we call A the set of all (n - d)-minors 11 of J. 
In this situation, Neron's measure for the defect of smoothness at a can be calculated 
from the minors 11 e A. To give a precise statement, let v(r) denote the n:-order of 
elements r e R. 

Lemma 2. c5(a) = min{v(a*/1);11 e A}. 

Proof Due to the Jacobi Criterion 2.2/7, there exists a minor 11 e A with a*/1 "I= 0; 
any minor 11' of J with more than n - d rows will satisfy a* 11' = 0. Furthermore, it 
follows from 2.1/2 that a*0}1R is representable as a quotient F/M, where F := 
a*0}1R is a free R•h-module of rank n, and where M is the submodule which is 
genera ted by a* dg 1 , .•• , a* dg m. Since the rank of M is ( n - d), one can find a basis e 1 , 

... , en of F such that M is generated by elements rd+ 1 ed+1 , ••• , rnen where r; e R•h 
and r; "I= 0; this follows from the theory of elementary divisors. Thus the length of 
the torsion part of F/M, which is c5(a) by definition, is given by the formula 

c5(a) = v(rd+1 ) + ... + v(rn) . 

Now consider the ideal in R•h which is generated by all elements a* 11, 11 e A; it equals 
the ideal generated by all values which are assumed on M by alternating (n - d)­
forms on F. Obviously, this ideal is generated by the product rd+1 ••. rn, and there 
exists a minor 11 e A with (a*/1) = (rd+1 ••• rn). Thus the assertion is clear. D 

The method we have just used can easily show that c5(a) is bounded when a 
varies over the set of R•h-valued points of X. 

Proposition 3. There exists an integer c suchthat c5(a) ~ c for all a e X(R•h). 

Proof. Since an R-scheme of finite type is quasi-compact by definition, we may 
assume that Xis an affine R-scheme SpecA. Choose a representation 

A = R[zl>···•znJ/(g1, ... ,gm) 

of Aas a quotient of a free polynomial ring R[z1 , ••• ,znJ. For integers d, let (XK)d 
be the union of all irreducible components of dimension d of XK. Then (XK)d 
is non-empty for at most finitely many d and, since XK is smooth, XK is the dis­
joint sum of the (X K)d. Let Xd be the schematic closure of (X K)d in X; i.e., 
let Xd be the subscheme of X which is defined by the kernel of the homo­
morphism A---+ lDx((XK)d). Let Ad be its ring of global sections. Considering the 
Jacobi matrix 

J = (ao~~) , 
azv fJ:1, ... ,m 

v-l, ... ,n 

let A be the set of all (n - d)-minors 11 of J. Then, due to the Jacobi Criterion 2.2/7, 
we see for each x e (XK)d that there exists a minor 11 e A satisfying 11(x) "I= 0. Hence 
the family (11}aeA generates the unit ideal in Ad ®R K. After chasing denominators, 
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one can find elements f 1 , ... , fr E Ad, minors ..11, ... , L1t E A, as weil as an integer 
c ;?; 0 such that 

t 

L /;L1ilxd = nc · 
i=l 

Hence, by Lemma 2, we have <5(a) ~ c for all a E X(R•h) whose generic fibre aK 
belongs to (XK)d. Since only finitely many of the schemes (XK)d are non-empty, we 
see that <5 is bounded on X(Rsh). D 

It follows that the function <5 assumes its maximum on X(Rsh). The maximum 
of J can be viewed as a global measure of how far Xis from being smooth at the 
points of X(Rsh). Since we want to construct a smoothening of X by blowing up 
subschemes of Xk, we have to define suitable centers lk in the special fibre suchthat 
the defect of smoothness, i.e., the maximum of J, decreases. Smooth R•h-schemes 
have many sections (cf. 2.3/5). So it is natural to look at subschemes lk c Xk such 
that there exist enough R•h-valued points of X whose special fibres factor through 
Jk. More precisely, if k. denotes the residue field of R•h, we will consider the following 
property (N) for couples (X, Jk) consisting of an R-scheme X of finite type and of a 
closed subscheme lk c Xk: 

(N) The family of those k.-valued points of Jk, which Iift to Rsh_valued points of 
X, is schematically dense in Jk. 

For the notion of schematic density (more precisely, of schematic dominance) 
see [EGA IV 3 ], 11.10.2. In our situation the condition just means that the sheaf 
of CDx-ideals defining lk equals the intersection of all kernels of morphisms 
a* : CDx ---+ a* CDspec k.• where a varies over the set of Rsh_valued points of X whose 
special fibres factor through Jk. 

Since the strict henselization Rsh is the limit over alllocal etale extensions R' of 
R, condition (N) is equivalent to the following condition: the set of closed points of 
lk which lift to R' -valued points of X for some local etale extension R' of R 
is schematically dense in Jk. For example, if X is smooth over R, and if lk 
is a geometrically reduced closed subscheme of Xk, then it follows from 2.2/16, 
2.2/13, and 2.2/14 that (X, Jk) has the property (N). 

Lemma 4. If the couple (X, Jk) satisfies property (N), then lk is geometrically reduced, 
and the smooth locus of the k-scheme lk is open and dense in Jk. 

Proof Property (N) yields that the k.-valued points of lk are schematically dense in 
Jk. Since k. is a geometrically reduced k-algebra, lk is also geometrically reduced 
(cf. [EGA IV 3 ], 11.10.7). So the assertion follows from 2.2/16. D 

Next we want to establish the key tool which is needed for the proof ofTheorem 
3.1/3. It provides us with a means oflowering the defect of smoothness of X so that 
eventually X becomes smooth at the points we are interested in. 
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Proposition 5. Let ~ be a closed subscheme of Xk such that the couple (X, ~) satisfies 
property (N). Let Uk be an open subscheme of ~ such that Uk is smooth over k and 
such that the pull-back n};Riuk of n};R to uk is locally free. Let X~~ X be the 
dilatation of ~in X and, for each a E X(Rsh) with ak E ~. denote by a' E X~(Rsh) the 
unique Iifting of a. Then if a E X(Rsh) specializes into a point of Uk, we have 

b(a') ~ max{O,b(a)- 1}. 

In particular, b(a') < b(a) for all Rsh_valued points a of X which specialize into points 
of Uk and which are not contained in the smooth locus of X. 

First we want to Iook at an example which explains how the proposition works 
in a special situation. Let X be the closed subscheme of A~ = Spec R[T1 , Tz] which 
is defined by the equation T1 Tz = nz. Then Xis affine, and its R-algebra of global 
sections is 

A = R[Tl> Tz]/(T1 Tz - nz) . 

Let ~ be the closed subscheme of Xk which is defined by (n, T1 , Tz); it consists of a 
single k-valued point. Using the R-morphism 

A~R, 

this point Iifts to an R-valued point of X. Hence (X,~) satisfies property (N). 
Furthermore, an easy calculation shows b(a) = 1. The dilatation X~ of ~in Xis an 
affine A-scheme with coordinate ring 

A' = A[T{, Tn/(T1 - nT{, Tz- nTn = R[T{, Tn/(T{T;- 1). 

In particular, X~ is smooth over R, and the Iifting a' E X~(R"h) of a, which corres­
ponds to the R-morphism 

A'~R, T{~1, T;~1. 

fulfills b(a') = 0. 

Proof of Proposition 5. Since the problern is local on X, it is enough to work in a 
neighborhood of a point u E Uk. So we may assume that Xis affine, say X = Spec A, 
that Uk coincides with ~. and that the latter is irreducible. Let r be the dimension 
of ~- Then the sheaves nL1k and n};Rirk are locally free and the first is obtained 
from the second one by dividing through the submodule which is generated by all 
differentials dg offunctions g E A vanishing on ~ (cf. 2.1/2). Shrinking X ifnecessary, 
we can assume that both sheaves are free and that there exist elements y1 , •.. , y" 
z1, ... , zn E A having the following properties: 

The differentials dyl' ... 'dy, give rise to a basis of nLJk• the functions zl' ... 'Zn 
vanish on ~. and dy1 , .•• , dy" dz1 , ••• , dzn give rise to a basis of n};Rirk· 

It follows then from Nakayama's Iemma that n};R is generated by dyl, ... ' dy" 
dZ1 , •.. , dzn at all points of ~- However, in general we will not have a basis, because 
n}1R does not need to be locally free. Therefore we want to construct a closed 
embedding X c_. Z into a smooth R-scheme Z suchthat the above generators of 
n};R Iift to a basis of n1;R. This is possible after shrinking X. 
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Namely, represent Aas a quotient of a free polynomial ring R[T1, ... , T,.+n+mJ 
with respect to an ideal H and require that 7; is a Iifting of .V; for i = 1, ... , r and 
that T,.+ j is a Iifting ofZj for j = 1, ... , n. Since 011R jyk is free of rank r + n, we know 
that 011R ® k(u) is of dimension r + n over k(u) where u is the point in Y" around 
which we want to work. Hence there exist h1, ... , hm E H suchthat the Jacobi matrix 

( oh; (u)). 
a~ •.:1, ... ,m 

J-1, ... ,r+n+m 

at u is of rank m. Writing Z for the closed subscheme of A]tn+m which is defined by 
h1o ... , hm, we have closed immersions 

Y"~X~Z, 

where Z is smooth at u of relative dimension r + n. Let C be the R-algebra of global 
sections of (!)z, and represent the algebras of global sections on Y" and X as quotients 
of C; say A = C/I with I= Id(X) and B = C/1 with J = Id(Y"). So we know 
I c J. Furthermore, Iet Y; E C be the image of 7; for i = 1, ... , r, and zj E C the 
image of T,.+j for j = 1, ... , n. Then Y; is a Iifting of .V; E A, and the same is true for 
zj and ~- Replacing Z by an affine open neighborhood of u, we may assume that Z 
is smooth over R ofrelative dimension r + n and that dYt, ... , dy" dz1o ... , dzn form 
a basis of O};R· Also we may assume that Y", as a subscheme of Z, is defined by n, 
z 1 , ... , zn; i.e., that J = (n, z 1 , ... , zn)· Namely, these functions define a smooth 
k-subscheme Y~ of Z of dimension r. Since Y" is contained in Y~ and since Y" is 
smooth of dimension r, we have Y" = Y~ locally at u. 

Now we come to the key point ofthe proof. We claim I c 1 2• This relationwill 
enable us to give the desired estimate for the function c5, when Xis replaced by the 
dilatation X~. So consider an element f E I. Since I c J, we can write 

n 

f= gn + L g;z; 
i=1 

where g, g; E C. The differential df vanishes on X and hence on Y". Therefore we have 
n 

L g;dz;jyk = dfjyk = 0 . 
i=1 

Then g;lyk=O, i.e., g1 , .•. , g.EJ, since z1 , •.. ,Zn have been chosen in such a 
way that their differentialsform part of a basis of011RIYk· In particular, we can write 
Jas 

f = gn + h 

with 

h = g1Z1 + .. · + gnzn E 12 

since z1, ... , zn E J. For any a E X(R•h) with ak E Y", we know h'(a) = 0 (mod n) 
for all h' E J. Therefore h(a) = 0 (mod n2 ). On the other hand, we have f(a) = 0 
for all a E X(R•h). Thus the equation (*) implies g(a) = 0 (mod n) for all a E X(Rsh) 
suchthat ak E Y". Since the couple (X, Y") satisfies property (N), this yields gjyk = 0 
and, hence, g E J. So I c 12 as claimed. 
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Next consider the dilatation X~ of Y" in X. lt can be realized as a closed 
subscheme of the dilatation Z~ of Y" in Z. Giving a more precise description of these 
dilatations, we have Z~ = Spec C' where 

, [Z1 Zn] c = c -;·····-; ' 

and Z~ is smooth over R, since Z is smooth over R (cf. 3.2/3). Writing zJ := ~. the 
1l: 

differentials dy 1 , ... , dy" dz~, ... , dz~ form a basis of Q}~!R. Then X~ = Spec A' with 
A' = C'/I', and the ideal I' c C' is the smallest one suchthat I' contains the image 
of I and such that C'/I' has no n:-torsion; i.e., I' consists of those elements c' E C' 
suchthat n:'c' E IC' for some v E N. Since I c J2, any element f EI can be written 
as 

(t) 

with f' E C'; hence f' EI'. The differential of f has a representation 

r n 

df = L bidyi + L cidzi 
i=1 j=1 

in Q_i!R• Where bi, Cj E C. lt implies the representation 

r n 

df = L bidYi + L ncidzJ 
i=1 j=1 

in ilbR· Furthermore, we have a representation 

r n 

df' = L b{dyi + L cJdzj 
i=1 j=1 

in n}~!R• where b{, cj E C'. Then the relation (t) implies 

(tt) 

since the dyi> dzj form a basis of ilbR· Now choose a point a E X(Rsh) with 
ak E Uk = Y" and Iet a' E X~(Rsh) be the Iifting of a. Let d be the dimension of XK at 
aK. In order to relate b(a') to <>(a), we want to apply Lemma 2. So letf1 , .•. , fz be 
generators of I. There exists an (r + n - d)-minor A of the Jacobi matrix 

(~~·::)~:1, ... ,1 ·-
1-l, .... r;J-L ... ,n 

such that <>(a) = v(A(ad). Then, using the equation (t), we can define elements 
fl E I' by fl := n:- 2/;.. Let A' be the minor of the Jacobi matrix 

(~~·:D~:l, .... l ._ 
I-l, ... ,ru-l, ... ,n 

which corresponds to A. Then the relations (tt) show that A' is obtained from A by 
multiplying each column of A with a factor n:-1 or n:- 2 • Thus 

v(A'(aK)) ~ v(A(aK))- (n + r- d) 
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and, hence, 

c5(a') ~ c5(a) - (n + r - d) . 

If n + r - d > 0, the assertion of the proposition is clear. If n + r = d, the smooth 
R-scheme Z has relative dimension d, and this isjust the dimension of XK at aK. So 
ZK and XK coincide on an open neighborhood of aK. Since Xis a closed subscheme 
of Z, and since ZK is schematically densein Z, we see that X coincides with Z locally 
at a. So a factors through the smooth locus of X, and c5(a) = 0 in this case. D 

We mention here that, as we have seen, the proof actually yields a better estimate 
for the defect of smoothness than the one stated in Proposition 5. For example, if 
XK is equidimensional of dimension d, if YK is equidimensional of dimension r, and 
if Oi1RiYk is locally free of rank r + n, then 

c5(a') ~ c5(a) - (n + r - d) . 

3.4 Proof of the Theorem 

In order to prove Theorem 3.1/3, let us fix the notation we will use. As in the 
preceding section, Xis an R-scheme of finite type whose generic fibre X K is smooth 
over K. Let E be a subset of X(Rsh). A closed subscheme Yk of Xk is called 
E-permissible if the following conditions are satisfied: 

(i) The set of k.-valued points of Yk which Iift to Rsh_valued points in Eis schemati­
cally dense in Yk; in particular, the couple (X, Yk) has the property (N). 

(ii) Let Uk be the largest open subscheme of Yk which is smooth over k and where 
Oi:1RiYk is locally free. Then there is no k.-valued point in Yk- Uk which Iifts to a point 
in E. 
Note that the subscheme Uk c Yk of(ii) is always Zariski-dense in Yk due to Lemma 
3.3/4. Using the notion of E-permissible subschemes, we can formulate Proposition 
3.3/5 in a more precise form. 

Lemma 1. Let Yk be an E-permissible subscheme of Xk, and Iet X' ---+X be the 
blowing-up of Yk on X. Forapoint a E E, denote by a' E X'(R'h) its (unique) Iifting. 

(a) If a does not specialize into a point of Yk, then c5(a) = c5(a'). 
(b) If a specializes into a point of Yk, then c5(a') ~ max {0, c5(a)- 1 }. 

Proof If ak rf= fk, there exists an open neighborhood of a over which the blowing-up 
is an isomorphism; hence c5(a) = c5(a'). If ak E fk, Proposition 3.2/1 shows that the 
point a' is necessarily contained in the dilatation X~ of Yk in X. Since X~ is an open 
subscheme of X' and since Yk is E-permissible in X, Proposition 3.3/5 yields the 
desired estimate for c5(a'). D 

If Yk is E-permissible in X, the blowing-up X'---+ X of Yk on X is said to be 
E-permissible. For any blowing-up X'---+ X of a subscheme of the special fibre Xk> 
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one has a canonical bijection X'(Rsh) ~ X(R'h). So we may identify E c X(Rsh) 
with the corresponding subset of X'(R'h). Hence we get the notion of E-permissible 
blowing-ups for X' again. This allows us to formulate a more precise version of 
Theorem 3.1/3. 

Theorem 2. Let X be an R-scheme of finite type with a smooth generic fibre XK, and 
Iet E be a subset of X(Rsh). Then there exists a proper morphism X'~ X which 
consists of a finite sequence of E-permissible blowing-ups with centers contained in 
the non-smooth parts of the corresponding schemes. such that each Rsh_valued point 
a E E factors through the smooth locus of X'. In particular, if X is quasi-projective 
over R, so is X'. 

Proof Forasubset E c X(Rsh), we introduce the defect of smoothness of X along 
Eby 

b(X, E) := max { b(a); a E E} . 

Due to Proposition 3.3/3, we know b(X, E) is finite. So we can proceed by induction 
on b(X, E). If b(X, E) = 0, then each a E E factors through the smooth locus of X 
(cf. Lemma 3.3/1), and the assertion is trivial. So let b(X, E) > 0. Since we consider 
only blowing-ups with centers in the non-smooth locus, we can remove from E all 
points which factor through the smooth locus of X, and thereby we may assume 
b(a) > 0 for all a E E. 

For the induction step, we have to arrange things in such a way that Lemma 
1 can be applied. We do this by introducing a canonical partition of the set 
E c X(R'h). Firstlet us fix some notations. Forasubset F c X(Rsh), we denote by 
Fk the subset of X(ks) which is induced from F by specialization. Identifying points 
in Fk with their associated closed points in Xk, let 1\ be the Zariski closure of Fk in 
Xk, provided with the canonical reduced structure. Then (X, 1\) satisfies property 
(N). 

In order to obtain the desired partition of E, set F 1 := E and Y,.1 := F{ Let Uk1 

be the largest open subscheme of Y,.1 which is smooth over k and where n};RIY~ is 
locally free, and define 

E 1 := { a E F 1 ; ak E U/} . 

Proceeding in the same way with F 2 := F 1 - E\ and so on, we obtain 
(i) a decreasing sequence F 1 :::J F 2 :::J ••• in X(Rsh), 

(ii) subsets E 1, E 2 , •.• c X(Rsh) suchthat E decomposes into a disjoint union 

E = E 1 ü ... ü Ei ü pi+l , 

(iii) dense open subschemes U~ c Y~ := Fl such that E~ c U~ and, moreover, 
Y,.i+l c y~ - ut; in particular, dim Yr 1 < dim y~ if y~ # 0. 

So we see that necessarily y:+l = 0 for some t E N big enough and, consequent­
ly, that pt+l = 0. Hence we have the partition 

E = E 1 ü ... uE1 • 

Since each Ul is smooth over k, and since n};RIY~ is locally free on ut, it follows 
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that each 1';.; is E;-permissible, and that Y; is, in fact, E-permissible. Furthermore, 
note that, in terms of subsets of X, each 1';.; is disjoint from the smooth locus of X, 
since Ek and, hence, all F~ are disjoint from it, and since the non-smooth locus of X 
is a closed subset of xk. 

Now we can carry out the induction step. Let X'~ X be the blowing-up of Y; 
on X. Then 

by Lemma 1, because Y; is E1-permissible. Furthermore, due to the induction 
hypothesis, there exists a morphism X" ~X' which consists of a sequence of 
E1-permissible blowing-ups with centers contained in the non-smooth loci of the 
corresponding schemes, such that each a E Et, when viewed as an Rsh_valued point 
of X", factors through the smooth locus of X". Considering the composition 
X"~ X'~ X, this modification does not affect the set E - E1• So it is a sequence 
of E-permissible blowing-ups. 

Writing (E"); for the lifting of Ei to X"(Rsh), let us consider the partition 

E" = (E")1 ü ... ü (E"Y-1 , 

where E" is obtained from the lifting of E by removing (E"Y; i.e., by removing the 
set of points which factor through the smooth locus of X". Then, obviously, this 
partition equals the canonical partition of E". Since b(X", E") ~ b(X, E), a second 
induction on the length of such a partition yields a sequence of E" -permissible 
blowing-ups X"'~ X" with centers in non-smooth loci suchthat all points of E", 
when viewed as Rsh_valued points of X"', factor through the smooth locus of X"'. 
Then 

x"'~x"~x'~x 

is a sequence of E-permissible blowing-ups as desired. D 

Remark 3. If in the situation of Theorem 2 it is not known that the generic fibre 
X x is smooth, the assertion nevertheless remains true if the generic fibres of the 
points in E factor through the smooth locus of Xx and have a bounded defect of 
smoothness. Namely, these are the properties of E and Xx which are used in the 
proof. 

3.5 Weak Neron Models 

In the following let X x be a smooth and separated K -scheme of finite type, and let 
Ksh be the field of fractions of a strict henselization Rsh of R. As a first step towards 
the construction of a Neron model of Xx, we want to look for a smooth and 
separated R-model of finite type, say X, such that each Ksh_valued point of Xx 
extends to an Rsh_valued point of X. We will see that such R-models X of Xx even 
satisfy certain aspects of the universal mapping property characterizing Neron 
models. 
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lf XK admits a separated R-model X of finite type suchthat the canonical map 
X(Rsh) ~ XK(Ksh) is bijective, we can apply Corollary 3.1/4 to get a smooth 
R-model ofthe type we are looking for. For example, in the case ofan abelian variety 
XK we can proceed in this way, since there is a closed immersion XK ~ IP~ into a 
projective space; we can take X tobe the schematic closure of XK in IPR. 

lf it is only known that X K(Ksh) is bounded in X K• and if no separated R-model 
X offinite type suchthat X(Rsh) ~ XK(K•h) is bijective is given in an obvious way, 
we will consider a finite collection of separated R-models instead of a single one as 
before. Using the flattening techniques ofRaynaud and Gruson [1], one can actually 
show that there exists a single separated R-model X of finite type such that each 
Ksh_valued point of XK extends to an Rsh_valued point of X; we will give a sketch 
of proof in Proposition 6 below. But, for our purpose, it is not necessary to make 
use of this result, since we are mainly interested in group schemes XK. Namely, 
in this case, it makes no difference if we start with a finite collection of R-models, 
since group arguments will help us later to reduce to a single R-model. As the 
second method is much more elementary, we will use it for our construction. We 
begin with a definition characterizing the collections of R-models of XK we want 
to work with. 

Definition 1. A weak N eron model of X K is a finite collection (X;); e 1 of smooth and 
separated R-models of finite type suchthat each Ksh_valued point of XK extends to 
an Rsh_valued point in at least one of these R-models. 

Theorem 2. Let XK be a smooth and separated K-scheme of finite type. If XK(K•h) is 
bounded in XK, there exists a weak Neron model of XK. 

Proof Since XK(Ksh) is bounded in XK, it follows from 1.1/7 that there exists a finite 
family (XJiei of separated R-models of finite type suchthat each K•h-valued point 
of XK extends to an Rsh_valued point in at least one of these R-models. Applying 
Corollary 3.1/4 to each X;, we obtain smooth and separated R-models x; of finite 
type such that the Wh-valued points of x; and X; correspond bijectively to each 
other. Hence (Xi)iei is a weak Neron model of XK. D 

Weak Neron models satisfy a certain mapping property which later Ieads to the 
universal mapping property characterizing Neron models. 

Proposition 3 (Weak Neron Property). Let (XJiei be a weak Neron model of XK, 
and let Z be a smooth R-scheme with irreducible special fibre Zk. Furthermore, let 
uK: ZK ---~ XK be a K-rational map. Then there exists an i EI such that uK extends 
to an R-rational map u: Z ---~X;. 

Proof There is an open dense subscheme VK c ZK suchthat uK is defined on VK. 
Let F be the schematic closure of FK := ZK - VK in Z. Since we are working over a 
discrete valuation ring, Fk is nowhere dense in Zk> and we may replace Z by 
V:= Z- F which is R-dense in Z. Thereby we may assume that uK is defined on 
all of ZK and thus is a K-morphism ZK ~ XK. Moreover, we may assume that Z 
is of finite type. 
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Consider the graph of UK and denote its schematic closure in z X R X; by ri. Let 
P; : rc~ Z and q; : r; ~ X; be the projections. It is only necessary to show that, 
for some i EI, the projection P; is invertible on an R-dense open part of Z. Then 
u := q; o pj1 : Z ---~X; is a solution of our problem. One knows from Chevalley's 
theorem ([EGA IV 1 ], 1.8.4) that T~, the image of r~ under P;, is a constructible 
subset of Zk, and we claim that, for some i EI, the set T~ must contain a non-empty 
open part of Zk. To verify this, we may assume R = R•\ and hence, that k coincides 
with its separable algebraic closure. Then, by 2.2/13, the set of k-rational points is 
Zariski-dense in Zk, and each zk E Zk(k) lifts to a point z E Z(R). Let zK E Z(K) 
be the associated generic fibre, and set xK := uK(zK). By the definition of weak 
Neron models, there is an index i EI such that xK extends to a point x E X;(R). 
Consequently, we must have (z, x) E r;(R) and thus zk E T;(k). This consideration 
shows that Uiei T;(k) is Zariski-dense in Zk, and, since all T~ are constructible and 
I is finite, that there is some 7'"; containing a non-empty open part of Zk. 

Fixing such an index i E I, let us consider the projection P; : r; ~ Z. The local 
ring (!)z,q at the generic point 1J of Zk is a discrete valuation ring. Furthermore, as 
we have seen, there is a point ~Er; above IJ. Thus (!)1 ;,; dominates (!)z.q· Since P; is 
an isomorphism on generic fibres and since r; is flat over R, both local rings 
give rise to the same field as total ring of fractions so that (!)z,q ~ (!)1;,~ is an 
isomorphism. Since Z and r; are of finite type over R, there exist open neighbor­
hoods U of 11 in Z and V of ~ in r; such that P; induces an isomorphism between 
U and V Hence P; is invertible over an R-dense open part of Z. D 

Corollary 4. LetZ be a smooth R-scheme, and let ( be a generic point of the special 
fibre of Z. Denote by R' the local ring (!)z.~ of Z at ( and by K' the field of fractions 
of R'. If(X;);e 1 is a weakNeronmodel of XK, then(X; ®R R');e 1 isa weakNeron model 
of XK®KK'. 

Proof. Since the strict henselization of R' is a direct limit of etale extensions of R', 
it suffices to show that, for any etale Z-scheme Z', for any point (' of Z' above (, 
and for any K'-rational map u~. from z~. to XK, there exists an index i EI suchthat 
u~. extends to a rational map u' : Z' ---~ X; which is defined at ('. Since (' is a generic 
point of the special fibre of Z', the assertion follows from Proposition 3. D 

In the situation of Proposition 3, one cannot expect, in general, that the 
R-rational map Z ---~Xis a morphism if ZK ---~ XK is a morphism, even ifthe weak 
Neron model (X;);ei of XK consists of a singleproper R-model of XK. In particular, 
weak Neron models fail tobe unique, even if one restricts to the dass ofweak Neron 
models consisting of a single R-model of XK. 

Example 5. SetZ= X= IP'';,, the r-dimensional projective space over R, and consider a K-isomorphism 
ux: Zx _c:::. Xx; i.e., a K-automorphism Ux: IP'~ _c:::.IP~. Using a set of homogeneaus coordinates x 0 , ... , 

x, of IP'';,, we can describe uK by 

' 
xi j-+. I, aiixi , 

j=O 
i = 0, ... , r, 

where A := (aii) is a matrix in Gl,+1(K). We may assume that all coefficients aii belang to R. Then, by 
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the theory of elementary divisors, there are matrices S, TE Gl,+1 (R) and integers 0 :s; n0 :s; ... :s; n, such 
that 

Hence there exist sets ofhomogeneous coordinates x 0 , ••• , x, and xb, ... , x; of IP'~ suchthat ux is described 
by 

i = 0, ... , r, 

where we may assume n0 = 0. 
If n0 = ... = n, = 0, it is clear that Ux: IP'';.: __::.IP'';.: extends to an automorphism u: IP'~ __:::::. IP'~. How-

ever, if n0 = ... = n, = 0 and n,+1 , ..• , n, > 0 for some s < r, then Ux extends only to an R-rational map 
u: IP'~ --~ IP'~. Namely, u is defined on the R-dense open subscheme V c IP'~ which consists ofthe generic 
fibre IP'K and of the open part V. c IP'~ complementary to the linear subspace Q. where x0 , ••• , x, vanish. 
In fact, if Q~ is the linear subspace in IP'~ where x;+t, ... , x; vanish, we can view u. as a projection of IP'~ 
onto Q~ with center Q •. 

Finally, as indicated at the beginning of this section, we want to show how, for a separated 
K-scheme Xx of finite type, one can always find a single separated R-model X of finite type suchthat 
X(R'h)--> Xx(K'h) is bijective. The key fact which has tobe established is the following result: 

Proposition 6. Let Xx be a separated (not necessarily smooth) K-scheme of finite type. Let X 1 , ... , x. be 
separated R-models of Xx which are of finite type. Then there exist a separated R-model X of finite type 
of X x and proper morphisms x; -->X,, i = 1, ... , n, consisting of finite sequences of blowing-ups with 
centers in the special fibres such that the given isomorphisms 

x; @ K __:::::.X @ K 

extend to open immersions x; ~X. 

Thus, using the valuative criterion of properness, we obtain the desired characterization of bounded­
ness. 

Corollary 7. Xx(K'h) is bounded in Xxifand only if Xx admits a separated R-model X of finite type such 
that each K'h·valued point of Xx extends to an R'h·valued point of X. 

Before starting the proof, Iet us Iist some elementary facts we will need. Let U, U', V, V' be separated 
and flat R-schemes of finite type and, for shortness, Iet us refer here to an R-morphism W--> U as a 
blowing-up if it is a finite sequence of blowing-ups with centers in the special fibres; note that W is 
separated, flat, and of finite type if U is. 

(a) Let U' --> U be a blowing-up, and Iet U ~ V be an open immersion. Then there exists a 
blowing-up V' --> V such that U' --> U is obtained from V' --> V by the base change U ~ V. 

Justextend the center of the blowing-up U'--> U to a subscheme of V and define V' by blowing up 
this subscheme in V. 

(b) If Uf--> U, i = 1, 2, are blowing-ups, then there exists a commutative diagram ofblowing-ups 

u'~u; 

l l 
u~~ u. 

Namely, if Uf--> U is the blowing-up of the ideal J, of (!Ju, i = 1, 2, then define U' as the blowing-up 
of .f'1 · .fi2 on U. Note that U' is isomorphic to the blowing-up on U~ ofthe pull-back of .f'1 under U~--> U 
and to the blowing-up on u; of the pull-back of .f'2 under u; --> u. 
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(c) Let f: U---> V be a flat R-morphism such that fK is an open immersion. Then f is an open 
immersion. 

Let us justify the latter Statement. Since f is open, we may assume f faithfully flat. Furthermore, it 
is enough to show that f is an open immersion after faithfully flat base change. So we may perform the 
base change U---> V and thereby assume that f has a section e. Then it is to verify that e is an 
isomorphism. We know already that e is a closed immersion, since f is separated. Thus we have the 
canonical surjective map 

Since fK is an isomorphism, the kerne! of rx @R K vanishes. But (!Ju is flat over R, so the kerne! of rx must 
vanish identically. Then cx is an isomorphism and, hence, e is an isomorphism. 

Finally we mention the technique of flattening by blowing up which will serve as a key point in the 
proof of Proposition 6; cf. Raynaud and Gruson [1], Thm. 5.2.2. 

Let f: U---> V be an R-morphism suchthat fK is flat. Then there exists a blowing-up V'---> V such 
that the strict transform f' : U' ---> V' of f is flat. 

Here U' is the schematic closure of UK in U x v V' (the strict transform of U), and f' is the restriction 
of f xv idv· to U'. 

Now Iet us give the proof of Proposition 6. By an induction argument, one reduces to the case where 
only two R-models X1 and X 2 are given. Denote by r the schematic closure of the graph of the 
isomorphism X1 @ K ~ X 2 @ Kin X1 xR X 2 . Applying the flattening by blowing up, there exist 
blowing-ups x;---> x., i = 1, 2, such that the strict transform pf: r;---> x; of the i-th projection 
p,: r---> X, is flat. Notice that the canonical map r;---> r is a blowing-up, too. Then, by (c), the map 
Pi is an open immersion and, by (b), there is a commutative diagram ofblowing-ups 

r"-----+ r; 

j j 
['~-----+ ['. 

Furthermore, since pf : r; ---> x; is an open immersion, there exists a blowing-up Xi' ---. x; such that 
1"---> r; is obtained from Xi'---> x; by restriction to r;; see (a). Then 1"---> X;' is an open immersion, 
and we can glue X~ and X~ along 1". Thereby we obtain an R-model X of XK which is of finite type, 
and which contains X~ and X~ as open subschemes. Moreover, X is separated. Namely, Iet ['* be the 
schematic closure of the graph of the isomorphism X~ @ K ~X~ @ K in X~ x R X~. Since 1" is flat 
over R, the canonical isomorphism 1" @ K ----> 1* @ K extends by continuity to a morphism ['" ---> ['*. 

Similar arguments show that the canonical morphism 1* @ K ---> [' @ K extends to a morphism 
1* ---> r. Then, due to its construction, the morphism ['" ---> [' is proper, and it follows from [EGA 
II], 5.4.3, that 1" ---> ['* is proper. Thus ['" is closed in 1* and hence closed in X~ x R X~. Thereby it is 
seen that X is separated over R. D 

3.6 Algebraic Approximation of Formal Points 

Apart from its importance for the construction of Neron models, the smoothening 
process is also a necessary tool for the proof of M. Artin's approximation theorem, 
which will be the subject of this section. As a first step, we have to show that a 
smoothening X'~ X of an R-scheme X satisfies the lifting property not only for 
R' -valued points, where R' is etale over R, but even for a larger class of extensions 
R'jR. For example, we are concerned with the case where R' is the n-adic 
completion R of R. 



78 3. The Smoothening Process 

Definition 1. A flat local extension R ~ R' of discrete valuation rings is said to have 
ramification index 1 if a uniformizing element n of R induces a uniformizing element 
of R', and if the extension of the residue fields k' = R' lnR' over k = RlnR is separable. 

Recall that an extension of fields k' lk is separable if and only if k' ®k l is reduced 
for all fields l over k; cf. Bourbaki [1], Chap. VIII,§ 7, n°3. 

To illustrate the definition, we mention that the n-adic completion R of R has 
ramification index 1 over R. Furthermore, if R' is essentially of finite type over R, 
it has ramification index 1 over R if and only if R' is a local ring of a smooth 
R-scheme at a generic point ofthe special fibre. In this case, R ~ R' or, better, the 
morphism Spec R' ~ Spec R is regular in the sense of [EGA IV 2 ], 6.8.1. The dass 
of ring extensions of ramification index 1 is stable under the formation of direct 
Iimits and completions. 

If R ~ R' has ramification index 1 and if, in addition, the extension of fields of 
fractions K' I K is separable, the extension R' IR is regular. F or example, the extension 
RIR is regular or, equivalently, the extension of fields of fractions Q(R)IQ(R) is 
separable, if and only if R is excellent (cf. [EGA IV 2 ], 7.8.2). 

Lemma 2. Let R be an excellent discrete valuation ring. If R ~ R' has ramification 
index 1, then R ~ R' is regular. In particular, since the completion of R' is of 
ramification index 1 over R, it follows that R' is excellent. 

Proof. Let K (resp. K') be the field offractions of R (resp. R'). Wehave only to prove 
that K' is separable over K. So we may assume p = char K > 0. lt suffices to show 
that L @K K' is reduced foreachfinite radicial extension L of K; cf. [EGA IV 2 ], 

6.7.7. Let us first consider the case where the extension LIK is radicial of degree p. 

Since R is excellent, the integral closure R of R in L is an R-module offinite type (cf. 
[EGA IV 2 ], 7.8.3) and, hence, a free R-module of rank p. Moreover, R is a discrete 
valuation ring. So let k be the residue field of R. If the degree of k over k is p, then 
n is a uniformizing element of R, and R ®R R'l(n) is isomorphic to k ®k k'. The latter 
is a field, since k' is separable over k and since k is radicial over k; hence R ®R R' 
is a discrete valuation ring with uniformizing element n. If k = k, the p-th power of 
a uniformizing element ii of R gives rise to a uniformizing element of R, and R ®R R' 
is a discrete valuation ring with uniformizing element ii (8) 1. In both cases, R ®R R' 
is a discrete valuation ring. Considering its field offractions, it follows that L ®K K' 
is reduced. Since a finite radicial extension can be broken up into radicial Subexten­
sions of degree p, the same assertion remains true for arbitrary radicial extensions 
L of K. D 

We mention that the ring of integers 7l. as well as all fields are excellent and that 
any R-algebra which is essentially of finite type over an excellent ring R is excellent; 
see [EGA IV 2], 7.8.3 and 7.8.6. 

We want to show that smoothenings are compatible with ring extensions R'IR 
of ramification index 1. In order to do this, certain parts of the smoothening process 
have tobe generalized. So let X be an R-scheme offinite type, and let R'IR be a ring 
extension of ramification index 1. Let a be an R' -valued point of X such that its 
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generic fibre aK factors through the smooth locus of the generic fibre XK. Then, as 
in 3.3, we set 

t5(a) := length of the torsion part of a*Q}1R • 

Without changes, the proof of 3.3/1 shows that t5(a) = 0 if and only if a factors 
through the smooth locus of X. Furthermore, the key proposition ofthe smoothen­
ing process remains valid: 

Proposition 3. Let lk be the schematic closure of ak in X k· Let X~ --+ X be the 
dilatation of lk in X, and denote by a' the (unique) Iifting of a to an R'-valued point 
of X~. Then t5(a') ~ max {0, t5(a) - 1} . 

Literally the same proof as the one of 3.3/5 works in this case; namely, one has 
only to observe the fact that ak factors through the smooth locus of the k-scheme 
Y,.. Since lk is geometrically reduced, the generic point of Y,., which is ak, is contained 
in the smooth locus of the k-scheme Y,.; cf. 2.2/16. Applying Proposition 3 finitely 
many times, one obtains an analogue of 3.1/3. 

Proposition 4. Let X be an R-scheme of finite type, and consider an extension R'/R 
of ramification index 1. Let a be an R'-valued point of X such that aK factors through 
the smooth locus of XK. Then there exists an R-morphism X'--+ X, which consists 
of a finite sequence of dilatations with centers in special fibres, such that a Iifts to an 
R'-valued point of X' which factors through the smooth locus of X'. 

Proposition 4 enables us to show that smoothenings are compatible with ring 
extensions R' IR of ramification index 1. One has only to justify the following fact. 

Lemma 5. Let X be an R-scheme of finite type with smooth generic fibre, Iet X' --+ X 
be a smoothening of X, and consider an extension R'/R of ramifzcation index 1. Then 
each R'-valued point a of X Iifts to an R'-valued point a' of X' which factors through 
the smooth locus of X'. 

Proof Due to the properness of X'--+ X, the point a E X(R') Iifts to a point 
a' E X'(R'). Due to Proposition 4, there exists a finite sequence of dilatations 
a : X" --+ X' such that a is an isomorphism on generic fibres and such that the 
(unique) Iifting a" of a' factors through the smooth locus of X". Since the schematic 
closure A~ of a; in x; is geometrically reduced and, hence, generically smooth over 
k by 2.2/16, the set of those closed points x E A~ n x;mooth which have a separable 
residue field k(x) over k is dense in A~; cf. 2.2/13. Since all these points Iift to 
R•h-valued points of X", the image of a; in X', which equals a;., is contained in the 
smooth locus of X' (because X' is a smoothening of X). D 

Corollary 6. Let X be an R-scheme of finite type with a smooth generic fibre, Iet 
X'--+ X be a smoothening of the R-scheme X, and consider an extension R'/R of 
ramification index 1. Then X' ®R R' --+ X ®R R' is a smoothening of the R' -scheme 
X®RR'. 



80 3. The Smoothening Process 

Proof Since R ~ (R')'h has ramification index 1, the assertion follows from 
Lemma 5. D 

Using the preceding result and the existence ofNagata compactifications (Nagata 
[1] and [2]) for separated schemes offinite type over R, we can generalize 3.5/4 and 
show that weak Neron models are stable under extensions R'/R of ramification 
index 1. As usual, fields offractions are denoted by K, residue fields by k, and strict 
henselizations by an index "sh". 

Proposition 7. Let X K be a smooth K -scheme of finite type admitting a weak N eron 
model (X;)iei over R. Let R'/R be of ramification index 1. Then (X; ®R R');EJ is a 
weak Neron model of Xx· over R'. 

Proof Using 3.5/6, one easily reduces to the case where the index set I consists of 
a single element. So let X be a smooth and separated R-model of finite type of X K 

suchthat the canonical map X (Rsh) ~ X(Ksh) is bijective, and consider a K' -valued 
point of XK; i.e., a K-morphism ax: SpecK'~ XK. Wehave to show that aK 
extends to an R-morphism a: SpeeR'~ X. In order to do this, let X be a Nagata 
compactification of X. The latter is a proper R-scheme containing X as a dense 
open subscheme. Since Xis flat over R, we see that Xx is densein X and, hence, 
that Xx is densein XK. 

By the properness of X, the morphism aK extends to an R-morphism 
a: Spec R' ~X such that the image of the generic point of Spec R' is contained in 
XK and, thus, in the smooth locus of Xx. So we can apply Proposition 4 and thereby 
find a finite sequence of dilatations X' ~ X with centers in special fibres such that 
a lifts to an R'-valued point a' of the smooth locus of X'. Similarly as in the proof 
of Lemma 5, let Ak be the schematic image of the special fibre of a' in the special 
fibre of X'. Since Ak is generically smooth over k, the set Ek of its closed points xk 
which have separable residue field k(xk) and which belong to the smooth part of X' 
is dense in Ak. 

Allpoints xk E Ek lift to Rsh_valued points of X' by 2.2/14, and we claim that the 
liftings can be chosen in such a way that their generic fibres factor through XK. 
Namely, as in the proof of 2.2/14, one uses the Jacobi Criterion 2.2/7 in order to 
construct local coordinates g 1 , ... , gn in a neighborhood U c X' of xk which, on 
the special fibre, generate the ideal of xk. The g; give rise to an etale morphism 
g: U ~ A1:. Since the image of XK- XK under g isthin in A1:, it follows that xk 
can be lifted to a point x E X' (Rsh) whose generic fibre belongs to X x(Ksh) as claimed. 

Now, composing each such x E X'(Rsh) with the morphism X'~ X, we obtain 
a set of points F c X(Rsh) whose generic fibres belong to XK and whose special 
fibres are dense in Ak. But then, since X is a weak Neron model of XK, we 
must have F c X(Rsh), and it follows that the generic point of Ak belongs to X. 
Consequently, the R-morphism a: Spec R' ~X factors through X giving rise to 
the desired extension of aK: SpecK'~ XK. D 

For the remainder of this section, we will be concerned with approximation 
theory. Let A be a local noetherian ring with maximal ideal m, and denote by A its 
m-adic completion. We say A satisfies the approximation property if, for each 
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A-scheme X of finite type and for each A-valued point a of X, there exists an 
A-valued point a of X such that the diagram 

Spec A Spec A/mA 

l' f a 
X ~-------- Spec A 

JA/ 
is commutative. Since A is henselian, it is clear by Definition 2.3/1' that A is 
henselian if it satisfies the approximation property. Morever, if A is henselian, we 
see from 2.3/5 that, for each A-valued point a of X which factors through the 
smooth locus of X, there exists an A-valued point of X which coincides with a on 
SpecA/mA. 

Using the smoothening process, it is easy to verify the approximation property 
for discrete valuation rings which are henselian and excellent, as can be seen from 
the following proposition. 

Proposition 8. Let R be an excellent discrete valuation ring, and Iet R be its completion. 
Furthermore, Iet X be an R-scheme of finite type, and Iet a be an R-valued point of 
X. Then there exists a commutative diagram of R-morphism 

X' .. ,, 
I ,, 
I ' I ,, 
I ,, 
I ,, 
I ,, 

: ......... 
t ......... 
X +----(J-- SpeeR. 

l/ 
SpeeR 

where X' is smooth over R. 

Proof We may assume that a is schematically densein X. Since R is excellent, the 
generic fibre XK is geometrically reduced and, hence, smooth at the generic point; 
cf. 2.2/16. So aK factors through the smooth locus of XK and the assertion follows 
from Proposition 4. D 

Corollary 9. Let R be a discrete valuation ring which is henselian and excellent. Then 
R satisfies the approximation property. 

In the following we denote by K the field of fractions of R... If X K is a K -scheme 
which is locally of finite type, we can provide XK(K) with the canonical topology, 
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which is induced by the valuation on K. We claim that this topology coincides with 
the one generated by all images of maps X(R)- XK(K), where X varies over all 
R-models of XK which are locally of finite type over R. Namely, each R-model U 
of an open subset UK c XK induces an R-model X of XK by gluing U and XK over 
UK. Since X(R) = U(R), it is enough to check the equality of the topologies for an 
affine K-scheme XK, say XK = Spec AK. In this case, a basis ofthe topology of XK(K) 
induced by the valuation of K is given by the family of subsets of type 

U(g 1 , ••• ,g,) = {x 6 XK(K); x*(g;) ER for i = 1, ... , r} 

where g1 , ..• , g,EAK. Without loss ofgenerality, we may assume that g1 , ... , g, 
generate AK as a K-algebra. Then consider the R-model X= SpecA of XK, where 
Ais the image of the R-morphism 

It follows that U(g 1 , ••• ,g,) is the image of X(R)-XK(K). Conversely, Iet X be 
an R-model of locally finite type of XK. It remains to show that the image of 
X(R)- XK(K) is open in XK(K). We may assume that Xis affine, say X= SpecA. 
Let h1 , ..• , h, generate A as an R-algebra and denote by gi the pull-back of hi to 
XK. Then the image of X(R)-XK(K) coincides with the set U(g 1 , ••• ,g,) (as 
defined above) and, hence, is open in XK(K). 

Corollary 10. Let R be a henselian discrete valuation ring and let XK be a K-scheme 
which is locally of finite type. Assurne either that R is excellent orthat XK is smooth. 
Then XK(K) is densein XK(K) with respect to the topology induced by the valuation 
of K. 

Proof It suffices to show that each R-model X of XK which admits an .R-valued 
point admits an R-valued point. Butthis follows from Corollary 9 if R is excellent, 
and from Proposition 4 if XK is smooth. D 

There are examples of discrete valuation rings which are henselian, but which 
do not satisfy the approximation property; see the example below. Such rings cannot 
be excellent. In fact, it is easy to show that a discrete valuation ring R is excellent 
if it satisfies the approximation property. Thus, the approximation property for R 
is equivalent to the fact that R is henselian and excellent. 

Example 11. Let k = o= P be the prime field of characteristic p > 0, and Iet A be the localization of the 
polynomial ring k[T] at the maximal ideal generated by T. The completion A of A with respect to T is 
the ring k[[T]] offormal power series. Looking at the cardinality of k[[T]] (resp. of k[T]), it is clear 
that the extension k((T))/k(T) of the fields of fractions is not algebraic. So pick an element ~ E A which 
is not algebraic over k(T). Set U = ~v, and Iet L be the field generated by T and U over k. Now define 
Ras the intersection of L with A. Then R is a discrete valuation ring whose completion R coincides with 
k[[T]]. Furthermore, K = Q(R) is not separable over K = Q(R) since ~ E K - K. So R is not excellent. 
The henselization Rho[ R can be viewed as the set of all elements of k[[T]] which are separably algebraic 
over K. In particular, ~ is not contained in Rh, and it is easily verified that Rh does not satisfy the 
approximation property. 
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Next we want to generalize Proposition 8 to the case where the base consists of 
a polynomial ring over an excellent discrete valuation ring. The resulting assertion 
will be crucial in the proof of M. Artin's approximation theorem. 

Theorem 12. Let R be an excellent discrete valuation ring, and denote by R its n-adic 
completion. Let T1 , ••• , T" be variables, and set 

S = SpecR[T1 , ... , T"], 

S = SpecR[[T1 , ... , T"]]. 
Let X be an S-scheme of finite type, and Iet a be an S-valued point of X. Then there 
exists a commutative diagram of S-morphisms 

X',. 
: .... , 
: ',, 
I ', 

! '',, 
I ', 

.j. ', 1/'$ 
s 

where X' is smooth over S. 

The proofis done by induction on the number n ofvariables T1 , .•• , T". The case 
n = 0 is settled by Proposition 8. So Iet n > 0. We may assume that Xis a closed 
subscheme of A~ and that Xis defined by global sections of (1)4~, say 

X= V{f1 , ... ,J,) c A~; 

the coordinate functions of A~ will be denoted by yl' ... ' YN. Let 1'/ (resp. m be the 
generic point of the special fibre of S (resp. S}, Iet s be the closed point of S, and Iet 
s be its image in S. 

In order to carry out the induction step, we will establish three Iemmata, the 
first and the third one under the assumption of the induction hypothesis; i.e., under 
the assumption that Theorem 12 is true for less than n variables. 

Lemma 13. Let fo be a global section of (I) ß.N such that a*f0 does not vanish at ~· s 
Then there exists a commutative diagram of S-morphisms 

V' 
I f...,..., 
I '• 
I --

: ------ "' I r .............. 
I ..... .,. 

~ ............... ... 

I/'$ 
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such that V' is smooth over S and such that r:*f0 divides each r:*/;, i = 1, ... , r, in 
r( V'' l'9v· ). 

In the proof of the lemma, we will use Weierstraß division for the formal power 
series ring R[[T1 , ••• , T"]]; cf. Bourbaki [2], Chap. VII, §3, n°8. Let us first recall 
some basicfacts ofthis theory. An elementf E R[[T1 , ••• , T"]] is called a Weierstraß 
divisor in T" of degree d ~ 0 if the coefficients av E R[[T1 , ••• , T"_1]] of the power 
series expansion 

00 

f = L avT"v 
v=O 

satisfy the conditions 

(1) 

(2) a" E (n, T1 , ... , T..-1) for c5 = 0, ... , d - 1 . 

An element of R[[T1 , ... , T"]] is called a Weierstraß polynomial in T" of degree d if 
it is a monic polynomial in T" of degree d with coefficients in R[[T1 , .•• , T..-1]] and 
ifitis a Weierstraßdivisorin T" ofdegree d. Note that anelementf E R[[T1 , ••• , T"]] 
is a Weierstraß divisor in T" of degree d if and only if the reduction of f modulo n, 
as an element of k[[T1, ... , T"]], is a Weierstraß divisor in T" of degree d. Since R 
is complete, the Weierstraß division theorem for k[[T1 , ••• , T"]] lifts to a division 
theorem for R[[T1 , ... , T"]]: 

If f E R[[T1, ••• , T"]] is a Weierstraß divisor in T" of degree d, then R[[T1 , ••• , T"]] 
decomposes into a direct ,sum 

d-1 
(*) R[[Tl, ... , T"]] = EB R[[Tl, ... , T..-1J]T"6 Ef> R[[Tl, ... , T"]] ·f 

6=0 

of R[[T1 , ••• , T..-1 ]]-modules. Furthermore,f can be written as a product of a unit in 
R[[T1 , ... , T"]] and a Weierstraß polynomial of degree d. 

The last assertion follows easily if one applies the decomposition ( *) to the 
element T"d, say 

d-1 
T"d = L a6 T"6 + u · f . 

6=0 
Then u is a unit, and 

d-1 
P = T"d - L a6 T"6 

6=0 

is the Weierstraß polynomial we are looking for. Further, we want to mention that, 
for each element f E R[[T1 , •.• , T"]] which does not vanish identically modulo n, 
there exists an R:-automorphism qJ of R[[T1 , ••• , T"]] of type 

T"I----+T" 

Ti 1----+ Ti + T"b• ' i = 1, ... , n- 1, 

suchthat cp(f) is a Weierstraß divisor in T" of some degree d;;:::: 0. 
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Proof of Lemma 13. lf a*f0 is a unit, then fo is invertible in a neighborhood of a(s) 
and, hence, the assertion is obvious. So we may assume that a*f0 is not a unit. Since 
a*f0 does not vanish at ~. there exists an R-automorphism of R[[T1, ... , T"]] oftype 

i = 1, ... , n- 1 , 

suchthat a*f0 will be transformed by this automorphism into a Weierstraß divisor 
of degree d 2: 1. So we may assume that a*f0 is a Weierstraß divisor of degree d 2: 1. 
Then a*f0 can uniquely be written as 

a*fo = u · ß 
with a Weierstraß polynomial 

ß = T"d + a~_1 r"d-1 + ... + a~ E R[[T1, ... , T"-1JJ [T"] 

of degree d and a unit u in R[[T1 , ... , T"]]. The Weierstraß division theorem yields 
a decomposition of R[[T1, ... , T"]] into a direct sum 

d-1 

(*) R[[T1, ... , T"]] = EB R[[T1, ... , T"-1]] T"0 EB R[[T1, ... , T"]] · ß 
o=o 

of R[[T1, ... , 'f"_1]]-modules. We will use the decomposition (*)in order to make 
the application of the induction hypothesis possible. First we want to construct an 
auxiliary S-scheme V as a subscheme of Ar, where 

N' = N · d + d + N . 

Let 

V= 1, ... ,N' J = 0, ... , d- 1' 

A0 ; b = 0, ... , d - 1 , 

Zv ; V = 1, ... , N , 

be the coordinate functions of Ar so that Ar = Spec R[J;., }'"0 , A.~, Zv]. Consider 
the polynomial 

p = T"d + Ad-1 T"d-1 + ... + Ao 

and define an S-morphism r : Ar ---+ A~ by setting 

d-1 

r* Y" = L Y.o Tn° + ZvP 
o=o 

for v = 1, ... , N. Then Euclid's division yields unique decompositions 

d-1 

r*/; = L ;;.~ r"o + q;. p ' i = 0, ... , r, 
.l=O 

in (!)Ar where ho is independent of T" for all i and J. Furthermore, each ;;.~ is 
independent of z1' ... ' ZN by the definition of r. Thus we have 

Denote by S' (resp. S'') the spectrum of R[T1, ... , 'f"_1] (resp. R[[T1 , ... , '["_1]]), set 
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N" =d·N + N, 

and regard the above ring R[J;., Y"ö',Aö.] as the ring of global sections of (!)A.~:·· 
Then the inclusion 

R[J;., Y"ö',Aö.] ~R[J;., Y.ö•,Aö.,Z.], 

where on the left-hand side J1 runs from 1 to n- 1 and on the right-hand side from 
1 to n, defines a projection 

p : A.f' ~ Af," . 

Consider now the closed subschemes 

W = V(/;ö). c A.f." , and ,=o, ... ,r 
ö=O •... ,d-1 

Then V is the pull-back of W by the map p. So V is isomorphic to A~+I, and T,., 
2 1 , ... , ZN can be viewed ascoordinatefunctions of A-~+1 . Due to the decomposition 
(*), for each v we obtain a representation 

Yv := a*Y" = Y~ + Zv · ß, 
where 

d-1 

' " ' T.ö Yv = L. Yvö n 
ö=O 

with Y~ö E R[[T1 , .. • , 1',._1]] and z. E R[[T1 , ... , T,.]]. Then define an S'-morphism 

q/:&'~Af." 

by setting 

(<p')*Y"<~=Y~ö for v=1, ... ,N, c5=0, ... ,d-1, 

(<p')*A<~ = a~ for c5 = 0, ... , d- 1. 

Furthermore, consider the S-morphism 

<p:&~Af' 

defined by 

V= 1, ... ,N' c5 = 0, ... ' d - 1 ' 

c5 = 0, ... ' d - 1 ' 

<p*Z. = z..; V= l, ... ,N. 

Then we have a = r o <p, <p*p = p, and <p*/;<~ = (<p')*/;<~ for all i and c5. In order to 
see that <p' factors through W, one considers Taylor expansions of 

a*/; = /;(y) = /;(y' + z · ß) , 
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thereby obtaining 

a*J; = J;(y') mod ß · R[[T1 , ••• , T"]] , i = 0, ... , r. 

Since a*J; = 0 for i = 1, ... , r, it follows 

J;(y') = 0 modß·R[[T1 , ... , T"]] 

for i > 0. Moreover, since ß and a*f0 differ by a unit in R[[T1 , ... , T"]], we have 

J;(y') = 0 mod ß · R[[T~> ... , T"]] 

for i = 0, too. On the other hand, using ( **) we get relations 

(
d-1 ) d-1 

a*J; = cp*r*J; = cp* L ha · T"o + qi · P = L (cp')*J;a · T"o + tl; · ß 
a=o a=o 
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for i = 0, ... , r, where t]; E R[[T1 , • •• , T"]]. Then, since a*J; = 0 modß, the direct 
sum decomposition (*) implies (cp')*J;0 = 0 for all i and all .5. So cp' factors through 
W, and the induction hypothesis can be applied. Thus there exists a factorization 
of cp' into S'-morphisms 

where W' is a smooth S'-scheme. By base change we obtain from W' the smooth 
S-scheme W" = W' x s· S and, hence, the smooth S-scheme 

V' = A~ .. = A~: 1 , 

where Z 1 , ... , ZN give rise to a set of Coordinates of A~ ... Furthermore, we can 
define an S-morphism 

1/1: S ~V' 

(over S' ~ W') by setting 

1/J*Zv = Zv for V= 1, ... , N. 

Then there is a commutative diagram of S-morphisms 

T~l· s s 
The map V-- A~ is induced by r; Iet us call it r, too. lt remains to show that r*f0 
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divides r*J;, i = 1, ... , r, at least locally at cp(s). Due to the definition of V, it suffices 
to know that the factor q0 defined by the relation ( **) is invertible at cp(s). But this 
is clear. Namely, the equation 

a. ß = u*fo = cp*r*fo = cp*(qo). ß 

shows that cp*(q0 ) = u is a unit in R[[T1, .•. , T"]]. 0 

We will apply the preceding Iemma in the situation where fo is the square of a 
maximal minor of the Jacobi matrix 

J=(oJ;) . 
0 Y" i:':l. ... ,r 

v-l. ... ,N 

Before this can be done, however, we have to justify the following reduction step. 

Lemma 14. It su.ffices to prove Theorem 12 in the case where X, at the point u(l]), is 
smooth over S of relative dimension N - m and where X, as a closed subscheme of 
A~, is defined by m global sections / 1, ••. , fm of (!JA.~· 

Proof Replacing X by the schematic image of u, one may assume u to be schemati­
cally densein X. Since the fields offractions of R[[T1 , ••• , T"]] and of R[T1 , ••• , T"] 
are separable over each other (cf. [EGA IV 2 ], 7.8.3), the generic fibre of X is 
geometrically reduced and, hence, generically smooth over S. Denote by A the local 
ring of S at 17 and by A' the local ring of S at 1]. The extension A ---+ A' is regular, 
and n is a uniformizing element of A and of A'. Set T = Spec A and T' = Spec A'. 
Then u induces a T'-valued point Ur· of Xr =X Xs T. Since the generic point t' of 
T' is mapped to the generic point of X r and since the generic fibre of X r is generically 
smooth over T, Proposition 4 shows the existence of a commutative diagram 

X~ 
I I< ! .............. 
! ...... ,, u;... 

t)T' 
T 

where X~ is smooth over T and where X~---+ X r is constructed as a finite sequence 
of dilatations with centers in the special fibres. Using a Iimit argument, we may 
assume that X~ ---+ X r is induced by the base change T---+ S from an S-morphism 
X'---+ X which is constructed in the same way; namely, we can extend the centers 
of the blowing-ups to closed subschemes which do not meet generic fibres. Due to 
the construction of X', Proposition 3.2/1 implies that u Iifts (uniquely) to an 
R-morphism u': S---+ X' which induces u~.: T'---+ X~. Obviously, u' is an 
S-morphism. Thus we may assume that Xis smooth over S at u(J]), say of relative 
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dimension N-m. Due to 2.2/7, we may assume that f 1 , ... , fm define X as a 
subscheme of A~ at a(~). Now consider the closed subscheme V c A~ given by f 1 , 

... , fm· Then X c V, and both coincide in a neighborhood of a(~). In particular, the 
morphism S ~ X factors through V. Since smooth S-schemes are locally integral, 
we may replace X by V. Namely, if V' ~ V is an S-morphism from a smooth 
S-scheme V' to V such that S ~ V factors through V' ~ V, we can assume that 
V' is integral. Then there is an open dense subscheme V" c V' which is mapped 
into X, and it follows that the map V' ~ V must factor through X because V' is 
integral and because X is closed in V. D 

Thus we may assume that X, as a closed subscheme of A~, is defined by m global 
sections, say 

and that the determinant 

L\ = det ( 8!; ) 8lj i.':l, ... ,m 
J-l, ... ,m 

does not vanish at a(~); cf. 2.2/7. We will now finish the proof of Theorem 12 by 
establishing a third lemma; see Bourbaki [2], Chap. III, §4, n°5, for a similar 
statement. 

Lemma 15. Consider a situation as in Lemma 13. Assurne that X is as above and that 
fo = L\ 2 . Then there exists a diagram 

where X'~ V' is etale; in particular, X' is smooth over S. Except for the square in 
the upper left corner, the diagram is commutative. 

Proof. In the following, we write f for the column vector (f1 , ... , fmY; the index t 
indicates the transpose. On V' we have a relation 

r:*f = r:* L\2. a' 

with a column vector a' = (a~, ... , a:,.)l of global sections of (Dv·· Denote by ß 1 = L\, 
L\2, ... , ß 1 the (m x m)-minors of 

(81'.) 1= _'.J_il • 

8Y" i:l, ... ,m 
v-l, ... ,N 
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Due to Cramer's rule, there exist (N x m)-matrices M;., A. = 1, ... , l, with global 
sections of (!) A~ as entries such that 

(**) J·M;.=L\;.·Im. 

Im is the (m x m)-unit matrix. We will construct X' as a subscheme of A~i". Sodenote 
by Z;.v, A. = 1, ... , l, V = 1, ... , N, the coordinate functions of A~·N. Let z().) be the 
column vector (Z;.1 , .•• ,Z;.N)1, A. = 1, ... , l. Now consider the S-morphism 

p: A~i"---+ A§ 

given by 

I 

p*Y = L r*L\;. · Z<;.> + r*Y 
).=1 

where Y is the column vector ( Y1 , .•• , YN )'. By Taylor expansion we get an equation 
I I 

P*'f = r*'f + "' r*L\ · r* J · Z + "' r*L\ · r*L\ · q L... ). (Ä) L... ). Jl (Ä,Jl) 
).=1 ).,p=1 

with certain column vectors q(Ä,Jl) = (q;.p1 , ••• , q;.pmY. Each q;.p; is a polynomial in 
the variables Z;.p with global sections of l!iv· as coefficients, and each monomial of 
q;.pi has degree;;:::: 2. Using (*) and (**), we can write 

r*f = r*L\ · (r*L\ ·Im)· a' = r*L\ · r* J · a(l) 

with 

Furthermore, we have 

I 

L r* L\Jl · q().,p) = r* J · q<;.> 
p=1 

with 

I 

q<;.> = L r* Mll. q(Ä,p) . 
p=1 

Setting a(;.> = 0 for A. = 2, ... , l, we see 

I 

p*f = I r* L\;. · r* J · [a(;.> + z().) + q<;.>J • 
).=1 

Then let X' be the closed subscheme of A~i" which is defined by the global sections 

a(;.) + z().) + q().)• A. = 1, ... , l. 

Due to 2.2/10, the projection X'---+ V' is etale along the zero section of A~i"---+ V'. 
Obviously, the morphism X' ---+ A§ induced by p factors through X. Since u* L\ is 
not a zero divisor, the relation 

0 = u*f = u*L\2 • if!*a' 

implies if!*a' = 0 and, hence, if!*a(;.> = 0 for A. = 1, ... , l. Thus, the zero section of 
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A~;" induces a Iifting q> of t/J. Replacing X' by the etale locus of X'~ V', the 
assertion of the Iemma is clear. D 

Thereby we have finished the proof of Theorem 12. The statement of Theorem 
12 was announced by M. Artin in [8]. lts proof, given in terms of commutative 
algebra, has been published recently by M. Artin and C. Rotthaus; cf. Artin and 
Rotthaus [1]. The method of proof is similar to the one used in Artin [4], where 
it is shown that the henselization of R [T1 , ... , T"] at (n, Tl> ... , T") satisfies the 
approximation property. In fact, the latter result can be obtained as a consequence 
of Theorem 12. 

Theorem 16. (M. Artin). Let R be a field or an excellent discrete valuation ring, and 
let A be a henselization of a local R-algebra A 0 which is essentially of finite type over 
R. Let m be a proper ideal of A, and let A be the m-adic completion of A. Then, given 
a system of polynomial equations 

f(Y) = 0 

where Y = ( Y1 , ... , YN) are variables and f = (!1 , ... ,J,.) are polynomials in Y with 
coefficients in A, given a solution y = (y 1 , ••• ,yN) E AN and an integer c, there exists 
a solution y = (y 1, ... , YN) E AN such that 

Yv = Yv mod m<. A 

for v = 1, ... , N. 

Proof Following M. Artin, we will reduce the assertion to the special case where 
A 0 is the localization of R[T1 , ••• , T"] at the point (n, Tl> ... , T") of Spec R[T1 , ••• , T"], 
where the integer c is 1, and where the ideal m is the maximal ideal of A. In this 
case, the assertion is an easy consequence of Theorem 12. So Iet us start with the 
reductions. 

One may assume that m is the maximal ideal of A and that the integer c is 1. 
Namely, there exist elements a.E A suchthat 

.Y. = a. modmc·A 

for v = 1, ... , N. Let m 1 , ••• , m1 be a system of generators of m<. Then there exist 
elements Yvi of A suchthat 

Let 

t 

Yv - a. - L Yvjmj = 0 . 
j=1 

and consider the system of polynomial equations given by f 1 , ... , J.., g1, ... , gN in 
the variables (Y".) and (Y.·r). This system has the solution ((ß.),(ß.i)) over A, and 
any solution of this system lying in A gives rise to a solution of the required type 
of the system we started with. 
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We may assume that R is a discrete valuation ring and that the maximal ideal 
m of A lies over the closed point of Spec R. Namely, if R is a discrete valuation ring 
and if m lies over the generic point of R, we can replace R by its field of fractions. 
If R is a field, we can replace it by the power series ring R[[T]], and view Aas an 
R[[T]]-algebra by sending T to zero. Since R[[T]] is excellent, this reduction is 
permissible. 

We may assume that the residue field k' = A/m is finite over k = RjrcR. Since 
A0 is essentially of finite type over R, the field k' is finitely generated over k. Let d 
be its degree of transcendence. Then there exist elements z1, ••• , zd E A 0 suchthat 
k' is finite over k(z 1, •.. , zd), where z~ denotes the residue dass of z~ mod m. Let R' 
be the localization of R[Z1 , ... , Zd] at the primeideal (rc). The R-morphism 

R[Z1 , ..• ,Zd]~A0 

Sending z~ to z~for c5 = 1, ... ' dfactors through R', since zl, ... 'zd are transeendental 
over k. Furthermore, R' is an excellent discrete valuation ring, see [EGA IV 2 ], 7.8.3, 
and A 0 is essentially offinite type over R'. 

We may assume that A is a finite S-algebra where S is a henselization of the 
localization S0 of a polynomial ring R[T1 , ... , T"] at (rc, T1 , ... , T"). Namely, Iet t 1 , 

... , tn be a system of generators of the maximal ideal of A0 . The R-morphism 

cp: R[T1 , ... , T"] ~ Ao 

sending T; tot; for i = 1, ... , n induces a morphism S0 ~ A 0 . Since A 0 is essentially 
of finite type and since the residue field Ajm is finite over k, it is easily seen that 
SpecA0 ~ SpecS0 is quasi-finite at the maximal ideal of A0 • Then the extension 
S ~ A 0 ®s0 S is finite (cf. 2.3/4); so A 0 ®s0 S is a direct sum oflocal henselian rings. 
Since A is among them, the extension S ~ A is finite. 

1t suffices to prove the theorem for a henselization S of the localization S0 of a 
polynomial ring R [T1 , ... , T"] at (rc, T1 , ••. , T"). Since we may assume that Ais finite 
over S, the m-adic completion A of Ais isomorphic to A ®s S. Write Aas a quotient 
of a polynomial ring over S, say 

o~a~S[X1 , ••• ,XmJ~A~O. 

Then Iet a 1 , ... , a1 be a finite system of generators of a. Lifting the system f(Y) 
over A to a system g(Y) over S[X] and Iifting the given solution ß of f(Y) to 
f = (ß~, ... ,ß~) with ß~, ... , ß~ E S[X] ®s &, we get a relation 

where z0.> = (z .u, ... , z ._,y is a column vector of elements of S [X] ®s S. Then con­
sider the system of equations 

l 

g(Y) - L a.,z<._> = 0 
A.=l 

over S[X], where Y = (Y1 , ... , YN) and Z = (Z.,;), for Ä. = 1, ... , l, i = 1, ... , r, are 
variables. Due to (*), the system (**) has a solution in §[X]. Looking at the 
coefficients ofthe polynomials in X 1 , ..• , Xm appearing in(*), we can rewrite (**) 
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as a finite system of polynomial equations over S which has a solution over &. 
Clearly, a solution over S of this system induces a solution over A of the system we 
started with. 

Now let us show how, in this situation, the proof of the theorem follows from 
Theorem 12. The polynomials f 1 , ••• , f.. E S[Y1 , ••• , YN] define a closed subscheme 
X of /\~. Since only finitely many coefficients occur in f 1 , ..• , J,, the scheme X is 
actually defined over an R [T1 , .•. , T,.]-algebra of finite type. So we may view X as 
an R [T1, .•• , T,.]-scheme of finite type. The solution ~ = (y1, ... , ~N) E &N gives rise 
to an ~[[T1 , .•. , T,.]]-valued point a of X. Then Theorem 12 yields a commutative 
diagram 

X' 
I .... .., 

i .................... u' 
I ,, 

I --
1 --
1 --... ... ......... 

X u Spec ~[[T]] 

1/ 
SpecR[T] 

where X' is smooth over R[T]. The closed point § of Spec~[[T]] induces a 
k-rational point x' = a'(§) of X'. Due to 2.3/5, the k-valued point x' lifts to an 
S-valued point of X' and, hence, to an S-valued point x of X. Then, x gives rise to 
a solution y over S of f(Y) = 0, the one we are looking for. D 

Let us conclude with some remarks on the history of the approximation pro­
perty. Corollary 9 was first established in Greenberg [2], where the author actually 
proves a much stronger result, the so-called strong approximation property for 
discrete valuation rings. Theorem 16 is due to M. Artin, cf. Artin [4]; he even shows 
the strong approximation property for polynomial rings k[T1 , ..• , T,.], where k is a 
field. By methods of model theory, it can also be seen from Artin's result (Theorem 
16) that allrings R[T1 , .•• , T,.] satisfy that property whenever R is an excellent 
discrete valuation ring; cf. Becker, Denef, Lipshitz, van den Dries [1]. Artin's 
conjecture that the approximation property holds for every excellent ring A was 
recently verified by C. Rotthaus for the case where A contains the rational numbers; 
see Rotthaus [1]. 

The importance of the approximation theorem is based on the applications to 
moduli problems; there it is a powerful tool to show that certain functors are 
representable by algebraic spaces; cf. Artin [5] and [6]. We will come back to this 
point in Section 8.3. 



Chapter 4. Construction ofBirational Group Laws 

In the previous chapter, we discussed the smoothening process and, as an applica­
tion, proved the existence of weak Neron models. The next step towards the 
construction of Neron models requires the use of group arguments. 

For the convenience of the reader, we start with a general section on group 
schemes where we explain the functorial point of view. Then we discuss the existence 
of invariant differential forms and their properties. They are used in order to define 
the so-called minimal components of weak Neron models, which are unique up to 
R-birational isomorphism. The actual construction of Neron models is continued 
in Section 4.3. Starting with a smooth K-group scheme XK offinite type and a weak 
Neron model (X;)iei> we select the minimal components from the Xi. After a possible 
shrinking, we glue them along the generic fibre to produce a smooth and separated 
R-model X of XK and we show that the group structure on XK extends to an 
R-birational group law on X. Admitting the fact (tobe obtained in Chapters 5 and 
6) that X with its R-birational group law can uniquely be enlarged to an R-group 
scheme X, we show in Section 4.4 that X will be a Neron model of XK. This is done 
by employing an argument of A. Weil, saying that a rational map from a smooth 
scheme to a separated group scheme is defined everywhere if it is defined in 
codimension 1. 

4.1 Group Schemes 

Let C be a category; for example, let C be the category (Sch/S) of schemes over a 
fixed scheme S. Each object X E C gives rise to its functor of points 

hx: C ~(Sets) 

which associates to any TE C the set 

hx(T):= X(T):= Hom(T,X) 

of T-valued points of X. Each morphism X~ X' in C induces a morphism 
hx ~ hx· of functors by the composition of morphisms in C. In this way one gets 
a covariant functor 

h: C ~ Hom(C0,(Sets)) 

of C to the category of covariant functors from C0 (the dual of C) to the category 
of sets; the category Hom(C0 , (Sets)) is denoted by C; it is called the category of 
contravariant functors from C to (Sets). 
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Proposition 1. The functor h : C---+ C is fully faithful; i.e., for any two objects X, 
X' E C, the canonical map 

Horne( X, X') ---+ Homdhx, hx') 

is bijective. More generally, for all objects XE C and !FE C, there is a canonical 
bijection 

/F(X) ~ Homdhx,!F) 

mapping u E /F(X) to the morphism hx---+ !F which to a T-valued point g E hx(T), 
where T is an object of C, associates the element !F(g)(u) E /F(T). The bijection 
coincides with the above one if !F = hx, and is functorial in X and !F in the sense that 
!F f---+ Homc(h( · ), /F) defines an isomorphism C---+ C. 

Proof Consider an element u E /F(X). Wehave only to show that there is a unique 
functorial morphism hx---+ !F mapping the so-called universal point idx E hx(X) 
onto u E /F(X) and that it is as stated. Then all assertions of the proposition are 
immediately clear. So let us show how to justify this claim. For any object TE C, 
each T-valued point g : T---+ X factors through the universal point of X. Thus, if 
hx---+ !F exists as claimed, the image of gunder hx(T)---+ !F(T) must coincide with 
the image of u under /F(g): /F(X)---+ !F(T). Conversely, taking the latter as a 
definition, we see that hx---+ !F can be constructed as required. D 

In particular, if a functor !FE Hom(C0,(Sets)) is isomorphic to a functor hx, 
then X is uniquely determined by !F up to an isomorphism in the category C. In 
this case, the functor !Fis said tobe representable. Thus Proposition 1 says that the 
functor h defines an equivalence between the category C and the full subcategory 
of Horn( C0 , (Sets)) consisting of all representable functors. 

In order to define group objects in the category C, it is necessary to introduce 
the notion of a law of composition on an object X of C. By the latter we mean a 
functorial morphism 

y : hx x hx ---+ hx . 

Thus, a law of composition on X consists of a collection of maps 

'J'r: hx(T) X hx(T)---+ hx(T) 

(laws of composition on the sets of T-valued points of X) where T varies over the 
objects in C. The functoriality of y means that all maps 'l'r are compatible with 
canonical maps between points of X, i.e., for any morphism u: T'---+ Tin C, the 
diagram 

hx(T) x hx(T) 

1 '·''' "·''' 
hx(T') X hx(T') __ YT_' -+ 

hx(T) 

!··''' 
hx(T') 

is commutative. If the law of composition has the property that hx(T) is a group 
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under YT for all T, then y defines on hx the structure of a group functor, i.e., of a 
contravariant functor from C to the category of groups. In this case, y is called a 
group law on X. 

Definition 2. A group object in C is an object X tagether with a law of composition 
y : hx x hx- hx which is a group law. 

It follows that a group object in C is equivalent to a group functor which, as a 
functor to the category of sets, is representable. 

When dealing with group objects, it is convenient to know that the category 
in question contains direct products and a final object, say S. The latter means 
that, for each object T of C, there is a uniqe morphism T- S. So, in the 
following, assume that Cisofthis type, and consider a group object X of C with 
group law y. Then, since the product X x X exists in C and since the functor 
h: C- Hom(C0, (Sets)) commutes with direct products, the law of composition 
y : hx x hx- hx corresponds to a morphism m : X x X- X, as is seen by using 
Proposition 1. Furthermore, the injection ofthe unit element into each group hx(T) 
yields a natural transformation from hs to hx, hence it corresponds to a morphism 

e:s-x, 
called the unit section of X, which is a section of the unique morphism X- S. 
Finally, the formation of theinversein each hx(T) defines a natural transformation 
hx - hx and hence a morphism 

z:x-x, 
called the inverse map on X. The group axioms which are satisfied by the groups 
hx(T), and hence by the functor hx, correspond to certain properties of the maps 
m, e and z. Namely, the following diagrams are commutative: 

(a) associativity 

m x idx 
XxX 

l· 
XxX m 

X 

(b) existence of a left-identity 

X S x X 
e x idx 

XxX 

l· 
X 

where p : X- S is the morphism from X to the final object S. 
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(c) existence of a left-inverse 

X 
(1,idx) 

XxX 

j, l· 
s X 

(d) commutativity (only if all groups hx(T) are commutative) 

XxX XxX 

~l· 
X 

where r commutes the factors. 

Note that a left-identity is also a right-identity and that a left-inverse is also a 
right-inverse. It is clear that once we have an object X and morphisms m, 8, and 1 

with the above properties, we can construct a group object in the given category 
from these data, and furthermore, that group objects in C and data (X, m, 8, 1) 
correspond bijectively to each other. 

Proposition 3. The group objects in a category C correspond one-to-one to data 
(X, m, 8, 1) where X is an object of C and where 

m:X x X -----+X, 1: X-----+ X 

are morphisms in C such that the diagrams (a), (b), (c) above are commutative. 
Furthermore, a group object in C is commutative if and only if, in addition, the 
corresponding diagram (d) is commutative. 

In the following we restriet ourselves to the category (Sch/S) of S-schemes where 
S is a fixed base scheme. Then the direct product in (Sch/S) is given by the fibred 
product of schemes over S, and the S-scheme S is a final object in (Sch/S). 

Definition 4. An S-group scheme is a group object in the category ofS-schemes (Sch/S). 

Due to Proposition 3, an S-group scheme G can be viewed as an S-scheme X 
together with appropriate morphisms m, 8, and 1. When no confusion about the 
group structure is possible, we will not mention these morphisms explicitly. In 
particular, in our notation we will make no difference between the group object G 
and the associated representing scheme X. Also we want to point out that there 
exist group functors on (Sch/S) which are not representable and thus do not 
correspond to S-group schemes. For example, let X be a smooth S-scheme and, for 
any S-scheme T, let ~x;s(T) be the set of all T-birational automorphisms of XT = 
X x 8 T Then, in general, the group functor fllx;s is not representable by a scheme, 
even if X is the projective line over a field. 
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1t follows immediately from Definition 4 that the technique of base change can 
be applied to group schemes. Thus, for any base change S' ---+ S, one obtains from 
an S-group scheme G an S'-group scheme G8 • :=G x 8 S'. If S = Spec R for some 
ring R, we talkalso about R-group schemes instead of S-group schemes. Further­
more, if K = R is a field, an algebraic K-group is meant tobe a K-group scheme of 
finite type (not necessarily smooth). 

There are many notions for ordinary groups which have a natural analogue for 
group functors and thus for group schemes. For example, a homomorphism of 
group functors '!/' ---+ '!I is a natural transformation between '!I' and '!I (viewed as 
functors from (Sch/S) to (Groups)). If'§' and '!I are represented by S-schemes G' and 
G, respectively, such a homomorphism corresponds to a morphism G' ---+ G which 
is compatible with the group law on G' and on G. We also have the notions of 
subgroup, kernel of a homorphism, monomorphism, etc., for group functors. How­
ever, when dealing with S-group schemes G, we reserve the notion of subgroup 
schemes to such representable subgroup functors which are represented by sub­
schemes of G (the latter is not automatic). A subscheme Y of G defines a subgroup 
scheme of G if and only if the following conditions are satisfied: 

(i) the unit-section B : S---+ G factors through Y, 
(ii) the group law m: G x 8 G---+ G restricts to a morphism Y x 8 Y, and 

(iii) the inverse map 1 : G ---+ G restricts to a morphism Y---+ Y. 
Let us Iook at some examples of S-group schemes. We start with the classical 
groups Ga (the additive group), Gm (the multiplicative group), GLn (the general 
linear group), and PGLn (the projective generallinear group). In terms of group 
functors, these groups are defined as follows. For any S-scheme T set 

Ga{T) := the additive group (!)r(T) 

Gm(T) := the group of units in (!)r(T) 

GLn(T) := the group of (!)r(T)-linear automorphisms of ((!)r(T))" 

PGLn(T) := Autr (IP>((!)~)). 

Allthese group functors are representable by affine schemes over 71.. Warking over 
S := Spec 71., the additive group is represented by the scheme 

X:= Spec7l.[(] 

(( is an indeterminate), where the group law m: X x X---+ X corresponds to the 
algebra homomorphism 

71.[(]---+ 71.[(] ®z 71.[(] ' 

Similarly, for Gm, the representing object is Spec 7l. [(, C 1 ] with the group law given 
by ( r-----o (®(.In the case of GLn we consider a set (ii of n2 indeterminates. Then 

X:= Spec 7l.[(ii, det((u)-1 ] 

is a representing object; the group law is defined by the multiplication of matrices. 
Finally, PGLn is represented by the open subscheme 

X c Proj 7l.[(u] 
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where det Cii does not vanish. For a general base S, the representing objects are 
obtained from the ones over Spec 7L by base extension. lt is clear that the above 
procedure works as well for further classical groups (SLn, Spn, On, ... ). Also it 
should be mentioned that one can define GLv,PGLy, ... for any vector bundle 
V over S. Just replace (!Jj. in the above definitions by the pull-back of V with respect 
to r-s. 

All the above group schemes are affine, i.e., the representing schemes are affine 
over the base S. Another important dass of group schemes consists of the so-called 
abelian schemes over S. Thereby we mean smooth proper S-group schemes with 
connected fibres (the latterare abelian varieties in the usual sense). They are always 
commutative. As examples one may consider elliptic curves over fields which have 
a rational point or, more generally, Jacobians of smooth complete curves. 

4.2 Invariant Differential Forms 

Throughout this section, let G be a group scheme over a fixed scheme S. First we 
want to introduce the notion of translations on G. In order to do this, consider a 
T-valued point 

g:T-G 

of G; i.e., an S-morphism from an S-scheme T to G. Then g gives rise to the T-valued 
point 

gT := (g,idT): T- GT := G Xs T 

of the T-scheme GT := G x s T. If p1 : GT - G denotes the first projection, we have 
g = p1 o gT. In the special case where T:= G and g := ida is the universal point of 
G, the morphism gT equals the diagonal morphism Ll of G. For any other T-valued 
point g of G, the morphism gT is obtained from Ll by performing the base change 
g:T-G. 

As usual, let m : G x s G - G be the group law of G and write mT for its 
extension when a base change T- S is applied to G. Then, for any T-valued point 
g of G, we define the left translation by 

gT X id mT 
'tg: GT ~ T X T GT- GT X T GT- GT 

and the right translation by 
1 id X gT mT 

1:9 :GT~GT xT T-GT xTGT-GT. 

Both morphisms are isomorphisms. Quite often we will drop the index T and 
characterize the map 1:9 by writing 

1:9 :G-~G, x f--+ gx; 

the same procedure will be applied for 1:~ and for similar morphisms. In the special 
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case where T := G and g := idc is the universal point, 1:9 is the so-called universal 
left translation, namely the morphism 

(x, y) f---+ (x, xy). 

Similarly, '~ gives rise to the universal right translation 

'I':G x 8 T--G x 8 T, (x, y) f---+ (xy, y) . 

Each left translation by a T-valued point g: T-- Gis obtained from the universal 
left translation <I> by performing the base change g: T-- G; in a similar way one 
can proceed with right translations. 

Now let us consider the sheaf n~1s of relative differential forms of some degree 
i ~ 0 on G; it is defined as the i-th exterior power of nb18 • For any S-scheme T and 
any T-valued point g E G(T), the left translation 1:9 : Gr-- Gr gives rise to an 
isomorphism 

A global section w in Q~1s is called left-invariant if 1:;wT = Wr in Q~TIT for all 
g E G(T) and all T, where Wr is the pull-back of w with respect to the projection 
p1 : Gr-- G (see 2.1/3 for the canonical isomorphism pfQ~1s ~ Q~TIT; see also 
Section 2.1 for our notational convention on the pull-back of differential forms). 
Using right translations 1:~, one defines right-invariant differential forms in the same 
way. Since each translation on the group scheme Gr is obtained by base change 
from the universal translation, it is clear that one has to check the invariance under 
translations only for the universal translation. Generally, in connection with 
translations, we will drop the index T and write w instead of Wr if no confusion is 
possible. 

In the following we will frequently use the fact that two global sections w and 
w' of a sheaf :F on G are equal provided they coincide on every T-valued point g 

of G; i.e., provided g}wr = g}w'r in g}o'Fr, where :Fr is the pull-back of :F to Gr. 
This is easily verified by using the universal point g := idc of G; namely, for T = G, 
we have the commutative diagram 

T~l 
G 

where Gr -- G is the projection. Similarly, one shows that two sheaves :F and tfJ 
are isomorphic if their restrictions to each T-valued point of G are isomorphic. 

Proposition 1. Let G be an S-group scheme with unit section a : S -- G. Then, for each 
Wo E r(S, a*Q~18 ), there exists a unique left-invariant differential form w E r(G, Q~;s) 
such that a*w = w0 in a*Q~18 • The same assertion is true for right-invariant differential 
forms. 
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Proof. It is only necessary to consider left-invariant differential forms since the 
inverse map G-----+ G, x f---> x- 1, transforms left-invariant forms into right-invariant 
ones. 

The uniqueness assertion is easy to obtain. Consider two globalleft-invariant 
sections w, w' of n~;s suchthat e*w = e*w' = w 0 in e*n~;s· Then we have g*w = 
g*w' in g*Q~1s for each point g E G(S), since g = r 9 o e. Hence wand w' coincide at 
all points of G(S). This fact remains true after base change. So w and w' coincide at 
the universal point of G and we have w = w'. 

In order to settle the existence part, it is only necessary to consider the case where 
i = 1. Furthermore, the problern is local on S; so we may assume that w0 lifts to a 
section w' of !lb1s which is defined over a neighborhood V of the unit section 
e : S -----+ G. Then the decomposition 

n1 ~ *n1 ffi *n1 
~'G x 5 GiS = P 1 ~'G;s w Pz ua;s 

of 2.1/4 gives a decomposition 
m*w' = w1 EB w 2 

over m-1 (V), where m: G Xs G-----+ Gis the group law. lf 

b: G-----+ G Xs G, x f---> (x-\x) 

denotes the twisted diagonal morphism, m*w' is defined in a neighborhood of the 
image of b so that b*Wz gives rise to a global section w of nb;s· We claim that w is 
left-invariant and satisfies e*w = w 0 in e*nb;s· 

For an arbitrary T-valued point g E G(T), the commutative diagram 

G 
tg 

G -----+ 

l· l· 
GxG 

!~-t X Tg 

GxG -----+ 

gives r:b*Wz = b*(r~-· X rg)*wz in nbr!T• So w will be left-invariant ifwe can show 
(r~-· x r9 )*w 2 = w2 .Sincetheproductmapr~, x r 9 respectsthedecomposition(*) 
over m-1 (U), we see 

Wj := (r~-• X r9 )*wj E r(m- 1(U),pj(Qbs/S)), 

However m o (r~-· x r9 ) = m so that 

m*w' = w1 EB Wz = w1 EB Wz . 

j = 1, 2. 

The two decompositions must coincide. Hence w2 = w 2 , and w is left-invariant. 
It remains to show e*w = w 0 in e*!lb;s· Consider the morphism 

ey: T := G-----+ G Xs T = G Xs G 

obtained from the unit section e: S-----+ G by the base change T-----+ S. Since e}p!Q~1s 
vanishes in nb;s and since m o er = ida, we have 

e}Wz = e}(W 1 + Wz) = e}m*w' = w' lll !lb;s . 
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Since p2 o er = idG = p2 o b, there is a canonical identification 

e"fpiO.b;s = O.b;s = b*piO.b;s · 

Then (j o e = <>r o e implies 

e*b*w2 = e*e}w2 m e*O.b1s . 

Furthermore, we know (J*w 2 = w. So we get 

e*w = e*b*w2 = e*e}w2 = e*w' = w 0 In e*O.b1s . 

Thus w is as desired. D 

Using the structural morphism p: G---+ S, we can state the result ofProposition 1 
more elegantly in the following form: 

Proposition 2. There are canonical isomorphisms 

* *r.i ~ r.i p (; UG/S ---+ UGjS ' 

which are obtained by extending sections in e*O.~;s to left-invariant sections in 0.~18 • 
Similar isomorphisms are obtained by using right-invariant differential forms. 

Actually, Proposition 1 provides only an lDG-module homomorphism 
p*e*O.~;s---+ 0.~18 which, under the pull-back by e, becomes an isomorphism. How­
ever, applying translations, the same assertion is true for any S-valued point of G. 
In particular, after base change T := G ---+ S, the above homomorphism is an 
isomorphism at the point gT E Gr(T) which is induced by the universal point g of 
G. Hence, the above homomorphism is an isomorphism already over G. D 

We are specially interested in the case where Gis a smooth group scheme over 
a local scheme S. Then each lDG-module 0.~18 is locally free, and e*O.~;s is a free 
lD5 -module. Thus we see: 

Corollary 3. Let G be a smooth group scheme of relative dimension d over a local 

scheme S. Then each 0.~18 , 0 :::;; i :::;; d, is a free lDG-module generated by ( ~) leit­

invariant differential forms of degree i. The same is true for right-invariant differential 
forms. 

For the rest of this section, Iet us assume that Gis a smooth S-group scheme of 
relative dimension d, and that there is a left-invariant differential form w E 0.~15(G) 
generating 0.~18 as an lDG-module. For an arbitrary T-valued point g of G we can 
consider the interior automorphism 

int9 = r 9 o r~-1 : G---+ G , 

given by g. 
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Proposition 4. There exists a unique group homomorphism X: G- Gm (a character 
on G) such that 

int:w = r~~.w = x(g)w 

for each T-valued point g of G. 

Proof Since left translations commute with right translations, we see immediately 
that 

is left-invariant (on GT) for any T-valued point g of G. Hence, since w and int: w 
generate Q~TIT• there exists a well-defined unit x(g) E (!)T(T)* such that 

int: w = x(g)w ; 

recalling the functorial definition of the multiplicative group Gm and of group 
homomorphisms, one easily shows that g f----+ x(g) defines a group homomorphism 
x:G-Gm. 0 

Now let us consider the case where S =SpecK and where K is the field of 
fractions of a discrete valuation ring R. As usual, let R•h denote a strict henselization 
of R and K•h the field of fractions of R•h. Let I I be an absolute value on K and K•h, 
which corresponds to Rand R"h. We want to look a little bit closer at the character 
x occurring in the above lemma. 

Proposition 5. Let G be a smooth K -group scheme of relative dimension d, and assume 
that G(K) (resp. G(K"h)) is bounded in G. Then the character x of Proposition 4 
satisfies lx(g)l = 1 for each g E G(K) (resp. each g E G(K"h)). 

Proof The character x is bounded on G(K); hence we may view x(G(K)) as a 
bounded subgroup of K*. Such a subgroup consists ofunits in R. 0 

Remark 6. If, in the situation of Proposition 5, the group G is connected, one can actually show that 
the character x is trivial. To see this, one uses the fact that G contains a maximal torus T defined over 
K, [SGA 3u], Exp. XIV, 1.1. If x is non-trivial, it induces a surjective map T--+ Gm, and T must contain 
a subtorus isogenous to Gm. But then G(K) cannot be bounded. 

4.3 R-Extensions of K-Group Laws 

Let R be a discrete valuation ring with uniformizing element n, with field of fractions 
K, and with residue field k. As usual, R•h denotes a strict henselization of R, and K•h 
denotes the field offractions of R•h. Let X K be a smooth K -group scheme of dimension 
d, assume that XK is of finite type, and that XK(K•h) is bounded in XK. As a group 
scheme over a field, X K is automatically separated. The purpose of this section 



104 4. Construction of Birational Group Laws 

is to construct a smooth and separated R-scheme X offinite type with generic fibre 
XK suchthat the group law of XK extends to an R-birational group law on X and 
suchthat each translation on XK by a K•h-valued point extends to an R•h-birational 
morphism of X. Later, it will turn out that Xis already an R-dense open subscheme 
ofthe Neron model of XK. 

Westart our construction by choosing a weak Neron model (X;);EI of XK; for 
the existence see Theorem 3.5/2. There is no restriction in assuming that the special 
fibres X; ®R k are (non-empty and) irreducible for all i E /. We will pick certain 
"minimal components" of this collection and glue them along the generic fibre to 
obtain the R-model X of XK we are looking for. 

In order to define minimal components, consider a left-invariant differential 
form w of degree d on XK which generates nt1K; for the existence see 4.2/1 and 
4.2/3. lt follows that w is unique up to a constant in K*. We want to define the 
order of w on smooth R-models X of XK which have an irreducible special fibre 
Xk, always assuming that X is separated and of finite type over R. 

To do this, consider a general situation where !l' is a line bundle on a smooth 
R-scheme Z and where ( is a generic point of the special fibre Zk. Then the local 
ring @2.~ is a discrete valuation ring with uniformizing element n and, for any section 
f of !l' over the generic fibre ZK which does not vanish at the generic point of ZK 
lying over (, there is a unique integer n such that n-"f extends to a generator of !l' 
at (. The integer n is called the order of f at (, denoted by ordsf. 

Going back to the situation where we considered the section w over the generic 
fibre of X, there is a unique generic point ~ of the special fibre Xb since the latter 
has been assumed to be irreducible. We call ord~w the order of w at X and we 
denote it by ordxw. If n = ordxw, then n-"w generates Q~!R over X. Namely, n-"w 
is defined on X up to points of codimension ~ 2, and X being normal, n-"w extends 
to a global section of X. Furthermore, since the zero set of a non-zero section in a 
line bundleis of pure codimension 1 on an irreducible normal scheme, it is seen that 
n-"w extends to a generator of Q~/R over X. Similarly, for sections a E r(XK, (!JxJ 
(provided a is non-zero at the generic point of XK lying over Xd, the order ordxa 
can be defined. If m = ordxa, it follows that n-ma extends to a global section of (!Jx· 
The latter is invertible if a is invertible over XK. In this case, we have la(x)l = lnml 
for each K•h-valued point x of X which extends to an R•h-valued point of X. 

Lemma 1. Let X' and X" be smooth and separated R-models of XK which as above 
have irreducible special fibre each. Consider an R-rational map u: X'----> X" which 
is an isomorphism on generic fibres; in particular, there is a unit a E r(X K' (!)1J 
satisfying u~w = aw. Assurne that la(x)l = 1 for some x E XK(K•h) such that x 
extends to a point in X'(R•h). Then: 

(i) n' := ordx,OJ ~ n" := ordx"OJ. 
(ii) If U is the domain of definition of u, the morphism u : U ~X" is an open 

immersion if and only if n' = n". 

Proof Since n-n' OJ (resp. n-n" w) generates nhR (resp. n~"/R), there is a section 
b E r(X', {!)X') suchthat 
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u*(n-n" w) = bn-n' w 

over X'. Actually, bis only defined over U; however X'- U is of codimension ~2 
in X' so that b extends to a section over X'. The preceding equation gives a = nn"-n'b 
over XK. Since ordx.a = 0 by our assumption on a, we see 

n' - n" = ordx.b ~ 0 . 

This verifies the first assertion. 
To obtain the second one, we see from 2.2/10 that u is etale on U if and only if 

u*O~"/R- Ob;R is bijective; i.e., if and only if bis invertible over U and hence over 
X'. The latter is equivalent to n' - n" = 0. Furthermore, since uK is an isomorphism, 
Zariski's Main Theorem 2.3/2' implies that u is etale on U if and only if it is an open 
immersion. 0 

Let X' and X" be smooth, separated R-models of XK which are offinite type over 
R and which have irreducible special fibres. Then X' and X" are called equivalent 
ifthe identity on XK extends to an R-birational map X'---+ X". 

Proposition 2. Let XK be a smooth K-group scheme of finite type suchthat X K(K•h) 
is bounded in XK. 

(i) There exists a Zargest integer n0 such that ordxw ~ n0 for all R-models X of 
X K which are smooth, separated, and of finite type over R, and which have an 
irreducible special fibre Xk. All such R-models X with ordxw = n0 are called 
w-minimal. 

(ii) Up to equivalence there exist only finitely many R-models X 1 , .•. , Xn of XK 
which are w-minimal. 

Proof (i) Let (X;);ei be a weak Neron model of XK; for the existence see 3.5/2. We 
may assume that the special fibre of each X; is irreducible. So the order of w is 
defined with respect to each X;. Let n0 be the minimum of the finite set { ordx,w; 
i E J}. We claim that n0 satisfies assertion (i). Namely, consider a smooth R-model 
X of XK which is separated and offinite type over Rand which has an irreducible 
special fibre. Due to the weak Neron property 3.5/3, the identity on XK extends to 
an R-rational map u: X---+ X; for some i E J. Then ordxw ~ n0 by Lemma 1. In 
a similar way, assertion (ii) is deduced from Lemma 1 (ii). 0 

Since w, as a left-invariant differential form of degree d, is unique up to a constant 
in K*, it is clear that the notion of w-minimality does not depend on the choice of 
w. One has to interpret the w-minimal R-models as those smooth R-models with 
irreducible special fibre, which are of"biggest" size,just as can be seen from the two 
R-models 

SpeeR[,, C 1 ] and SpecR[,,Cl,('- 1)/n] 

of the multiplicative group Gm over K, and from the left-invariant differential form 
w := C 1d,. Furthermore, we leave it to the reader to verify that, for the additive 
group Ga over K and for the left-invariant differential form w := d,, there does not 
exist any w-minimal R-model. 
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Lemma 3. LetZ be a smooth R-scheme, and let 11 be a generic point of the special 
fibre of Z. Denote by R' the local ring (!}z," of Z at q, and by K' the field of fractions 
of R'. If xl, 0 0 0' xn is a set ofrepresentatives of the w-minimal R-models of XK, then, 
up to a Splitting ofspecial fibres into connected components, xl ®R R', 0 0 0' xn ®R R' 
represent the w'-minimal R'-models of XK ®K K', where w' is the pull-back of w to 
XK <8> K'. 

Proof Due to 3.5/4, weak Neron models are compatible with the base change 
R --+ R'. Furthermore, each generic point ~' of the special fibre of X; ®R R' lies over 
a generic point ~ of the special fibre of X;. Thus, we have ord~w = ord~·w'. Hence 
the R'-extension of an w-minimal R-model of XK decomposes into a union of 
w'-minimal R'-models of XK'· D 

Now we are able to construct the R-model X of XK we are looking for. 

Proposition 4. Let X K be a smooth K -group scheme of finite type such that the set of 
K•h-valued points of XK is bounded in XK. Then there exists an R-model X of XK 
which is smooth, separated,faithfully flat, and of finite type over R and which satisfies 
the following conditions: 

(i) Each open subscheme of X which is an R -model of X K with irreducible special 
fibre is w-minimal. 

(ii) For each w-minimal R-model X' of XK, the identity on XK extends to an 
R-rational map X'---~ X which is an open immersion on its domain of definition. 

(iii) Let R' be the local ring (!}z,, of a smooth R-scheme Z at a generic point C of 
the special fibre, and let K' be the field of fractions of R'. Then each translation on 
XK' by a K'-valued point of XK' extends to an R'-birational morphism of X ®R R', 
which is an open immersion on its domain of definition. 

Proof Let X1 , ... , Xn be a set ofrepresentatives ofthe w-minimal R-models of XK. 
By shrinking the special fibre of each X;, we may assume that the following condition 
is satisfied: 

( *) Foreach pair of indices i, j E { 1, ... , n} with i =F j, the diagonal of XK x K X K 
constitutes a Zariski-closed subset in X; x R Xi. 

Namely, Iet L\K be the diagonal in X K x K X K• and consider its schematic closure L\ 
in X; x R Xi. Let Ph : L\ --+ Xh for h = i or j be the projection onto the first or second 
factor. It is enough to know that the image of L\k under Pi is nowhere densein (X;)k. 
Assurne the contrary. Then the image of L\k contains a non-empty open part of (X;)k 
and, hence, there is a point 17 E L\ above the generic point ~ ofthe special fibre of X;. 
Thus the local ring (!Ja," dominates (!}x,.~· Since Pi is an isomorphism on generic 
fibres and since L\ is flat over R, both local rings give rise to the same field of fractions. 
But then, (!}x,.~ being a discrete valuation ring, the map (!}x,.~--+ (!Ja," is an iso­
morphism. Since L\ is of finite type over X;, there exist open neighborhoods U 
of ~ in X; and V of 11 in L\ such that Pi induces an isomorphism between V 
and U; cf. [EGA I], 6.5.4. Hence P; is invertible over an R-dense open part of 
X;,and 
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pj o (p;ld)-1 : X;----+ xj 

constitutes an R-birational map, as is seen by Lemma 1. However, this contradicts 
the choice of X 1 , ..• , Xn. 

Now we can construct the desired R-model X of XK by gluing all models 
X1 , ... , Xn along generic fibres. Then Xis separated due to condition (*), and it 
satisfies conditions (i) and (ii) by construction. 

To verify condition (iii), assume first R = R', and consider a translation rK: 
XK----+ XK on XK by a K-valued point. Fix an open subscheme U of X consisting 
of the generic fibre XK and of an irreducible component of the special fibre Xk. 
Furthermore, let (X;);EJ be a weak Neron model of XK, where the special fibre of 
X; is irreducible for each i E J. Then, due to the weak Neron property 3.5/3, there 
exists an index i EI suchthat rK extends to an R-rational map r: U ----+X;. Since 
U is w-minimal, the map r is R-birational; it is an open immersion on its domain 
of definition by Lemma 1 (note that, for right translations, the assumption ofLemma 
1 is satisfied by 4.2/5). Moreover, X; is w-minimal. Then it is clear that rK extends 
to an R-rational map 

r: X----+ X. 

Likewise, one can construct an R-rational extension 

r': X---+ X 

of the inverse translation (rKf1 on XK. Since r and r' are composable with each 
other in terms of R-rational maps, it is easily seen that they are, in fact, R-birational. 
Finally, Lemma 1 shows that r is an open immersion on its domain of definition. 
So, if R = R', condition (iii) is satisfied. In the general case, we can perform the base 
change R----+ R', and thereby reduce to the above special case by using 3.5/4 and 
Lemma 3. D 

Applying assertion (iii) of the preceding proposition, we want to show next that 
we can extend the K-group law on X K to an R-birational group law on the R-scheme 
X we have just constructed. 

Proposition 5. Let XK be a smooth K-group scheme of finite type suchthat the set of 
Ksh_valued points of XK is bounded in XK. Let X be the R-model obtained in Proposi­
tion 4 by gluing a set of representatives of w-minimal R-models. Then the group law 
mK on XK extends to an R-birational group law on X. 

More precisely, mK extends to an R-rational map 

m : X x R X ---+ X 

such that the universal translations 

<D : X X R X----+ X X R X , 

qt : X X R X ---+ X X R X , 

(x, y) ~ (x, m(x, y)) 

(x, y) ~ (m(x, y), y) 

are R-birational. Furthermore, m is associative; i.e., the usual diagram for testing 
associativity is commutative as far as the occurring rational maps are defined. 
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Proof Let ~ be a generic point of the special fibre Xk of X, and denote by R' the 
local ring (l)x.~ of X at ~-LetS' be the spectrum of R'; it can be viewed as an X-scheme 
and as an R-scheme. Due to Proposition 4, the translation rK obtained from <I>K by 
the base change s~ ~X K extends to an S'-birational map 

r ~ : S' x R X ---+ S' x R X . 

Now consider the commutative diagram of rational maps 

<I> : X X R X--------+ X X R X . 

It follows from 2.5/5 or by a simple direct argument that <I> is defined at all generic 
points of the special fibre of X x R X which project to ~ under the first projection. 
As we can apply this reasoning to any generic point of the special fibre Xk, we see 
that <I> is R-rational. Since each r~ is S'-birational, it follows that <I> is R-birational. 

Dealing with 'PK in the same way as with <I>K yields an R-birational extension 
'P of 'P K. Choose an R -dense open part W c X x R X containing the generic fibre 
suchthat <I> and 'P are defined on W Then, composing <I> with the projection onto the 
second factor of X x R X, and 'P with the projection onto the first factor, we obtain 
two extensions W ~X ofthe group law mK of XK, which must coincide. Thus, mK 
extends to an R-rational map 

m : X x R X ---+ X , 

and we see that <I> and 'P can be described by m as stated. In particular, the associati­
vity is a consequence of the uniqueness of R-rational extensions of K-morphisms. 

D 

It is a general fact that an R-birational group law on X, as obtained in the 
preceding proposition, always determines an R-group scheme X; cf. 5.1/5. 

Theorem 6. Let XK be a smooth K-group scheme of finite type. Let X be a smooth 
and separated R-model of XK which is of finite type, and assume that the group law 
mK of XK extends to an R-birational group law m: X x R X---+ X. Then there is a 
smooth and separated R-group scheme X of finite type, containing X as an R-dense 
open subscheme, and having XK as generiefihre suchthat the group law on X extends 
the R-birational group law m on X. Up to canonical isomorphism, Xis unique. 

This result which, for the case of birational group laws over a field, goes back 
to A. Weil [2], §V, no33, Thm. 15, will be proved in Chapter 5 for a strictly henselian 
base ring R. The generalization for an arbitrary discrete valuation ring will follow 
in Chapter 6 by means of descent theory. That X satisfies the Neron mapping 
property will be shown in the next section by using an extension theorem for 
morphisms into group schemes; cf. 4.4/4. 
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4.4 Rational Maps into Group Schemes 

In order to establish the/Neron mapping property for the R-group scheme X which 
has been introduced in the last section, we want to make use of an extension 
argument of Weil for rational maps into group schemes; cf. Weil [2], § II, ll0 15, 
Prop. 1. 

Theorem 1. Let S be a normal noetherian base scheme, and Iet u : Z ---+ G be an 
S-rational map from a smooth S-scheme Z to a smooth and separated S-group scheme 
G. Then, if u is defined in codimension ~ 1, it is defined everywhere. 

As in Weil's proof, which deals with the case where the base consists of a field, 
we will proceed by reducing to the diagonal; the following basic fact is needed: 

Lemma 2. Let u : Z ---+ Spec A be a rational map from a normal noetherian scheme 
Z into an affine scheme Spec A. Then the set of points in Z, where u is not defined, is 
of pure codimension 1. In particular, if u is defined in codimension ~ 1, it is defined 
everywhere. 

The assertion (cf. [EGA IV 4 ], 20.4.12) is due to the fact that a rational function 
on Z, which is defined in codimension ~ 1, is defined everywhere or, equivalently, 
that any noetherian normal integral domain equals the intersection over all its 
localizations at prime ideals of height 1. 

Now let us start the proof of Theorem 1. Consider the rational map 

V : z X s z ---+ G ' 

and let U (resp. V) denote the domain of definition of u (resp. v). Then U x 8 U is 
contained in V. First we want to show that V contains the diagonal~ of Z x 8 Z. 
Since 

Vnö => (U xR U)nö = U 

(where we have identified Z with d), we see that vlvnd factors through the unit 
section a: S ~ G. Set F := (Z x 8 Z)- V. Wehave to show F n d = 0. Consider a 
point x of F n d, and let s E S be the image of x in S. Let H be an affine open 
neighborhood of a(s) in G. Then there exists an open neighborhood W of x in Z x s Z 
such that v induces a rational map 

v' := vlw: W---+H. 

Let V' be the domain of definition of v'; we have V' c V. Since vl Vnd factors through 
H, we see V' n d = V n d. Furthermore, set F' := W- V'. Since His affine and 
Z x 8 Z is normal (cf. 2.3/9), it follows from Lemma 2 that F' is ofpure codimension 
1 in W Since 

F' n d = F n d c Z- U 
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(where we have identified Z with A again), we know that F' n Ais of codimension 
~ 2 in A if u is defined in codimension ~ 1. Let d be the relative dimension of Z over 
S at x. Since F' is of pure codimension 1 in W c Z Xs Z, and, since A c Z Xs Z is 
defined locally by d equations, due to the smoothness of Z, we get 

dimx{F' n A) ~ dimxF'- d = dimx{Z Xs Z)- 1- d = dimxA- 1 . 

However, this contradicts the fact that F' n A is of codimension ~ 2 in A. Thus V 
must contain the diagonal A as claimed. 

It remains to show that this fact implies U = Z. Due to 2.5/5 it is enough to 
show that there exists a faithfully flat S-morphism f: Z' - Z from a smooth 
S-scheme Z' of finite type to Z such that u o f is defined everywhere. So, Iet Z' be 
the intersection of V with Z x s U in Z x s Z. Then the first projection from Z x s Z 
to Z gives rise to a faithfully flat morphism f: Z'- Z. Namely, since smooth 
morphisms are flat, it only remains to show that f is surjective. So, Iet z : T- Z 
be a geometric point of Z; i.e., T is the spectrum of a field. Viewing V as a Z-scheme 
with respect to the first projection, the scheme T x z V is non-empty since V contains 
the diagonal A of Z Xs Z. Furthermore, the domain of definition U of u is S-dense 
open in Z. Hence the intersection ofT Xz Vwith T Xs U in T Xs Z is not empty. 
Thus we see that the morphism f is surjective and, hence, faithfully flat. Now Iook 
at the morphism 

Vn(Z Xs U)-G, 

It is clear that this map coincides with u o f, in terms of S-rational maps. Thus, 
the S-rational map u is defined everywhere, and we have finished the proof of 
Theorem 1. D 

Remark 3. The method of reduction to the diagonal which was used in the proof of 
Theorem 1 works also within the context offormal schemes or rigid analytic spaces. 
So, if R is a complete discrete valuation ring, the assertion of Theorem 1 remains 
true if Z is of type Spec R[[t]] or Spec R { t} (formal or strictly convergent power 
series in a finite number of variables t 1 , ... , tu). 

Now it is easy to show that the R-group scheme X we have introduced in Section 
4.3 satisfies the Neron mapping property and thereby to end the proof of the 
existence theorem 1.3/1 for Neron models over a discrete valuation ring R (modulo 
the proof of Theorem 4.3/6). Recall the situation of 4.3. Starting with a smooth 
K-group scheme of finite type XK such that the set of its Ksh_valued points is 
bounded in XK, we have constructed in 4.3/4 a smooth and separated R-model of 
finite type X suchthat the group law on XK extends to an R-birational group law 
on X; cf. 4.3/5. In 4.3/6 we have claimed that there is a unique extension of X to a 
smooth and separated R-group scheme offinite type X containing X as an R-dense 
open subscheme. 

Corollary 4. Let X be the R-model of XK as considered in 4.3/4 and 4.3/5, and Iet X 
be the associated R-group scheme in the sense of 4.3/6. Then Xis a Neron model of 
X K over the ring R. 
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Furthermore, for each w-minimal R-model X' of Xx, the identity on Xx extends 
to an open immersion X' ~X over R. 

Proof In order to show that X satisfies the Neron mapping property let Z be a 
smooth R-scheme and let ux: Zx---+ Xx be a K-morphism. Wehave to show that 
Ux extends to an R-morphism u: Z---+ X. 

It is enough to consider the case where Z has an irreducible special fibre. Let ( 
be the generic point of the special fibre of Z, and let R' = lDz,c be the local ring of 
Z at (. 

Look first at the rational map 

(z, x)---+ (z, ux(z)x) , 

which is defined on the generic fibre. Applying the base change Spec R' ---+ Z, this 
map is turned into an R'-rational map; cf. 4.3/4. Then it follows from 2.5/5 that 
the map 

- -
1" : z X R X ---+ X ' 

is defined at all generic points of the special fibre of Z x R X which project to ( under 
the first projection. So< is an R-rational map. Since it is defined at the generic fibre, 
it is defined everywhere by Theorem 1. Therefore, if we denote by p the structural 
morphism of Z, and by s the unit section of X, the composition of the morphism 

(idz,B o p): Z---+ Z xR X 

with < yields an R-morphism u: Z---+ X extending ux. The uniqueness of u follows 
from the separatedness of X. 

If X' is an ru-minimal R-model of Xx, the identity on Xx extends to an R-rational 
map from X' to X by 4.3/4. Hence it extends to an R-morphism from X' to X by 
Theorem 1. Then it is an open immersion, due to 4.3/1. D 



Chapter 5. From Birational Group Laws to 
Group Schemes 

For the construction ofNeron models, we need the fact that anS-birational group 
law on a smooth S-scheme with non-empty fibres can be birationally enlarged to a 
smooth S-group scheme; see 4.3/6. The purpose of the present section is to prove 
this result in the case where S is strictly henselian. In Chapter 6, the result will be 
extended to a more general base. 

The technique of constructing group schemes from birational group laws is 
originally due to A. Weil [2], §V, no33, Thm. 15; he considered birational group 
laws over fields. Moregeneralsituations were dealt with by M. Artin in [SGA 311], 

Exp. XVIII, among them birational group laws over strictly henselian rings. The 
proof we give in this chapter, essentially follows the exposition of M. Artin [9]. 
Finally, in Chapter 6, descent techniques can be used to handle the case where the 
base is of a more general type. 

5.1 Statement ofthe Theorem 

In the following, let S be a scheme, and let X be a smooth separated S-scheme of 
finite type. Furthermore, we will assume that X has non-empty fibres over S or, 
which amounts to the same, that X is faithfully flat over S. 

Definition 1. An S-birational group law on X is an S-rational map 

m : X x s X ---+ X , 

suchthat 
(a) the S-rational maps 

<1> : X X s X ---+ X X s X ' 

'I' : X X s X ---+ X X s X ' 

are S-birational, and 

(x, y) ~----+ xy , 

(x, y) ~----+ (x, xy) , 

(x, y) ~----+ (xy, y) , 

(b) m is associative; i.e., (xy)z = x(yz) whenever both sides are defined. 
Just as in the case of group schemes, the maps <1> and 'I' will be referred to as 

universalleft or right translations. 

Note that, in place of(a), it is enough to require <1> and 'I' tobe open immersions 
on an S-dense open subscheme U of X Xs X. To see this, one has only to verify that 
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the images V= <l>(U) and W = \f(U) are S-dense in X x 8 X. Since each fibre of U 
over S has the same number of components as the corresponding fibre of X x 8 X 
over S, the same is true for the fibres of V and W over S. Hence V and Ware S-dense 
in X x s X if <I> and qt are open immersions on U. 

The notion of S-birational group law is compatible with base change. Further­
more, an S-birational group law on X induces an S-birational group law on each 
S-dense open subscheme of X. In particular, if Xis an S-group scheme and if X is 
an S-dense open subscheme of X, the group law of X induces an S-birational group 
law on X. But there are S-birational group laws which do not occur in this way. 
Namely, even if the base consists of a field, one can blow up a subscheme of a group 
scheme X and consider the induced birational group law on the blowing-up. So it 
is natural to shrink X in order to expect that anS-birational group law on X extends 
to a group law on an S-scheme X containing X. 

Definition 2. Let m be an S-birational group law on a separated and smooth S-scheme 
X which is faitlifully flat and of finite type over S. A solution ofm is a separated and 
smooth S-group scheme X of finite type over S with group law m, tagether with an 
S-dense open subscheme X' c X and an open immersion X' ~ X such that 

(a) the image of X' is S-dense in X, and 
(b) m restricts to m on X'. 

First we want to show that solutions of S-birational group laws are unique. 

Proposition 3. Let m be anS-birational group law on a separated and smooth S-scheme 
X which is faitlifully flat and of finite type over S. If there exists a solution of m, it 
is uniquely determined up to canonical isomorphism. 

For the proof we need the following well-known lemma. 

Lemma 4. Let G be a smooth S-group scheme, and let U be an S-dense open subscheme 
of G. Then the morphism 

U x 8 U---+ G, (x,y)~xy 

is smooth and surjective. 

Proof of Proposition 3. Let 

a1 :X~~X1 and a2 :X;~X2 
be solutions of the S-birational group law m on X, and set Y := X~ n x;. Then Y 
is an S-dense open subscheme of X, and each a;(Y) is S-dense open in X;, i = 1, 2. 
The group laws iii; of X; give rise to morphisms 

iii; o (a; x a;): Y x 8 Y---+ X; , i = 1, 2, 

which are faithfully flat by Lemma 4. Furthermore, the morphisms a 1 and a2 yield 
anS-birational map 

a = O"z o a11: xl ----+Xz 

which is compatible with the group laws; i.e., 

iii2 o (a2 X a2 ) = rt. o iii1 o (a1 X a1). 
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So, due to 2.5/5, the map a is defined everywhere. Since a is compatible with the 
group laws, it is clear that a is a group homomorphism. Similarly, ß = u1 o u21 is 
a group homomorphism which is defined everywhere. Since a and ß are inverse to 
each other, they yield S-isomorphisms between X1 and X2 • 0 

Next we want to look at the existence of solutions of S-birational group laws. 
In the present chapter we will consider the case where the base consists of a discrete 
valuation ring; see 6.6/1 for the case where the base is more general. 

Theorem 5. Let S be the spectrum of a field or of a discrete valuation ring, and Iet m 
be an S-birational group law on a smooth separated S-scheme X which is faithfully 
jlat and of finite type over S. Then there exists a solution of m, i.e., a smooth separated 
S-group scheme X of finite type with a group law m, tagether with an S-dense open 
subscheme X' c X and an S-dense open immersion X' <=--+ X such that m restricts to 
monX'. 

The group scheme Xis unique, up to canonical isomorphism. lf(in the case where 
the base S consists of a valuation ring) the generic fibre XK of Xis a group scheme 
under the law mK, the above assertion is true for X' = X. So, in this case, it is not 
necessary to shrink X. 

The proof ofthe existence will follow in the subsequent sections (cf. 5.2/2, 5.2/3, 
and 6.5/2), whereas the uniqueness has already been proved. So, accepting the 
existence of X, let us concentrate on the additional assertion on the domain X' 
where the group laws on X and X coincide. Assurne that the base S consists of a 
discrete valuation ring and that the generic fibre XK is a group scheme. By the 
uniqueness assertion, the S-rational map 

1: X---+ X 

induced by X' <=--+X restricts to a K-isomorphism 

lK:XK~xK. 

Hence 1 is defined in codimension :::;; 1 so that, by 4.4/1, the rational map 1 is defined 
everywhere. Now let w be a differential form generating Q~18 , where d is the relative 
dimension of X over S; cf. 4.2/3. Pulling back w, wegetadifferential form 1*w on 
X which generates Q~1s over X' u XK; hence 1*w generates Q~15 in codimension :::;; 1. 
Since on anormal scheme, the zero set of a non-vanishing section of a line bundle 
is empty or of pure codimension :::;; 1, we see that 1*w has no zeros. Thus 1 is etale 
by 2.2/10. Since 1 is birational, Zariski's Main Theorem 2.3/2' implies that 1 is an 
open immersion. 0 

5.2 Strict Birational Group Laws 

In the following, let S be a scheme, and let X be a smooth separated S-scheme of 
finite type. Furthermore, we assume that X is faithfully flat over S. 
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If X is an S-dense open subscheme of an S-group scheme X, then, for each 
T-valued point x: T----+ X, the set of points y E T xs X which is characterized 
symbolically by the conditions 

xy E T Xs X, and 

is T-dense and open in T Xs X. Thus, we see that the group law of X induces an 
S-birational group law on X which is of a special type. Namely, there is an open 
subscheme U of X Xs X which is X-dense in X Xs X (with respect to both projec­
tions Pi: X xs X----+ X, i = 1, 2; i.e., X-dense when X Xs X is viewed as an 
X-scheme via each p;), suchthat the universal translations 

<1> : X X s X ---+ X X s X ' 

'I' : X X s X ---+ X X s X ' 

(x, y) r---+ (x, xy), 

(x, y) r---+ (xy, y) , 

are defined and open immersions on U, and their images V:= <l>(U) and W:= 'P(U) 
are X-dense in X Xs X. Just take for U the intersection of X Xs X with the inverse 
images of X Xs X under the group law and both universal translations on X. So it 
is natural to introduce the following terminology: 

Definition 1. An S-birational group law on X is called a strict (S-birational) group 
law if it satisfies the following condition: There is an X-dense open subscheme U of 
X Xs X, on which m is defined, suchthat the universal translations 

<1> : X X s X ----+ X X s X ' 

'I' : X X s X ---+ X X s X ' 

(x, y) r---+ (x, xy) , 

(x,y) r---+ (xy,y), 

are isomorphisms from U onto X-dense open subschemes V:= <l>(U) and W := 
'P(U) in X Xs X. (As before, X-density is meant with respect to both projections 
from X Xs X onto its factors.) 

Note that X-density implies S-density. So the subschemes U, V, and Wabove 
are S-dense in X x 8 X. The first step in the existence proof of 5.1/5 consists in 
showing that each S-birational group law on X induces a strict group law on an 
S-dense open subscheme of X if S consists of a field or of a discrete valuation ring. 

Proposition 2. Let S consist of a field or of a discrete valuation ring. Let X be a 
smooth separated S-scheme of finite type, and consider an S-birational group law m 
on X. Then there exists an S-dense open subscheme X' of X such that m restricts to 
a strict group law on X'. 

Proof Let U be the S-dense open subscheme of X Xs X suchthat m is defined at 
U and suchthat the universal translations <1> and 'I' are open immersions on U. Set 
V= <l>(U) and W = 'P(U). Since U, V, and WareS-densein X x 8 X, the set 

Z=UnVnW 

is again S-dense open in X Xs X. We want to show that there exists an S-dense 
open subscheme 0 1 of X suchthat Zn(Q1 XsX) is 0 1-dense in Q1 XsX with 



116 5. From Birational Group Laws to Group Schemes 

respect to the first projection p 1 • Due to 2.5/1, the set 

T1 = {xeX;Zn(x x 8 X)isnotdenseinx x 8 X} 

is constructible in X. Since Z isS-densein X x 8 X, the generic points of the fibres 
of X over S do not belong to T1. Hence the closure T1 of T1 in X cannot be dense 
in any fibre of X if S consists of a discrete valuation ring. So the open subscheme 
Q 1 =X - T1 isS-densein X and has the required property. Similarly, one defines 
a subscheme Q2 of X by considering the second projection. Then the subscheme 

X'= Q 1 nQ2 

is S-dense open in X, and Zn (X' x 8 X') is X'-dense in X' x 8 X' (with respect to 
both projections). 

Setting 

U' := U n (X' x 8 X') n (mlur1(X'), 

V' := <l>(U') , 

W' := 'P(U'), 

it remains to show that these open subschemes are X'-dense in X' x 8 X'. As a 
general argument, we will use the fact that U, V, and W give rise to X'-dense open 
subschemes in X' x 8 X', because Z = U n V n W Now consider a point a EX'. We 
may assume that the base S is a field and that a is an S-valued point of X'. First we 
will show that U' is X' -dense in X' x 8 X' with respect to the first projection p 1 . If 
we view X x 8 X as an X-scheme via p1 , the base change a ~X transforms <I> into 

<l>(a, ·): U n (a x 8 X)~ V n (a x 8 X) c a x 8 X, 

which is an open immersion with dense image. Then the open subscheme 

<l>(a, . r 1 (V n (a Xs X')) = (mlu)-1 (X') n (a Xs X) 

is also dense in a x 8 X. This shows that U' is p1-dense, i.e., X'-dense with respect 
to p1 . In a similar way, using 'P, one shows U' is p2-dense. Next, it is clear that 
V' is Pcdense, since V' n (a x 8 X') is the image of the dense open subscheme 
U' n (a x 8 X') of a x 8 X under the open immersion <l>(a, · ); the latter has a dense 
image in a x 8 X. By the same argument, using 'P(·,a), we see that W' is p2-dense. 
In order to show that W' is Pcdense, set Ua := m-1(a), and consider the diagram of 
isomorphisms 

ll;, := Vn(X x 8 a) c V 
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Since a belongs to X', the set V,. is densein X x 5 a, and VV., is densein a x 5 X. The 
same is true if we replace V,. by its restriction to X' x s a and VV., by its restriction to 
a x 5 X'. Taking inverse images with respect to <I> and '1', the set 

ua n U' = <I>-1(V,. n (X' Xs a)) n 'I'-1(VV,. n (a Xs X')) 

is open and densein ua. Hence its image under '1', which is W' n (a Xs X), is open 
and densein a x 5 X. Thereby we see that W' is p1-dense. Similarly, one shows that 
V' is p2-dense. D 

The proposition reduces the proof ofTheorem 5.1/5 to the problern of enlarging 
a strict group law on X to a group law on a group scheme X. lf the base scheme S 
is normal and strictly henselian (of any dimension), we will construct the group 
scheme X in a direct way. The case where S consists of a field or of a discrete 
valuation ring, without assuming that the latter is strictly henselian, will be reduced 
to the preceding one by means of descent theory, cf. 6.5/2. For further generaliza­
tions see Section 6.6. 

Theorem 3. Let S be the spectrum of a strictly henselian local ring which is noetherian 
and normal, and Iet m be a strict group law on a separated smooth S-scheme X which 
is faithfully jlat and of finite type over S. Then there exists an open immersion X ~X 
with S-dense image into a smooth separated S-group scheme X of finite type such that 
the group law m of X restricts to m on X. 

The S-group scheme X is unique, up to canonical isomorphism. 

The uniqueness assertion of Theorem 5.1/5, which has already been proved in 
Section 5.1, yields the uniqueness assertion of the present theorem. A proof of the 
existence part will be given in Section 5.3, assuming that the base S is strictly 
henselian. The idea is easy to describe, although a rigorous proof requires the 
consideration of quite a lot of unpleasant technical details. Namely, a smooth 
scheme X over a strictly henselian base S admits many sections in the sense that 
the points ofthe special fibre Xk which lift to S-valued points of X are schematically 
densein Xk; cf. 2.3/5. So the idea is to construct X by gluing "translates" of X. More 
precisely, consider an S-valued point a of X and a copy X(a) of X, thought of as a 
left translate of X by a. Then one can glue X and X(a) along the correspondence 
given by the left translation by a 

<l>(a, ·) : X ---+X . 

The result is a new S-scheme X' =X u X(a), and it has tobe verified that the strict 
group law m on X extends to a strict group law m' on X'. The left translation by a 

<l>'(a, ·):X'---+ X' 

is now defined on the open subscheme X of X'. Repeating such a step finitely many 
tim es with suitable S-valued points a1, ... , an E X(S), and applying a noetherian 
argument, one ends up with an S-scheme X = x<n> such that the strict group law m 
on X extends to a strict group law m on X, suchthat the S-rational map 

m : x x s x ---+ x 
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is defined on the open subscheme X x 8 X c X x 8 X. Then it is not difficult to show 
that m defines a group law on X, and that X is the S-group scheme we are looking 
for. 

The technical problems in the proof of Theorem 3 are due to the fact that, for 
a point a E X, the product ax is only defined for "generic" x E X. This drawback 
disappears, when we Iook at the situation from the point of view of group functors. 
Let m be a strict group law on X, as in Theorem 3, and consider the group functor 

fßlx;s: (Sch/S)-----+ (Sets) 

which associates to each S-scheme T the setofT-birational maps from X r = X x s T 
onto itself. ldentifying X with its functor ofpoints hx =Horn(·, X), cf. 4.1, we claim 
that there is a monomorphism X~ fßlx;s respecting the laws of composition on 
X and fßlx;s· Namely, due to the definition of strict group laws, one knows that the 
universalleft translation 

<I>: X x 8 X----+ X x 8 X , (x, y) r-----+ (x, m(x, y)) 

is X-birational if X x 8 Xis viewed as an X-scheme via the first projection. So, for 
any S-scheme T and any T-valued point a E X(T), the map 

Ta: T x 8 X----+ T x 8 X, 

the "left translation" by a obtained from <I> by means ofthe base change a: T-----+ X, 
is T-birational and thus belongs to fßlx;s(T). lt is clear that the maps 

X(T)-----+ fßlx;s(T), 

constitute a morphism offunctors X-----+ fßlx;s· 

Lemma 4. The morphism X-----+ fßlx;s is a monomorphism which respects the laws of 
composition on X and on fßlx18; i.e., for any S-scheme T and all T-valued points a, 
b, c E X(T) satisfying m(a, b) = c, one has Tao Tb= Tc-

Proof Wehave to show that all maps X(T)-----+ fßlx;s(T) are injective. So consider 
a, b E X(T) with Ta= Tb. Applying the base change T-----+ S to our situation, we may 
consider T as the new base, writing S instead of T. Let U be the X -dense open 
subscheme of X x 8 X required by Definition 1 (on which the universal translations 
are open immersions). Using the X-density of U with respect to the first projection, 
we see that the compositions 

'Pa: S Xs X 

'Pb:S x 8 X 

a x idx 

b x idx 

'P 
X x 8 X----------+ X x 8 X , 

'P 
X X s X ----------+ X X s X 

are defined asS-rational maps. Since 'Pa= (Ta,idx) and 'Pb= (Tb,idx) when S x 8 X 
is identified with X, we see that Ta = Tb yields 'I' a = 'I' b· Now 'I' is an open immersion 
on U, so a x idx and b x idx must coincide on the S-dense open subscheme 

X':= (a x idx)-1 (U) n (b x idx)-1 (U) 

of S x 8 X, hence on all of S x 8 X. In particular, their first components agree, i.e., 
a = b. Thus we see that X-----+ fßlx;s is a monomorphism. That this transformation 
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respects the laws of composition follows immediately from the associativity of m. 

D 

If X has been expanded into an S-group scheme X such that X is S-dense and 
open in X and such that the group law on X restricts to the strict group law m on 
X, then there is a canonical commutative diagram of natural transformations 

X 

j 
X----+ f!llx;s 

where the vertical arrow on the right-hand side is an isomorphism, since Xis S-dense 
in X. Although it is not in general true that the group functor Xisgenerated by X, 
i.e., that X(T) generates the group X(T) for all S-schemes T, the latter is nevertheless 
correct if Tis a strictly henselian local S-scheme. Namely the group law on X induces 
a surjective and smooth S-morphism 

X xsx~x, 

c.f. 5.1/4, so that, by 2.3/5, each T-valued point of X lifts to a T-valued point of 
X XsX. 

5.3 Proof of the Theorem for a Strictly Henselian Base 

Wehave already seen in 5.2/2 that Theorem 5.2/3 implies Theorem 5.1/5 ifthe base 
is strictly henselian. So we may restriet ourselves to strict group laws and give only 
a proof of 5.2/3. In this section we assume that the base S consists of a strictly 
henselian local ring which is noetherian and normal. Furthermore, let X be a smooth 
and separated S-scheme which is faithfully flat and of finite type over S, and let m 
be a strict group law on X; the symbols <ll, '1', and U, V, Wwill be used in the sense 
of 5.2/1. 

Introducing further notational conventions, let xn be the n-fold fibred product 
of X over S, and, for integers 1 ::;;; i 1 < ... < i, ::;;; n, let 

be the projection of xn onto the product of the factors with indices i 1 , ... , i,. In such 
a situation, we can view xn as an X' -scheme with respect to the morphism Pi, ... v 
So we have the notion of X'-density in xn; to be more precise, we will speak 
of Pi, ... i, -density. Sometimes, we will write X = (x 1' ... 'Xn) for points in xn and 
(xi,, ... , x;J instead ofpi, ... i,(x) for their projections onto X'. As usual, the S-rational 
map m: X 2 ---~X will be characterized by (x1 ,x2 ) ~----+ x1 x2 . 



120 5. From Birational Group Laws to Group Schemes 

Lemma 1. Let Q be the set of points (x, y, z, w) E X 4 such that 

(z, w) EU, 

1hen Q is p123-dense in X 4 • 

(y, w) EU, and (x,yw) EU. 

Proof Recall that the intersection of finitely many p123-dense open subschemes of 
X4 is p12rdense and open again. Since U is p1-dense in X 2 , the first two conditions 
pose no problem. So it remains to show that the set Q' of all points (x, y, w) E X 3, 

satisfying (y, w) e U and (x,yw) e U, is p12-dense and open in X 3 . We can describe 
Q' as the inverse image of U with respect to the following morphism: 

X x 8 U idx X eil X 3 P13 x 2 ' 

(x,y, w) 1----+ (x, y, yw) 1----+ (x, yw) . 

Since U is p 1-dense in X 2 , and since Cl> leaves the first component fixed and is an 
open immersion on U with a p 1-dense image in X 2 , we see that Q' is p 12-dense and 
open inX3 • D 

The assertion of Lemma 1 is only an example for similar assertions of this type. 
Roughly speaking, it says that, fixing x, y, and z, the stated conditions form open 
conditions on w; these are satisfied if w is generic. 

Lemma 2. Let r be the schematic closure in X 3 of the graph of m : U - X. Let T 
be an S-scheme. If (a, b, c) is a T-valued point in r(T) c: X 3 (T), then, using the functor 
f7t XIS of 5.2, the T-birational maps •a• Tb, and "t"c of X T satisfy "t"a o Tb = "t"c in fJt x1s(T). 

Proof Let Q be the p123-dense open subscheme of X4 which was considered in 
Lemma 1. Then the S-rational maps 

A. : x4 ---+ x4 , 
JJ. : x4 ---+ x4 , 

(x, y, z, w) 1---+ (x, y, x(yw), w), 

(x, y, z, w) 1---+ (x, y, zw, w) , 

are defined on Q. Next, Iet Q' := Q n p12 - 1(U). We claim that Q' n (r Xs X) is 
schematically densein Q n (r x 8 X). Namely, p12 - 1(U) n (r Xs X) is schematically 
densein r x 8 X by the definition of r (since Xis flat over S), and this density is 
not destroyed when we intersect both sets with an open subscheme of X4 such as 
Q. Since the law m is associative, the morphism JJ.iw xs X)" n' factors through A, 
the schematic image of A.ln· By continuity, also JJ.iw xs x; "n factors through A, and 
thus yields a morphism 

Now set 

qJ = (a,b,c) X idx: T Xs X- X 4 ' 

and na,b,c := ({J-1(0). Then na,b,c is T-dense and open in XT. Let ({JT: XT- Xi be 
the T-morphism derived from cp, and Iet Jl.T be the T-morphism obtained from Jl. by 
means of the base change T- S. Then p3 o Jl.T o cpT coincides with "t"c on Qa,b,c• but 
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also with Tao Tb since .u o <p factors through A. Hence, we have 'a o 'b = Tc in ~x18(T}. 
D 

We state an important consequence of Lemma 2. 

Lemma 3. Let r be the schematic closure in X 3 of the graph of m : V ---> X, and 
let %: r---> X 2 be the morphisms induced from the projections Pu: X3 ---> X2. 
Then each % is an open immersion and has an image which is p1-dense and p2-dense 
inX2 

Proof First we want to show that each qii is injective as a map of sets. If (a, b, c) is 
a T-valued point in r(T} for some S-scheme T, then 'a o Tb = Tc by Lemma 2. Since 
this is an identity in the group ~x18(T}, any two ofthe maps Ta, 'b• 'c determine the 
third one. As stated in 5.2/4, the natural transformation X ---> ~ x1s is a mono­
morphism. Hence a point of r is known if two of its components are given. This 
implies that % is injective as a map of sets and, hence, that qii is quasi-finite. We 
claim that the maps qii are, in fact, S-birational. Namely, using the notation of 5.2/1, 
the projection q12 gives rise to an isomorphism q1i(V) ~ V because m is defined 
on V. Furthermore, q13 defines an isomorphism q1j(V) ~ V because q13 is injec­
tive and because <I>1u is an isomorphism V~ V. Likewise, q23 defines an iso­
morphismq2j(W) ~ Wbecause q23 isinjective and because '~'1uis anisomorphism 
V ~ W Thus, by Zariski's Main Theorem 2.3/2' (recall that S is normal), each % 
is an open immersion and, due to the X-density of V, V, and W in X 2, the image 
of each% is X-dense in X2 (with respect to p1 and p2). D 

Fixing points a, b, c E X(T} for some S-scheme T, we see from the preceding 
lemma that there exists at most one point x E X(T} suchthat ax = c and at most 
one point y E X(T} suchthat yb = c. Suggestively, we will write a-1c for x and cb-1 
for y. With this notation the assertion of Lemma 3 can be interpreted as follows: 
The maps 

q13 0 q1i : xz ---+ xz ' 
q23 0 q1i : xz ---+ xz ' 
q23 0 q1j : xz ---+ xz ' 
q12 0 q1j: xz ---+ xz ' 
q13 0 q2j: xz ---+ xz ' 
q12 0 q2j: xz ---+ xz , 

(a, b) ~ (a, ab) , 

(a,b)~(b,ab), 

(a, c) ~ (a-1c, c) , 

(a,c)~(a,a-1 c}, 

(b,c) ~ (cb-1,c}, 

(b,c) ~ (cb-1,b}, 

are S-birational. They are open immersions on their domains of definition; the latter 
as weH as the corresponding images are X-dense in X 2 (with respect to both 
projections). In addition, the lemma shows that the law m: X2 ---+Xis defined at 
a point (x, y) E X 2 as soon as the fibre q1i((x, y)) is non-empty. This fact will be 
needed in the next lemma. 
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Lemma 4. Let a be an S-valued point of X, and consider another point b EX. Then 
a Xs b can be viewed as a point in X 2, and the law m: X 2 ----+X is defined at a Xs b 
if and only if the birational map La: X ----+X is defined at b. 

Proof It is only necessary to verify the if-part of the assertion. Considering the 
S-dense open subscheme ua := u n (a Xs X) of a Xs X~ X, we know that Lais at 
least defined Oll Ua. Letrabe the schematic closure in X 2 ofthe graph of LaiUa· Then 
we have 

(a Xs ra) n (a Xs Ua Xs X) c r 

and, by continuity, also a Xs ra c r. Since the image of the morphism 

contains the point a Xs b, the fibre over it with respect to qtz is non-empty. Thus, 
the assertion follows from Lemma 3. 0 

The preceding Iemma is very useful if one wants to expand the domain of 
definition of m : X 2 ----+X by means of enlarging X. Namely, one has only to enlarge 
the domain of definition of La: X----+ X for suitable sections a E X(S). This can be 
clone by introducing sort of a translate of X by a and by gluing it to X. 

Therefore, fix a section a E X(S) and, as in the proof of Lemma 4, consider the 
schematic closure ra in X 2 ofthe graph ofthe S-birational map La· Then a X s ra c r 
and, by Lemma 3, both projections Pi : ra -------+X are injective as maps of sets. 
Since La is S-birational, Zariski's Main Theorem implies that Pt and p2 are open 
immersions; furthermore, Pt and p2 have S-dense images in X. So these projections 
define gluing data, and we obtain an S-scheme 

X'= XuraX, 

which is smooth and offinite type over S, and which is covered by two S-dense open 
subschemes isomorphic to X. Due to its definition, ra is closed in X 2 , hence X' is 
separated over S. 

We need to distinguish between the two copies of X which cover X'. So Iet us 
write more precisely 

Pt : ra-------+ X(a) , 

Pz: ra-------+ X 

for the gluing data, where X(a) isanother copy of X. This way we have fixed one of 
the two canonical embeddings of our original S-scheme X into X'. We want to show 
that X(a) can be interpreted as a "left translate" (in X') of X by a. Namely, consider 
the S-birational map La: X----> X. It is defined at least Oll ua so that we have the 
following factorization: 



5.3 Proof of the Theorem for a Strictly Henselian Base 123 

Working in X', we can write this diagram also in the form 

X(a). 

Since the horizontal map is the restriction to Ua of the canonical isomorphism 
X~ X(a), we see that ra: X---+ X extends to an isomorphism ra: X~ X(a), 
namely the canonical one. In particular, ra extends to anS-birational map X'----+ X' 
which is defined on X. 

Lemma 5. As before, let X' be the S-scheme obtained by gluing a left translate 
X(a) = ra{X) for some point a E X(S) to X. Then X' contains X as an S-dense open 
subscheme, and the strict group law m on X extends to a strict group law m' on X'. 

Proof. Wehave already seen that Xis S-dense in X'. So it is clear that m extends 
to an S-birational group law m' on X', and we have only to show that m' is strict, 
i.e., that there exists an X'-dense (with respect to both projections) open subscheme 
U' c X' x s X' satisfying the following conditions: 

(a) m' is defined on U', 
(b) the universal translations 

cl>': X' Xs X'---+ X' x 8 X', 

'P': X' x 8 X'---+ X' x 8 X', 

(x, y) f----+ (x, xy) , 

(x, y) f----+ (xy, y) , 

are open immersions on U', and the images V':= cl>(U') and W' := 'P(U') are 
X'-dense in X' x 8 X' (with respect to both projections). 

The product X' Xs X' is the union ofthe open subschemes 

X x 8 X, X(a) x 8 X, X x 8 X(a), and X(a) x 8 X(a). 

In order to define U', Iet U, as before, be the open subscheme of X x 8 X whose 
existence is required in Definition 5.2/1 for the strict group law m on X. Further­
more, Iet U1 be the image of U under the isomorphism 

Ta X idx:X XsX ~X(a) XsX. 

Thenm' is defined on U sincemis defined on U, and theisomorphism ra: X~ X(a) 
can be used in order to obtain the morphism 

U1 ----+ X(a) , 

from m: U----+ X. Both morphisms coincide on an S-dense open part of U, due to 
the associativity ofm. Thus m' is defined on the open subscheme U u U1 of X' x 8 X'; 
the latter is X' -dense with respect to the first projection. 

Next consider the open subscheme 

{(x,y,z) E X 3 ; (x,y) EU, (xy,z) EU} 

of X 3 . Similarly as in the proof of Lemma 1, one shows that it is p23-dense in X 3 . 

Hence, intersecting it with X x 8 a x 8 X and applying the isomorphism 
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X x 8 a x 8 X 
P13 idx X 'l:a 

----+ X Xs X(a), 

we obtain an open subscheme U2 of X x 8 X(a) which is X(a)-dense with respect to 
the second projection. Then the morphism 

(x, Ta(y)) ~ (xa)y 

is defined and, using the associativity of m, it coincides with the multiplication 
m : U ----+ X on an S-dense open part of U. Thus, writing U' for the X' -dense (with 
respect to both projections) open subscheme U u U1 u U2 of X' x 8 X', we see that 
m' is defined on U' and, hence, that U' satisfies condition (a). 

In order to verify condition (b), notice that the universal translations <l>' and 'I'' 
corresponding to m' extend the universal translations <l> and 'I' corresponding to m. 
Thus, since <l> and 'I' are open immersions on U, we see that <l>' and 'I'' are open 
immersions on each one ofthe schemes U, U1 , and U2 • In particular, <l>' and 'I'' are 
quasi-finite on U'. Since these are S-birational maps on X' x 8 X', Zariski's Main 
Theorem 2.3/2' implies that they are open immersions on U'. 

As in 5.2/1, set V:= <l>(U). Furthermore, let V1 be the image of V under the 
isomorphism 

Ta X Ta: X Xs X~ X(a) Xs X(a) . 

Then V':= <l>'(U') contains Vu V1 , and the latter is X'-dense in X' x 8 X' (with 
respect to both projections); in particular, V' is X'-dense in X' x 8 X'. 

Similarly, one shows that W' := 'I''(U') is X'-dense in X' x 8 X' with respect to 
the first projection. In order to see that the same is true for the second projection, 
notice that W1 := 'I''(U') is X-dense in X' x 8 X with respect to the second projec­
tion. Furthermore, consider the open subscheme 

W2 := 'I''(U2 ) c X x 8 X(a) 

and look at the description ( *) of m' on U2 which was discussed above. Then W2 is 
seentobe X(a)-dense in X' x 8 X(a) with respect to the second projection since, for 
any T-valued point z of X, the right translation 

x~xz, 

is T-birational. Hence W' = 'I''(U') is X'-dense in X' x 8 X' with respect to both 
projections. The latter finishes the verification of condition (b). D 

Now consider a sequence a 1 , a2 , ••• of S-valued points of X. Iterating the 
construction of X' by using these points, we obtain a sequence of S-schemes 

x = x<o> c x<l) c x<z> c ... , 

where x<il = xu-t> u xu-1\a;). Each x<il contains X as an S-dense open subscheme, 
and x<il is separated, smooth, and of finite type over S. Furthermore, Lemma 5 
shows that the strict group law m on X extends to a strict group law m<i> on each 
x<il. Using a noetherian argument, we want to show that the sequence x<o> c 
x<1l c x< 2> c ... becomes stationary at a certain x<n>. Then, for a suitable choice of 
the a;, we will see that x<n> is the S-group scheme we are looking for. 
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Lemma 6. There exist finitely many S-valued points a1, ... , an E X(S) such that, for 
x<nl as above, the S-rational map m: X x 8 X---+ X extends to an S-morphism 
X X s X ----+ x<nl. 

Proof First we show that we can find a1, ... , an E X(S) in such a way that, for each 
a E X(S), the S-birational map ra: X---+ X extends to an S-morphism X----+ x<nl. 
Proceeding indirectly, consider a sequence a1, a2 , ••• in X(S) suchthat 

r : X ---+ X(il 
ai+t ' 

i = 1, 2, ... ' 

is not defined everywhere on X. Let r<o be the schematic closure in (X<il)3 of the 
graph of m : U ----+ X. It coincides with the schematic closure of the graph of the 
induced strict group law m<il on X(il; so we know from Lemma 3 that 

p12 : r<o ----+ x<o x s x<o 

is an open immersion. Setting 

Q<il := Plz(r<il) n (X Xs X)' 

the QUl form an increasing sequence of open subschemes of X x 8 X, since the r<o 
form an increasing sequence. However, the base S consists of a noetherian ring, 
which implies that the topological space X x 8 Xis noetherian. Thus the Q(i) must 
become stationary at a certain index n E N, and we claim that, for a = an+l, the map 
ra: X---+ x<nl is defined everywhere. Namely, consider a point b EX. By the defini­
tion of x<n+ll, the birational map La : X ---+ x<n+l) is defined everywhere. So we see 
from Lemma 4 that the law m<n+l) on x<n+l) is defined at a Xs b. Hence the fibre 
over a x 8 b of 

P12: r<n+l)----+ x<n+l) Xs x<n+l) 

is non-empty, and a x 8 b E Q<n+ll. But, since Q<n+l) = Q<nl, the fibre over a x 8 b of 

P12: r<n)----+ x<n) Xs x<n) 

cannot be empty, and we see from Lemma 3 that the law m<nl on x<nl is defined at 
a Xs b. In particular, ran+l =La: X---+ x<n) is defined at b. This contradicts our 
assumption on the sequence a1, a2 , .•• ; so there mustexist a1, ... , an E X(S) such 
that ra: X---+ x<nl is defined everywhere for each a E X(S). 

It remains to show that, in this situation, the S-rational map m : X x s X ---+ x<nl 
is defined everywhere. We know already from Lemma 4 that m is defined on a x 8 X 
for each S-valued point a of X. However, this is not enough, and we now have to 
use the fact that our assumption on X to be a faithfully flat and smooth scheme 
over a strictly henselian base S yields the following property: 

Let t be a point of S, and Iet C1 be the reduced subscheme of X x s t whose 
underlying topological space is the closure in X x s t of the set of points 
{a(t);a E X(S)}. Then there exists a component X? of X 1 contained in C1; cf. 
Lemma 7 below. 

Moreover, let k' be an extension field of k(t), and Iet t' be the scheme of k'. Then 
C1 X 1 t' coincides with the reduced subscheme of X x 8 t' whose underlying topo­
logical space is the closure of the points {a(t');a E X(S)}; cf. [EGA IV3 ], 11.10.7. 
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In particular, if Z 1• is a dense open subscheme of X x 8 t', there exists a point a E X(S) 
suchthat a x 8 t' gives rise to a point of Z1 •• 

Now let us continue the proof of Lemma 6. Using the notation of Lemma 3, we 
know that 

is an S-birational map. It is an open immersion on its domain of definition D, and 
this domain as well as its image are X-dense in X 2 with respect to both projections. 
Now consider a point t E X 2 . It follows that the set 

Z := {(w,x,y) E X 3 ; (w,x) E D and (w- 1x,y) EU}, 

where U is as in 5.2/1, is open and p23 -dense in X 3 and, hence, open and densein 
X x 8 t. So, applying the base change t ~ X 2 to X x 8 X 2, the assumption on X as 
explained above implies the existence of a point a E X(S) suchthat a x 8 t E Z. Then 
the S-rational map 

X x 8 X ---+X, (x, y) f---+ (a- 1 x)y , 

is defined at t. Furthermore, since the left translation 

La: X ---+ x<n) 

is defined everywhere, we see that 

X Xs X---+ x<n)' (x,y) f---+ a((a-1x)y), 

is defined at t. However, this map coincides on X x 8 X with the strict group 
law m, since m is associative. So we see that m extends to anS-rational map 

X Xs X---~ x<n) 

which is defined at all points of X 2 . D 

Lemma 7. Let T be a noetherian scheme, Iet Y ~ T be a morphism of finite type, 
and Iet { ai, i E I} be a family of sections of Y. Let t 1 and t0 be points of T such that 
to is a specialization of t1. Let cj be the closure of the set of points {ai(tj), i EI} in 
the fibre Yrj,j = 0, 1. Then dim C1 ~ dim C0 . 

In particular, if T is strictly henselian and noetherian, and if Y ~ T is smooth 
and surjective, then, for each point t E T, there exists a connected component Yr0 of 
the fibre Yr such that the set of the points { a(t), a E Y(T)} is dense in Yr0 . 

Proof It suffices to show the first assertion after a base change cp : T' ~ T such 
that the points t0 , t 1 belong to the image of cp. So, due to [EGA II], 7.1.4, we may 
assume that T consists of a discrete valuation ring with generic point t 1 and closed 
point t 0 . Denote by V the schematic closure of C1 in Y; so V is flat over T, since T 
consists of a discrete valuation ring. Then it is clear that 

dim J!; 1 ~ dim l-';0 ; 

cf. [EGA IV 3 ], 14.3.10. Since C0 c V, the first assertion is clear. 
For the second, we may assume that the relative dimension of Y over T is 

constant on Y. Due to 2.3/5 the closure of the set of points { a(t0 ), a E Y(T)} is Yro 
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for the closed point t 0 of T. Hence the second assertion follows from the first one. 
D 

Now the proof of Theorem 5.2/3 is quite easy. Namely, let X be the S-scheme 
x<•) constructed in Lemma 6. Then X is separated, smooth, of finite type, and 
contains X as an S-dense open subscheme. Furthermore, by Lemmata 5 and 6, the 
strict group law m on X extends to a strict group law m on X, and the S-rational 
map m: X2 ---+Xis defined Oll X 2 . It is a general fact that Xis an S-group scheme 
in this situation; so we can end the proof of 5.2/3 by establishing the following result: 

Lemma 8. Let X be a smooth and separated S-scheme of finite type which is equipped 
with a strict group law m. Assurne that X(S) is non-empty and that there exists an 
S-dense open subscheme X of X such that m is defined on the open subscheme X 2 of 
X 2 • Then Xis an S-group scheme with respect to the law m. 

Proof. First we want to show that 
- - -m : x x s x ---+ x , (x,y)~xy, 

is defined everywhere. Since the domain of definition is compatible with faithfully 
flat base change (2.5/6), it suffices to show that, for each point (b, c) E X2 , the map 

fiix = idx X m: X Xs X 2 ---+X Xs X 

is defined at some point (a, b, c) EX Xs X 2 above (b, c). For example, let (a, b, c) be 
a generic point of the fibre over (b, c). Then (a, b) E X x s Xis a generic point in the 
fibre over b and the map 

X Xs X---+ X, (w,x)~xw, 

is defined at (a, b), since m is a strict group law on X. Likewise, using Lemma 3, the 
map 

X Xs X ---+X, 

is defined at (a, c) which is a generic point in the fibre over c. Since m is defined on 
X 2 , the map 

- - -
m':X x 8 X x 8 X---+X x 8 X, (w,x,y) ~ (w, (xw)(w-1y)), 

is defined at (a, b, c), and the associativity of m shows that m' coincides with fiix. 
Thus m is defined Ollall of X2 . 

Similar arguments show that the map 
- - -

X x 8 X-----+ X , 

is defined everywhere. But then m defines on X the structure of an S-group scheme. 
Namely, returning to the functorial point of view, consider the monomorphism 

X~ fJlix;s 

of 5.2/4. The group law on fJlix;s restricts to the law m on X, and X(T) =I= 0 for 
T = S and,hence, for all S-schemes T. Thus, since themap(x,y) ~ (x-1y)is defined 
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on X x 8 X, we see that each X(T) is a subgroup of ~x;s(T). So Xis a subgroup 
functor of ~x;s andin fact, the representability being granted, an S-group scheme 
with group law m. D 

So we have finished the proof of Lemma 8 and thereby also the proofs of 5.2/3 
and of 5.1/5 for the case where the base S consists of a strictly henselian valuation 
ring or of a separably closed field. 



Chapter 6. Descent 

During the years 1959 to 1962, Grothendieck gave a series of six lectures at the 
Seminaire Bourbaki, entitled 'Technique de descente et theoremes d'existence en 
geometrie algebrique". In the first lecture [FGA], no190, the general technique of 
faithfully flat descent is introduced. lt is an invaluable tool in algebraic geometry. 
Quite often it happens that a certain construction can be carried out only after 
faithfully flat base change. Then one can try to use descent theory in order to go 
back to the original situation one started with. Before Grothendieck, descent was 
certainly known in the form of Galois descent. 

We begin by describing the basic facts of Grothendieck's formalism and by 
discussing some general criteria for effective descent, including several examples. 
Then, working over a Dedekind scheme, our main objective is to study the descent 
of torsors under smooth group schemes; see Raynaud [ 4]. As a preparation, we 
discuss the theorem ofthe square and use it to show the quasi-projectivity oftorsors. 
Relying on the latter fact, effective descent of torsors can be described in a very 
convenient form; we do this in Section 6.5. As an application, we look at existence 
and descent of Neron models for torsors. Also, working over a more general base, 
we are able to extend the technique of associating group schemes to birational group 
laws as discussed in Chapter 5. The chapter ends with an example of non-effective 
descent. 

6.1 The General Problem 

Let p: S' ~ S be a morphism of schemes and consider the functor :Ji' ~ p* :Ji', 
which associates to each quasi-coherent S-module :Ji' its pull-back under p. 
Then, in its siruplest form, the problern of descent relative to p: S' ~ S is to 
characterize the image of this functor. The procedure of solution is as follows. Set 
S" := S' x 8 S', and let P;: S" ~ S' be the projection onto the i-th factor (i = 1, 2). 
For any quasi-coherent S' -module :Ji'', call an S" -isomorphism cp : pf :Ji'' ~ p~ :Ji'' 
a covering datum of :Ji''. Then the pairs (:Ji'', cp) of quasi-coherent S'-modules with 
covering data form a category in a natural way. A morphism between two 
such objects (:Ji'', cp) and (<§', l/J) consists of an S'-morphism f: :Ji'' ~ <§' which 
is compatible with the covering data cp and l/J; thereby we mean that the 
diagram 
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PT !F' --'"'--+ p!!F' 

l ~/ l ~/ 
is commutative. 

Starting with a quasi-coherent S-module !F, we have a natural covering datum 
on p* !F, which consists of the canonical isomorphism 

pf(p* !F) ~ (p o P1)* !F = (p o P2)* !F ~ p!(p* !F) · 

So we can interpret the functor !F 1---+ p* !F as a functor into the category of 
quasi-coherent S' -modules with covering data. lt is this functor which will be of 
interest in the following. We will show that it is fully faithful if p: S'- S is 
faithfully flat and quasi-compact, and that, furthermore, it is an equivalence of 
categories if, instead of covering data, we consider descent data; i.e., special covering 
data which satisfy a certain cocycle condition. The problern of descent can be viewed 
as a natural generalization of a patehing problem; cf. Example 6.2/A. 

As usual we will call a diagram 
ß 

A~B=tC 
y 

of maps between sets exact if cx is injective and if im cx = ker(ß, y), where ker(ß, y) 
consists of all elements bEB such that ß(b) = y(b). Working in the category of 
abelian groups, the exactness of such a diagram is equivalent to the exactness of the 
sequence 

IX ß-y o-A-B-c. 

Proposition 1. Assurne that p : S' - S is faithfully flat and quasi-compact. Let !F and 
~ be quasi-coherent S-modules, and set q := p o p1 = p o p2. Then, identifying q* !F 
canonically with pi(p* !F) for i = 1, 2, likewise for q*~, the diagram 

* Pi 
Horns(!#",~)~ Homs.(P* !F,p*~) :4 Homs .. (q* !F, q*~) 

P! 

is exact. In other words, the functor :!1' 1---+ p* !F from quasi-coherent S-modules to 
quasi-coherent S'-modules with covering data isfully faithful. 

Proof The assertion is local on S, so we can assume that S is affine. Then S' is 
quasi-compact, and it is covered by finitely many affine open subschemes s; c S', 
i E J. Consider the disjoint union S' := lJ;e1 S; ofthese schemes. 

Let u: S'- S' be the canonical morphism, jf: S'- S its composition with 
p: S'- S, and Iet jf1 , p2 denote the projections of S" := S' Xs S' onto its factors. 
Then we obtain a diagram 

pf 

Horns· (p* :!1', p* ~) 
P! 

Homs .. (q* :!1', q*~) 

l ,. l ''"'" -· Pt 

p* 
Homs(:!l', ~) ----+ 

Homs·(lf* :!1', p* ~) 
P! 

Homs .. (if* :!1', q*~) 
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where q := p o p1 = p o p2 • The diagram is commutative if, in the right-hand square, 
we consider singlehorizontal arrows, either Pi and p[or Pi and Pi· Furthermore, 
u being faithfully flat, the vertical maps are injective. Using this fact, it is easily 
checked that the upper row is exact if the lower row has this property. In other 
words, we may replace p: S'--+ S by p: S'--+ Sand thereby assume that Sand S' 
are affine, say S = Spec R and S' = Spec R'. Then the problern becomes a problern 
on R-modules. 

Let 

R --+ R' =! R' ®R R' 

be the diagram which corresponds to the projections S" =! S' --+ S. W e claim that 
the assertion of the proposition follows if we can show that the tensor product of 
(*) with any R-module M yields an exact diagram. Namely, consider R-modules M 
and N suchthat $' (resp. ~) is associated to M (resp. N), and assume that we have 
exact diagrams 

M--+ M @R R' =t M ®R R' ®R R' ' 

N --+N®RR'=!N®R R'®R R'. 

Then the injectivity of N --+ N @R R' implies the injectivity of the map p* in the 
assertion. Similarly, it is seen that any R'-homomorphism M ®R R'--+ N @R R', 
which corresponds to an element in ker(pi,p!), restricts to an R-homomorphism 
M --+ N. This yields im p* => ker(pi, p!). Since the opposite inclusion is trivial, our 
claim is justified. So, in order to finish the proof of the proposition, it remains to 
establish the following result: 

Lemma 2. Let R--+ R' be afaithfully flat morphism ofrings. Then,for any R-module 
M, the canonical diagram 

M --+M®RR' =!M®RR'®R R' 

is exact. 

Proof. We may apply a faithfully flat base change over R, say with R'. Thereby we 
can assume that R --+ R' admits a section R' --+ R. So al1 the maps in the above 
diagram have sections, and the exactness is obvious. D 

Next we want to introduce descent data and the cocycle condition characterizing 
them. Set S"' := S' x 8 S' x 8 S', and let Pu: S"'--+ S" be the projections onto the 
factors with indices i and j for i < j; i, j = 1, 2, 3. In order that a quasi-coherent 
S' -module $'' with covering da turn cp : Pi$'' --+Pi$'' belongs to the essential 
image of the functor $' ~-----+ p* ff', it is necessary that the diagram 
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is commutative; the unspecified identities are the canonical ones. Namely, if :!Pis 
the pull-back under p of a quasi-coherent S-module and if <p is the natural covering 
datum on :#'', then the diagram is commutative, because all occurring isomorphisms 
are the canonical ones. The commutativity of the above diagram is referred to as 
the cocycle condition for <p; in short, we can write it as 

Pi3<fJ = Pi3<fJ 0 Piz<fJ · 

lt corresponds to the usual cocycle condition on triple overlaps when a global object 
is to be constructed by gluing local parts. A covering datum <p on :#'' which satisfies 
the cocycle condition is called a descent datum on :#''. The descent datum is called 
effective if the pair(:#'', <p) is isomorphic to the pull-back p* :#' of a quasi-coherent 
S-module :#' where, on p* :#', we consider the canonical descent datum. Also we 
want to mention that the notions of covering and descent data are compatible with 
base change over S. 

In the case where SandS' are affine, covering and descent data can be described 
in terms ofmodules over rings. Namely, let S =SpeeR, S' =SpeeR', and consider 
a quasi-coherent S'-module :#'' with a covering datum <p: Pi:#'' ---+Pi:#'', where 
:#'' is associated to the R'-module M'. Then Pi:#'' and Pi:#'' are associated to 
M' ®R R' and R' @R M', both of which are viewed as R' @R R'-modules. Thus the 
covering datum <p on :#'' corresponds to an R' @R R'-isomorphism 

M' @R R' ~ R' @R M' 

which, again, will be denoted by <p. Using the canonical map M'---+ M' @R R' 
as weil as the composition of the canonical map M' ---+ R' @R M' with <p -l, we 
arrive at a co-cartesian diagram M' ==t M' ®R R' over the canonical diagram 
R' ==t R' ®R R'. This means that, considering associated arrows in both 
diagrams, M' ®R R is obtained from M' by tensoring with R' @R R' over R'. 
Conversely, any such co-cartesian diagram determines a covering datum on M' 
and, hence, on :#''. 

If <p is a descent datum on :#'', we can pull it back with respect to the projections 
pii : Sill ---+ S". Due to the cocycle condition, the various pull-backs of :#'' to Sill can 
be identified via the pull-backs of <p. Thereby we obtain in a canonical way homo­
morphisms (depending on <p) 

M' 'X' R' ==t M' 'x' R' 'x' R' \Cl R ---+ \Cl R ICJ R 
such that the diagram 

(*) M' ==t M' @R R' =iM' @R R' @R R' 

is co-cartesian over the canonical diagram 

Furthermore, (*) satisfies certain natural commutativity conditions just as we have 
them for (**) or for the associated diagram 

Sill =i S" ==t S' , 

where p 1 o p 12 = p 1 o p 13 , etc. Conversely, one can show that each co-cartesian 
diagram (*) over (**), which satisfies the commutativity conditions, determines a 
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descent datum on M', and hence on :#''. It is clear that a descent datum cp on :#'' is 
effective if and only if the associated co-cartesian diagram M' ===t M' ®R R' can be 
enlarged into a commutative co-cartesian diagram 

M --+ M' ===t M' ®R R' 

over the canonical diagram 

R --+ R' ===t R' ®R R' . 

Returning to the case where S and S' are arbitrary schemes, it is sometimes con­
venient to formulate the cocycle condition within the context of T-valued points of 
S', where T is an arbitrary S-scheme. So consider a quasi-coherent S'-module :#'' 
with a covering datum cp: pf :#''--+ p!:F'. For t 1, t 2 E S'(T), denote by 

m : t* :#'' --+ t* :#'' 'f't 1 ,t2 1 2 

the pull-back of cp under the morphism (t 1 , t 2): T--+ S". Adding a third point 
t 3 E S'(T), we can consider the morphism 

(t1 , t2 , t 3 ): T--+ S"' 

and compose it with each one of the projections S"' :::::i S". Then, pulling back cp to 
T, we see that cp satisfies the cocycle condition if and only if 

for all t 1, t2 , t3 E S'(T) and all T. In particular, fort= t 1 = t2 = t3 , the cocycle 
condition implies (/)1• 1 = (/)1: 1 and, hence, (/)1, 1 = id. For example, if t: S'--+ S' is the 
universal point of S', we see that the pull-back of a descent datum cp : pf :#'' --+ P! :#'' 
with respect to the diagonal morphism Ll: S'--+ S" yields the identity on :#''. 

Lemma 3. Assurne that the morphism p : S' --+ S admits a section. Then any descent 
datum cp on a quasi-coherent S'-module :#'' is effective. More precisely, the choice of 
a section s: S--+ S' of p determines an S-module :#', namely :#' := s* :#'', such that 
p* :#' is isomorphic to the pair(:#'', cp). 

Proof. Writing T := S', Iet us consider the points t := id8 • and t :=so p of S'(T). 
Then t* :#'' = :#'' and t* :#'' = p* :#', and we can consider the isomorphism 

f = (/)t,t: :#'' ~ p* :#' . 

It is enough to show that f is compatible with the descent datum on p* :#'; i.e., we 
have to show that the diagram 

pf:F' <p 
p!:F' 

l ~/ l ~J 
pfp*:F p!p*:F 

is commutative. In order to do this, consider the following S"-valued points of S': 

p1 , p2 , and t3 :=sopop1 =sopop2 • 
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Then cp = (/Jp 1 ,p2 since (p1,p2 ): S"--- S" is the identity, and we have 

since the diagram 

for i = 1, 2, 

S" (p,, t,) S' X s S' 

~ ~,i)=(id,sop) 
S' 

is commutative. Now the cocycle condition for cp yields 

and thus 
p!J = pifo qJ. 

6. Descent 

0 

Now we are ready to prove the desired result on the descent of quasi-coherent 
S' -modules. 

Theorem 4 (Grothendieck). Let p: S'--- S be faithfully flat and quasi-compact. Then 
the functor :F ~ p* :F, which goesfrom quasi-coherent S-modules to quasi-coherent 
S' -modules with descent data, is an equivalence of categories. 

Proof We know already from Proposition 1 that the functor in question is fully 
faithful. So it is enough to show that each descent datum on a quasi-coherent 
S' -module is effective. The latter is clear by Lemma 3 if p : S' --- S admits a section. 
We will reduce to this case. 

First observe that we may replace the morphism p: S'--- S by a composition 
p: S' ~ S' ~ S, where u: S'--- S' is faithfully flat and quasi-compact. This is 
true since the functor ff' ~ u* :F' is fully faithful (see Proposition 1) and since 
descent data on :F' (with respect top) can easily be pulled back to descent data on 
u* :F' (with respect top). So, proceeding as in the proof of Proposition 1, we may 
assume that S and S' are affine, say S = Spec R and S' = Spec R'. 

Let M' be an R' -module with descent datum cp : M' ®R R' ~ R' ®R M'. Then 
cp determines a co-cartesian diagram M' ~ M' ®R R' over R' ~ R' ®R R'. If M' 
descends to an R-module, we know from Lemma 2 that it must descend to the 
R-module 

K := ker(M' ~ M' ®R R') . 

So let us work with this module. We claim that the diagram 

K---M'~ M' ®R R' 

is commutative and co-cartesian over 

R--- R' ~ R' ®R R' 

and, hence, that cp is effective. In order to verify this, we may apply a faithfully 
flat base change and thereby assume that R --- R' admits a section. Then it 
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follows from Lemma 3 that (M', cp) descends to an R-module M. More precisely, 
M' ===t M' @R R' extends to a commutative co-cartesian diagram 

M ~ M' ===t M' @R R' 

over 

R ~ R' ===t R' @R R' . 

Since M is mapped bijectively onto K by Lemma 2, our claim is justified. D 

Keeping the morphism p: S' ~ S, we want to study the problern of when an 
S' -scheme X' descends to an S-scheme X. The general setting will be the same as in 
the case of quasi-coherent modules, and the definitions we have given can easily be 
adapted to the new situation. For example, a descent datum on an S'-scheme X' is 
an S"-isomorphism 

cp : pf X' ~ P! X' 

which satisfies the cocycle condition; pr X' is the scheme obtained from X' by 
applying the base change P;: S" ~ S'. Again there is a canonical functor X f----+ p* X 
from S-schemes to S' -schemes with descent data. lf p : S' ~ S is faithfully flat and 
quasi-compact, we see from Theorem 4 that this functor gives an equivalence 
between affine S-schemes and affine S'-schemes with descent data. More generally, 
the same assertion is true with affine replaced by quasi-affine (use Theorem 6(b) 
below). Thus, in this case, descent data on affine or quasi-affine S' -schemes are 
always effective. Recall that an S'-scheme X' is called affine (resp. quasi-affine) over 
S' if, foreachaffine open subscheme s~ c S', the open subscheme s~ Xs· X' of X' is 
affine (resp. quasi-affine). Tobe precise, one has, of course, to mention the fact that 
one can easily generalize Theorem 4 from quasi-coherent modules to quasi-coherent 
algebras, so that it can be applied to structure sheaves of schemes over S or S'. 
Warking with an additional structure such as a multiplication on a quasi-coherent 
S' -module, this structure descends if it is compatible with the descent da turn. 

It is not true that descent data on schemes are always effective, even if p: S' ~ S 
is faithfully flat and quasi-compact; see Section 6.7. So one needs criteria for 
effectiveness. First we mention that Lemma 3 carries over to the scheme situation. 
Since the proof was given by formal arguments, no changes are necessary. 

Lemma 5. Assurne that p : S' ~ S has a section. Then all descent data on S' -schemes 
are effective. 

In order to formulate another criterion, consider anS' -scheme X' with a descent 
da turn cp : pf X'~ P! X', and let U' be an open subscheme of X'. Then U' is called 
stable under cp if cp induces a descent datum on U'; i.e., if cp restricts to an iso­
morphism pf U' ~ P! U'. 

Theorem 6. Let p : S' ~ S be faithfully flat and quasi-compact. 
(a) The functor X f----+ p* X from S-schemes to S'-schemes with descent data is 

fully faithful. 
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(b) To simplify, assume SandS' affine. Then a descent datum cp on an S'-scheme 
X' is effective if and only if X' can be covered by quasi-affine (or, alternatively, by 
affine) open subschemes which are stable under cp. 

Proof Assertion (a) is an immediate consequence ofProposition 1. Namely, consider 
S-schemes X and Y, and write X', Y' for the schemes obtained by the base change 
p : S' - S. Then it is to show that the sequence 

* P! 
Hom8 (X, Y) ~ Hom8 .(X', Y') ~ Hom8 .. (X", Y") 

P! 
is exact. The problern is local on Sand Y. So we may assume that Sand Y are affine. 
Furthermore, replacing S' by a finite disjoint sum of affine open parts of S', we may 
assume that S' is affine. Then, up to a local consideration on X, we can pose the 
problern in terms of quasi-coherent algebras so that Proposition 1 can be applied. 

In order to verify the if-part of assertion (b), we may use (a) and assume that X' 
is quasi-affine. This means that X' is quasi-compact and can be realized as an open 
subscheme of an affine scheme or, equivalently, that the canonical map 

X' - Spec r(X', (l)x,) =: Z' 

is a quasi-compact open immersion; cf. [EGA II], 5.1.2. Let S = Spec R and S' = 
SpeeR'. Then, using the fact that, for quasi-compact R'-schemes, the functor of 
global sections commutes with flat extensions of R', the descent datum on X' gives 
a descent datum on the R'-module r(X', (l)x.) and hence on the affine S'-scheme Z'. 
Thus it follows from Theorem 4 that Z' descends to an affine S-scheme Z. Consider­
ing the canonical projections 

q, q 
Z"~Z'-z, 

q2 

where Z" is obtained from Z by the base change S"- S, we see q11 (X') = q21 (X') 
since the descent datum of Z' is stable on X'. However, this implies q-1 (q(X')) =X'; 
in particular, the inverse image of q(X') with respect to q is open. Using the fact 
that q : Z' - Z is faithfully flat and quasi-compact and that therefore the Zariski 
topology on Z is the quotient of the Zariski topology on Z' (cf. [EGA IV 2 ], 2.3.12), 
we see that q(X') is open. So X' descends to the quasi-affine piece q(X') of Z. The 
only-if-part of assertion (b) is triviaL D 

We want to add a criterion for the effectiveness of descent data on schemes which 
uses ample line bundles. Let us recall the definition of ampleness, cf.[EGA II], 4.5 
and 4.6. An invertible sheaf 2 on a scheme X is called ample on X if X is 
quasi-compact and quasi-separated, and iffor some n > 0 there areglobal sections 
11 , ... , l, generating 2°n such that X 1., the domain where the section l; generates 
2°n, is quasi-affine for each i. In fact,' if 2 is ample on X, then, for any n > 0 and 
any global section l of 2°n, the open subscheme X 1 c Xis quasi-affine as will follow 
from arguments given below. An invertible sheaf 2 on an S-scheme X is called 
S-ample on X ( or relatively ample over S) if there exists an affine open covering {Si} 
of S suchthat the restriction of 2 onto X x 8 Si is ample for allj. The definition of 
S-ampleness is independent of the choice of the particular covering { SJ, see [EGA 
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II], 4.6.4 and 4.6.6. If X admits an S-ample sheaf, then, by definition, it is automat­
ically quasi-separated over S. 

Consider now a quasi-compact and quasi-separated morphism f: X----> S and 
an invertible sheaf 2? on X. Foreach n E N, the direct image f*2? 0 " is a quasi­
coherent sheaf on S, see [EGA I], 9.2.1. Let v. be the open set of all points x EX 
such that the canonical morphism 

(f*f*(2? 0 "))x- 2? ~· 

is surjective. Then v. consists of all points x E X such that there is a section of 2?0 " 

which is defined over the !-inverse of a neighborhood of f(x) in S and which 
generates 2?0 " at x. Denote by V the union of all v. for n ;:::: 1. Let 

At = EB !*(2?0 ") 
n~O 

be the quasi-coherent graded S-algebra associated to 2?, and set P = Proj At; see 
[EGA II], § 2. There is always a canonical S-morphism r: V----> P. Namely, assum­
ing S affine, one shows for each global section l of !J?®• with n > 0 that there is a 
canonical isomorphism 

r(P1, ßJp) ~ r(Xl, ßJx), 

use [EGA 1], 9.3.1, and hence a morphism 

X1 ---->P1 ~P. 

The morphism is an open immersion if and only if X 1 is quasi-affine over S. Thereby 
it is seen that the sheaf 2? is S-ample on X if and only if V = X and the canonical 
morphism r : V ----> P is an open immersion. 

Returning to the problern of descent relative to a morphism p : S' ----> S, the 
notion of descent data generalizes naturally to pairs (X', 2?') where X' is an 
S'-scheme and 2?' is an invertible sheaf on X'. Namely, a descent datum on such a 
pair consists of a descent da turn 

cp : pf X' ----> P! X' 

on X' and of an isomorphism 

A. : 2?{ ____. cp* 2?2 

where 2';' is the pull-back of 2?' with respect to the projection Pt X'----> X'. Of 
course, A. must satisfy the cocycle condition, which is a cocycle condition over the 
cocycle condition for cp. More precisely, introducing the total space L' associated 
to 2?', we can say that a descent datum on (X', 2?') is a commutative diagram 

pfL' p!L' 

j j 
pfX' p!X'' 

where the vertical maps are the projections of the linear fibre spaces Pt L' onto their 
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bases p'[ X', where cp and A, are descent data for schemes, and where 2 is an 
isomorphism oflinear fibre spaces over cp. Another possibility is to view the descent 
datum cp as a cartesian diagram 

S"' ~ S" ~S' 
~ 

with natural commutativity conditions (similar to what we have explained for 
S'-modules), and to view 2 as an isomorphism 

A, : q! 2?' ~ q! 2?' . 

The cocycle condition for 2 can then be formulated as usual by using pull-backs 
with respect to the projections X' x 8 S' x 5 S' :::::t X' x 5 S'. 

Theorem 7 (Grothendieck). Let p: S' ~ S be faithfully flat and quasi-compact. Let 
X' be a quasi-compact S' -scheme, and consider an invertible sheaf 2?' which isS' -ample 
on X'. Then, if there is a descent datum on (X', 2?'), the descent is effective on X', and 
the pair (X', 2?') descends to a pair (X, 2?) with an S-ample invertible sheaf 2? on X. 

We give only a sketch ofprooffor the case where SandS' are affine. First, using 
Theorem 4, the graded S'-algebra A' = EBn~of~(2?'0n), where f': X'~ S' is the 
structural morphism, descends to a graded S-algebra A = EBn~ 0 An- Next, Iet l' be 
a global section in some 2?'0 n. Then we can write 

m 

l' = L: ai ® li 
i=l 

with global sections ai of (!)5 • and global sections li of An- If l' generates 2?'0 n at a 
certain point x EX', at least one of the global sections 1 ® li must generate 2?'0 n 

at this point. Thereby it is seen that X' can be covered by quasi-affine open pieces 
x; where l is a global section in some 2?'0 n which descends to a global section in 
A. Then the descent datum is stable Oll the x;, and X' descends to X by Theorem 
6. Finally, 2?' descends to 2? with respect to the canonical projection X' ~ X since 
one can use Theorem 4 again. 

6.2 Some Standard Examples of Descent 

We start with an example which shows that the problern of descent occurs as a 
natural generalization of a patehing problem. 

Example A (Zariski coverings). Consider a quasi-separated scheme S and a finite 
affine open covering (SJiEI of S. Let S' := iliEI Si be the disjoint union of the Si, 
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and Iet p: S' ~ S be the canonical projection. Note that p is faithfully flat and 
quasi-compact. A quasi-coherent S' -module $'' may be thought of as a family of 
Si-modules :!1;. Under what conditions does $'' descend to a quasi-coherent 
S-module $'; i.e., under what conditions can one glue the :!1; in order to obtain 
a quasi-coherent S-module $' from them? By Theorem 6.1/4 we need a descent 
datum for $'' with respect to p : S' ~ S. Such a datum consists of an isomorphism 
cp : pf $'' ~ piff' satisfying the cocycle condition, where Pt and p2 are the projec­
tions from S" onto S'. In our case, we have 

S" = S' x s S' = U si x s sj = U si n sj , 
~jEI ~jEI 

and Oll Si Xs sj =Si(\ Sj, the first projection Pt is the inclusion of Si(\ sj into Si 
whereas p2 is the inclusion of Si n Si into Si. Thus the isomorphism cp consists of a 
family of isomorphisms 

satisfying the cocycle condition, namely, the condition that 

for all i, j, k E /. So the descent datum cp is equivalent to patehing data for the 
S;-modules :!1;, and the cocycle condition assures that the patehing data are com­
patible on triple overlaps. 

Example B (Galois descent). Let p: S' ~ S be a finite and faithfully flat morphism 
of schemes, and assume that p is a Galois covering; i.e., there is a finite group r of 
S-automorphisms of S' such that the morphism 

r x s'~s", (a, x) f----+ (ax, x), 

is an isomorphism; r x S' is the disjoint union of copies of S', parametrized by r. 
For example, if K'/K is a finite Galois extension of fields, the morphism p: 
SpecK' ~ SpecK is such a Galois covering. Similarly, for a pair of discrete 
valuation rings R c R', the morphism p: SpeeR'~ SpeeR is a Galois covering if 
R is henselian, R' is (finite) etale over R, and the residue extension of R'/R is Galois; 
use 2.3/7 and the fact that R' is henselian. We want to describe the descent ofschemes 
with respect top: S' ~ S. 

Consider an S' -scheme X' with an action r x X' ~ X' which is compatible 
with the action of r on S'; i.e., we require that, for each a Er, the diagram 

X' 
(J 

X' 

j j 
S' 

(J 

S' 

is commutative (for simplicity, automorphisms given by a are again denoted by 
a). Notice that the diagram is cartesian. We claim that an action on X' of the type 
just described is equivalent to a descent datum on X'. 
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Namely, from the isomorphism 

r x S'~S", (a, x) 1-----+ (ax, x) , 

we obtain an isomorphism 

r x r x S' ~s~~~, (a, r, x) 1-----+ ((a o r)x, rx, x) . 

Taking these isomorphisms as identifications, the projections Pii: S111 ---+ S" and 
P; : S" ---+ S' define projections 

which are described by 

(0) (a, r, x) 

---+ r x r x S' :::::t r x S' :::::t S' 

P12 
~ (a,rx) 

(aor,x), 

P23 
~ (r,x) 

(a,x) 

P1 
1-----+ CTX 

Now assume that we have an action of r on X' which is compatible with the 
action of r on S'. Then we can use the same definitions (0) in order to define 
"projections" from r X r X X' to r X X' and from the latter to X'. Thereby we 
obtain a diagram 

---+ r x r x X' :::::t r x X' :::::t X' 

j j j 
---+ r x r x S' :::::t r x S' :::::t S' 

where the vertical maps are the canonical ones. Since the diagram ( *) is cartesian, 
all squares above are cartesian if in the first and second rows maps are considered 
which correspond to each other. Furthermore, in the last row we have the usual 
commutativity relations 

(i) P1 ° P12 = P1 ° P13 , 

(ii) P1 ° Pz3 = Pz 0 P12 , 

(iii) Pz 0 Pz3 = Pz 0 P13 · 

The same relations hold for the first row. Indeed, (ii) and (iii) are trivial whereas (i) 
is equivalent to the associativity condition 

a(rx) = (a o r)x ; CT, TE r, XEX'. 

So it is clear that (**) yields a descent datum on X', the associativity ofthe action 
accounting for the cocycle condition. 

Conversely, start with a descent datum cp on X'. Then, applying the base change 
X' ---+ S' to the morphism 

r x r x s' ~ r x s' ~ S' , 
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we obtain the following canonical diagram 

r X r X X' r x X' X' 

j j j 
r x r x S' r x S' S' 

which has cartesian squares. In particular, we have canonical isomorphisms 

r X X'~ S' Xs X' ' 

and 

r x r x X' ~ S' x s S' x s X' . 

Therefore we can write the descent datum cp in the form of a diagram ( ** ). Further­
more, we may assume that (***) forms apart of(**), the one, where in both rows 
of (**) only the lower morphisms are considered. We claim that the morphism 
r X X'--+ X' over Pt : r X S'--+ S' defines the desired action Oll X'. To justify 
this, note first that each a E r acts as an automorphism on X'. Next, the commuta­
tivity conditions (ii) and (iii) imply that the morphisms 

r X r X X' ===t r X X' --+ 

are defined as in (0) and, finally, as before, condition (i) accounts for the associativity 
of the action of r Oll X'. 

As for the effectiveness of the descent, one may look at the condition given in 
Theorem 6.1/6. Assuming S and, hence, S' affine, as weil as X' quasi-separated, a 
necessary and sufficient condition is that the r -orbit of each point x E X' is con­
tained in a quasi-affine open subscheme of X'. Namely, considering translates of 
such subschemes under elements a E r and taking their intersections, we can cover 
X' by quasi-affine open pieces which are r -invariant and hence stable under the 
descent datum. For example, if X'--+ S' is quasi-projective, the condition is fulfilled, 
and the descent is always effective. 

Example C (Descent from R' to R, where R c R' is an etale extension of discrete 
valuation rings with same residue field). Let K (resp. K') be the field of fractions of 
R (resp. R'). We want to show the following result on the descent from R' to R, 
which will be further generalized in Example D. 

Proposition C.l. The functor which associates to an R-scheme X the triple (XK, X', r), 
consisting of the K-scheme XK :=X ®R K, the R'-scheme X':= X ®R R', and the 
canonical isomorphism r: XK ®K K' ~X' ®R' K', is fully faithful. Its essential 
image consists of all triples (X K• X', r) which admit a quasi-affine open covering. 

The notion of an open covering of a triple (XK, X', r) is meant in the obvious 
way. Such a covering consists of a family oftriples (UK,i• U(, r;), where the UK,i (resp. 
the U() form an open covering of XK (resp. X'), and where r restricts to an 
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isomorphism r;: UK,i ®K K'---+ U( ®R' K'. The covering is called quasi-affine if all 
UK,i and all U( are quasi-affine. 

Starting with a triple (X K' X', r), we have the canonical descent datum on 
XK ®K K'. Transporting it with r, we obtain a descent datum on the generic fibre 
X' ®R' K' of X', and by the lemma below, this descent datum extends canonically 
to a descent datum on X'. Then the assertion of Proposition C.l is a consequence of 
6.1/6. So it is enough to show: 

Lemma C.2. Foreach R'-scheme X', any descent datum with respect to K---+ K' on 
the generic fibre of X' extends canonically to a descent datum with respect to R ---+ R' 
onX'. 

Proof. Let us use the notations R" and R"' for R' ®R R' and R' ®R R' ®R R'. 
Since R' is etale over R, the diagonal embedding Spec R' ---+ Spec R" is open ( cf. 
2.2/2). Thus its image, the diagonal /1" of Spec R", is a connected component 
of SpeeR". Furthermore, since the residue extension of R'/R is trivial, the special 
fibre of 11" coincides with the special fibre of Spec R"; i.e., Spec R" = 11" 0 T" 
where the special fibre of T" is empty. A similar assertion is true for the diagonal 
11"' in SpeeR"'. 

Write K" and K"' for the two- and threefold tensor products of K' over K. 
Furthermore, consider an R' -scheme X' and a descent datum with respect to 
K ---+ K' on its generic fibre. Indicating generic fibres by an index K, the descent 
datum on X~ corresponds to a diagram 

X"' 
---+ 

X" ---+ X' ---+ ---+ K ---+ K K 

(*) j ,. J~ l· 
---+ 

SpecK"' =t SpecK" =t SpecK' 

with cartesian squares such that the rows satisfy the usual commutativity condi­
tions. In order to extend the descent datum to a descent datum on X', it is enough 
to extend the diagram ( *) to a diagram 

X"' 
---+ 

X" ---+ X' ---+ ---+ ---+ 

(**) j j j 
---+ 

Spec R"' =t Spec R" =t Spec R' 

ofthe same type. In order to do this, we have to realize that, by restriction, the lower 
row in(*) gives rise to unique isomorphisms 

11';_ ~ !1i_ ~SpecK', 

and that the upper row in ( *) gives rise to unique isomorphisms 

(p"')-1(11';.) ~ (p'Tl(f1i_) ~X~. 
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That the maps Xi ===t X~ coincide on the p" -inverse of L'l~ follows from the fact that 
the pull-back of descent data with respect to diagonal maps always yields the 
identity map (cf. 6.1). A similar reasoning applies to the maps X'J/. 5 Xi. 

Now it is easy to extend (*) into (**). Since the special fibre of SpeeR" is 
concentrated at the open and closed subscheme L'l", similarly for Spec R"' and its 
diagonal L'l"', we havejust to extend the part of(*) which lies over (***). However 
this is trivial by the above isomorphisms. 

Example D (Descent from R' to R where R c R' is a pair of discrete valuation 
rings with same uniformizing element n and with same residue field). The situation is 
more general than the one considered in Example C. For example, R' can be the 
maximal-adic completion of the discrete valuation ring R. But we will see that, 
nevertheless, the results C.l and C.2 remain valid in this case. 

Consider a pair of discrete valuation rings R c R' as required, and denote their 
fields offractions by K and K'. By an index K we will indicate tensor products with 
K over R. Let c5 : Spec R' --+ Spec R" be the diagonal embedding where, as usual, 
R" = R'®R R'. 

Lemma D.l. Let M" be an R" -module and denote by M' its pull-back with respect to 
<5. Assurne that the quotient M"/T" is flat over R" where T" is the kernel of the 
canonical map M"--+ Mi. Then the canonical diagram 

M" 

j 
M" K 

M' 

j 
--~M~ 

is cartesian; i.e., M" is a fibred product of Mi and M' over M~ (in the category of 
sets, resp. R-modules, resp. R"-modules). 

For example, the flatness condition on M"/T" is satisfied if we start with an 
R' -module M' and take for M" the pull-back of M' with respect to a projection 
Pi: SpeeR"--+ SpeeR'. 

Proof Since the horizontal maps are surjective, we may extend the diagram to a 
commutative diagram of exact sequences 

0 L 

j 
0 

M" 

j 
M" K 

M' 0 

j 
M~ 0 

The second row can be thought of as being obtained from the first one by taking 
tensor products over R with K. We claim that the map L--+ LK is an isomorphism; 
i.e., that L is already a K-vector space. Then it is immediately clear that M" is the 
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fibred produet of M';_ and M' over M~; the universal property is cheeked by means 
of diagram ehasing in ( * ). 

So it remains to show that L is already a K-veetor spaee. Let us eonsider the 
first row of (*) for the speeial ease where M" = R". Thereby we obtain the exaet 
sequenee 

0---+3"---+R"---+R'---+0 

of R-modules (or, alternatively, R"-modules). In terms of R-modules, the sequenee 
is split exaet, sinee R" ---+ R' admits a seetion. In partieular, taking the tensor 
produet of ( **) over R with Rjn" R for any n > 0 gives a split exaet sequenee 

By the assumptions on Rand R', we see that the map 

is bijeetive. Thus, for n = 1, we have 3"/n3" = 0 and, therefore, ~~~ = n3". So 3" 
is a K-veetor spaee sinee R" and, henee, 3" have no n-torsion. Now, tensoring 
( **) over R" with M" and using the faet that M' is the pull-baek of M" with 
respeet to the diagonal morphism SpeeR'---+ SpeeR", we get the exaet sequenee 
3" ®R" M" ---+ M" ---+ M' ---+ 0. Comparing it with the first row in ( * ), we have a 
surjeetive R-homomorphism 3" ®R" M"---+ L. Therefore, since ~~~ is a K-veetor 
spaee, the same must be true for L, provided L has no n-torsion. 

Thus it remains to show that the n-torsion of L is trivial. To do this we eonsider 
first the ease where M" = T". Using a limit argument, we may assume n"M" = 0 
for some integer n. But then the isomorphism R" jn" R" ~ R' jn" R' yields an 
isomorphism 

so that L is trivial in this ease. In the general ease we tensor the exaet sequenee 

0---+T"---+M"---+M"/T"---+0 

over R" with R', thereby obtaining the sequenee 

0---+ T" ®R" R'---+ M'---+ (M"/T") ®R" R'---+ 0 . 

The latter is exaet beeause M"/T" is flat over R". By the same reason, (M"/T") ®R" R' 
is flat over R' and, thus, T' := T" ®R" R' is the torsion-submodule of M'. Sinee the 
eanonieal homomorphism M"---+ M' maps T" surjeetively onto T', the first row 
of the diagram ( *) yields an exaet seq uenee 

0---+LnT"---+T"---+T'---+0 

and it follows from the speeial ease considered above that Ln T" must be trivial. 
So the n-torsion of L is trivialand we see that L is a K-vector space. D 

Reversing arrows in the definition of cartesian diagrams and fibred products, 
one arrives at the notions of co-cartesian diagrams and amalgamated sums. We want 
to translate the assertion of the above Iemma into a statement on amalgamated 
sums of schemes. Firstnote that Lemma D.l remains true if we work in the category 
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of R-algebras or R"-algebras. So it yields a statement on amalgamated sums in the 
eategory of affine R-sehemes or R"-sehemes. We want to generalize it to the ease of 
not neeessarily affine sehemes. SetS= SpeeR, S' =SpeeR', S" =SpeeR", and Iet 
b: S'--+ S" be the diagonal embedding. For any R-seheme X, Iet XK =X ®R K be 
its generie fibre. 

Proposition D.2. Let X' be an S' -scheme and let X" be its pull-back with respect to 
one of the projections Pi : S" --+ S'. Then the canonical diagram 

X'= b*X"--+ X" 

is co-cartesian in the category of R-schemes (resp. R" -schemes); i.e., in this category, 
X" is the amalgamated sum of X' and Xi:; under X~. 

Proof In order to reduee the assertion of the proposition to Lemma D.l, we need 
to know that a subset F c X" is closed if and only if F n X' is closed in X' and 
F n Xi_ is closed in Xi_; note that, in terms of sets, the above diagram eonsists of 
injeetions and that X" = X' u Xi_, due to the assumption on Rand R'. The neeessity 
of the eondition is clear. In order to show that it is suffieient, we may assume that 
X' is affine, say X' = Spee A'. Then the above diagram of sehemes eorresponds to 
a diagram of R" -algebras 

A" 

j 
A" K 

A' 

j 
whieh is eartesian in the eategory of sets. Now assume that F n X' is closed in X' 
and that F n Xi_ is closed in Xi_. Let ~' c A' and ~i: c Ai: be the eorresponding 
redueed ideals. Sinee F n X' eoineides with F n Xi_ on X~, we have 

rad(A~~') = rad(A~~i:) . 

The fibred produet of ~, and ~i: over A~ exists in the eategory of sets. Denoting it 
by ~", we see that we have a eanonieal inclusion ~" ~ A"; furthermore, it is easily 
verified that ~" is an ideal in A". We claim 

rad(~" A') = ~, and rad(3" Ai:) = ~i: . 

The inclusion" c" is trivial in both eases. To justify the opposite inclusions, eonsider 
an element f E ~'. U sing the equation between radieals above, it is seen that apower 
of f has an inverse image in ~"; so f E rad(~" A'). Similarly, if f E ~i:, a power of n 
tim es apower of f has an inverse image in~" and, henee, f E rad ~"Ai:. This justifies 
the above deseription of ~, and ~i:, and it follows that the closed subset of X" given 
by ~" eoineides with F n X' on X' and with F n Xi_ on Xi_. Henee F is closed in 
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X", since X" = X' u X~. Thereby we have proved the desired topological charac­
terization of closed sets in X". Looking at complements of closed sets, we see that 
a subset of X" is open if and only if its intersection with X' is open in X' and its 
intersection with X~ is open in X~. 

Now it is easy to verify the assertion of the proposition. Consider a scheme Z 
and a commutative diagram 

X~ 

j 
X' X" 

~ '',',,,_ \ 
~z 

where the solid arrows are given and where the square is the canonical diagram. It 
has to be shown that the diagram can be supplemented by a unique morphism 
X" ----. Z. Let W be an open affine subscheme of Z, let U' be its inverse image in X' 
and U~ its inverse image in X~. Then by the above topological characterization, 
U" := U' u U~ is an open subscheme of X" which extends U~ and whose pull-back 
with respect to the diagonal embedding c5: X'~ X" yields U'. So we can look at 
the problern 

u~ u~ 

j j 
U' U" 

~w 
Warking locally on U" and applying Lemma D.l, we want to show that it has a 
unique solution. To do this, it is enough to verify the flatness condition of Lemma 
D.l or, equivalently, the fact that the schematic closure X" of X~ in X" is flat over 
R". Since the projection Pi we are considering is flat, we see that X" can be interpreted 
as the pull-back under Pi ofthe schematic closure X' of X~ in X'; cf. 2.5/2. However, 
X' is flat over R' by its definition. So X" is flat over R" and Lemma D.l is applicable. 
It follows that the above local problern has a unique solution U"-----+ W and, by 
working with respect to an affine open covering of Z, that the above global problern 
has a unique solution X" ~ Z. D 

Now we want to explain how the results D.l and D.2 imply that descent data 
with respect to SpecK' ~ SpecK extend to descent data with respect to S' ~ S. 

Lemma D.3. Consider an R' -module M' (resp. an R' -scheme X') and a descent datum 
CfJK with respect to K ~ K' on M~ (resp. on X~). Then CfJx extends uniquely to a 
descent datum with respect to R ~ R' on M' (resp. on X'). 
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Proof. A descent datum with respect to R ---+ R' on M' may be viewed as a 
commutative diagram 

M' M' 

where cp is an isomorphism satisfying the cocycle condition and where the vertical 
maps are the canonical ones obtained from the diagonal map (>: S'---+ S". Similarly, 
for the descent datum CfJK on the generic fibre of M', we get the upper square of the 
following commutative diagram 

(M' ®R R')K 
'fJK 

(R' ®R M')K 

I I 
Mi M~ 

1 1 
M' M' 

Then, taking the fibred product of the first and third rows over the second row, 
Lemma D.l shows that CfJK extends uniquely to an R"-isomorphism 

cp : M' ®R R' ---+ R' ®R M' ' 

whose pull-back with respect to the diagonal map (>: S"---+ S' yields the identity 
on M'. That cp satisfies the cocycle condition follows in a similar way from Lemma 
D.l. Thus cp is a descent datum on M' which extends cpK; it is unique. For the case 
of schemes, the assertion is deduced in formally the same way from Proposition D.2. 

0 

Now, applying Theorems 6.1/4 and 6.1/6, we can derive from the above lemma 
the desired generalization of Proposition C.l. 

Proposition D.4. (a) The functor which associates to each R-module M the triple 
(MK, M', r), where MK := M ®R K, M' := M ®R R', and r: MK ®K K' ~ M' ®R K' 
is the canonical isomorphism, is an equivalence of categories. 

(b) The functor which associates to each R-scheme X the triple (XK, X', r) consist­
ing of the K-scheme XK :=X ®R K, the R'-scheme X'= X ®R R', and the canonical 
isomorphism r: XK ®K K' ~X' ®R' K', is fully faithful. Its essential image consists 
of all triples (XK, X', r) which admit a quasi-affine open covering. 

Finally, we want to mention that it is an easy exercise to verify assertion (a) of 
the proposition by a direct argument. Applying a limit argument, one reduces to 
the case offinitely generated R- or R'-modules, where it is possible to treat the case 
of torsion and of free modules separately. However, for the purpose of assertion (b ), 
it was necessary to prove more precise results also in the module case. 
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6.3 The Theorem of the Square 

Let S be a scheme, Iet X be an S-scheme, and consider an S-group scheme G which 
acts on X. Using the notion of T-valued points for arbitrary S-schemes T, such an 
action corresponds to an S-morphism 

G x 8 x~x, (g, x) 1---> gx , 

where 

g(g'x) = (gg')x and 1rx = x 

for arbitrary points g,g' E G(T), x E X(T), and for the unit element 1r E G(T). 
Alternatively, interpreting G (resp. X) as a functor from the category of S-schemes 
to the category of groups (resp. sets), we can say that the group functor G acts on 
X; i.e., that, for each S-scheme T, we have an action of G(T) on X(T) which is 
compatible with S-morphisms T' ~ Tin the usual way. Similarly as in the case of 
group schemes, one defines for any g E G(T) the translation 

x ~-----> gx, 

where, more precisely, r9 has tobe interpreted as a T-morphism from Xr to Xr. 
Now Iet us fix an invertible sheaf 2' on X. lts pull-back to Xr will again be 

denoted by 2'. So we can talk about the pull-back of 2' with respect to a translation 
r9 , g E G(T), thus obtaining the invertible sheaf 

on X r· Let Px;s be the functor which associates to any S-scheme T the group 

Pic(T x 8 X)/p*Pic(T) ; 

i.e., the group of invertible sheaves on X x 8 T modulo the pull-back under the 
projection p: T x 8 X~ Tof invertible sheaves on T. Then Px;s is a commutative 
group functor, and we can consider the morphism 

<fJ!t': G~Px;s' 

which is a functorial morphism between functors from the category of S-schemes 
to the category of sets. We will say that 2' satisfies the theorem of the square if <p 2 

respects group structures and, thus, is a functorial morphism between group 
functors. We do this in analogy to the classical case, where Xis an abelian variety 
over a field K, and where the action of G on X is given by translation. In this case, 
the functor Px;s coincides with the relative Picard functor Picx;s (see 8.1/4), and the 
classical theorem of the square asserts that, for each invertible sheaf 2' on X, the 
morphism <p2 is a morphism of group functors. For proofs seeWeil [2], §VIII, na57, 
Thm. 30, Cor. 2, as weil as Lang [1], Chap. III, § 3, Cor. 4, and Mumford [3], 
Chap. II, § 6, Cor. 4. 

The purpose ofthe present section is to extend the classical theorem ofthe square 
to a more general situation. For the applications we have in mind, it is enough to 
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know that, for each invertible sheaf ft' on X, a power fE®n satisfies the theorem of 
the square. 

Theorem 1. Let S be a Dedekind scheme and let G be a smooth S-group scheme with 
connected fibres which acts on an S-scheme X, where X - S is smooth, of finite type, 
and has geometrically connected generic fibres. Then, for any invertible sheaf ft' on 
X, there is an integer n > 0 such that fE®n satisfies the theorem of the square. 

lf the generic fibres of X areproper or if the local rings (!)8.~ at generic points 
e E S are perfect fields, the assertion holds for n = 1. 

We will reduce the theorem to the classical situation where S consists of a field. 
In fact, we will show that ft' satisfies the theorem of the square if and only if this is 
the case over each generic point of S; see Lemma 2. In order to carry out this 
reduction step, it is necessary to write down somewhat more explicitly the condition 
of ({J.:e: G- Px;s being a morphism of group functors. Let m be the group law on 
G. Set T := G x 8 G, and consider the projections p1 , p2 : G Xs G :::::t Gas T-valued 
points of G. Furthermore, let 

f: G x 8 G x 8 X- G x 8 G 

be the projection onto the first two factors. Then we claim that ({J.:e is a morphism 
of group functors if and only if 

.ß := ft'm(p,,p2) ® fi'p~1 ® ft'p~1 ® ft' ' 

as an invertible sheaf on G x 8 G x 8 X, is isomorphic to the pull-back f* .!V of an 
invertible sheaf .!Von G x 8 G. 

In fact, the class of .ß in Px;s(G x 8 G) is given by 

({J.:e(m(p1,p2))- ({J.:e(P1)- ({J.:e(P2) · 

Thus it is trivial if qJ .:e is a morphism of group functors. In order to show the converse, 
we mention the following fact: 

For an arbitrary S-scheme T and two points g, g' E G(T), the invertible sheaf 
ft'm<o.o'l ® 2 0- 1 ® 20~1 ® ft' is the pull-back of .ß with respect to the morphism 

(g,g') Xs idx: T Xs X- G Xs G Xs X. 

So if .ß ~ f* .!V for some invertible sheaf .!V on G x 8 G, the commutative 
diagram 

(g, g') x 8 idx 

T 
(g,g') 

G x 8 G 

where p is the projection onto the first factor, yields 

ft'm(g,g') ® 2 0-1 ® 20~1 ® ft' ~ p*((g, g')*(JV)) 
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and, hence, 

cp!l'(m(g,g')) = cp!l'(g) + cp!l'(g'). 

This justifies our claim. We will now reduce the theorem of the square to generic 
fibres. 

Lemma 2. Let S, G, X and ff be as in Theorem 1, and let .lt be the invertible sheaf 
on G x s G x s X which has been defined above. Then the following conditions are 
equivalent: 

(a) There exists an invertible sheaf .K on G x 8 G such that .lt is isomorphic to 
the pull-back f* .K of .K with respect to the projection f: G Xs G x 8 X-- G x 8 G; 
i.e., ff satisfies the theorem of the square. 

(b) Foreach generic point e of S, the invertible sheaf ff satisfies the theorem of 
the square after performing the base change Speck(e)-- S. 

Proof The fact that an invertible sheaf on X satisfies the theorem of the square is 
preserved by any base change. Thus the implication (a) ~(b) is obvious. 

In order to show the converse, we may assume that S is irreducible with generic 
point e. If condition (b) is given, there is an invertible sheaf ~ on (G Xs G)~ 
satisfying 

./{~ ~ !~*(~) ' 

where the index e indicates restrictions to generic fibres. We can extend ~ to an 
invertible sheaf .K on G x 8 G because G x 8 Gis regular. For example, this can be 
done by considering a divisor on (G x 8 G)~ which corresponds to ~· Taking its 
schematic closure in G x 8 G, the associated invertible sheaf on G x 8 G may be 
viewed as an extension of ~· 

Now consider the invertible sheaf .lt' := .lt ® (f*(.K))-1 on G x 8 G x 8 X. 
Using the projection p: G x 8 G x 8 X-- S, we claim there is a divisor A on S such 
that 

Namely, .lt~ is trivial. So we can choose a global generator and view it as a mero­
morphic section of .lt'. Then it generates .lt' over an open subset of G x 8 G x 8 X 
whose complement consists of at most finitely many fibres over closed points in 
S. Thus there is a divisor Don G x s G x s X whose support meets only finitely many 
fibres of p over closed points of S such that 

.1{' ~ (!JG Xs G Xs x(D) . 

Now look at the projection 

p3 :G x 8 G x 8 X-x. 

Since the structural morphism G x s G -- S is smooth and has geometrically 
irreducible fibres, the same is true for p3 and it is easily seen that the pull-back of 
a prime divisor on X yields a prime divisor on G x s G x s X. Hence, the Weildivisor 
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D, whose support is not dominant over X, is of the tye p!(Ll') with a Weildivisor 
Ll' of X. So we have 

and it remains to show that lDx(S) is the pull-back of an invertible sheaf on S. If X 
has irreducible fibres over S, a similar argument as above shows that tl' is pull-back 
of a divisor on S. In the general case, consider the morphism 

q = (a,a,idx): X-----+ G x 8 G x 8 X, 

where Bis the composition ofthe structural morphism X -----+ S with the unit section 
S -----+ G. Pulling back ( *) with respect to q, we get on the right-hand side lPx(S). On 
the left-hand side, the pull-back of .Ais trivial; it is the evaluation of .A at the unit 
section of G x 8 G. Furthermore, sincef o q: X-----+ G x 8 G factors through S, we see 
that q*(f*(JV)) is the pull-back of an invertible sheaf on S. So lDx(Ll') is the pull-back 
of an invertible sheaf on S as claimed; we can write it in the form l1J8 (L1) with a divisor 
L1 on S. 

Now, looking at the isomorphism 

obtained from (*), we can replace JV by its tensor product with the pull-back of 
l1J8 (L1) to G x 8 G. Then the resulting invertible sheaf, again denoted by JV, satisfies 
.A ~ f*(JV). Thus .A is as required in condition (a). D 

The essence of the Iemma consists in the fact that an invertible sheaf 2' on X 
satisfies the theorem of the square as soon as the pull-back of 2' to each generic 
fibre of X satisfies this theorem. So, in order to establish Theorem 1, it can be 
assumed that S is the spectrum of a field. 

In the main case where G = X is an abelian variety we are done by the classical 
theorem ofthe square. For the general case, we refer to Raynaud [4], Thm. IV. 3.3, 
in order to see that a power of 2' satisfies the theorem of the square. In fact, one 
shows that 2' itself satisfies the theorem of the square if the field K is replaced by 
a finite radicial extension; cf. Raynaud [4], Thm. IV. 2.6. 

We want to add two possibi1ities of obtaining the theorem of the square in special situations, always 
assuming that the base is a field. First, Iet us consider the case where X is proper. In order to show that 

'P Il': G ---+ PX!K 

is a morphism of group functors, Iook at the relative Picard functor Picx1x (cf. Section 8.1). Since Xis 
proper, smooth, and geometrically connected over K, the canonical morphism 

Px1x---+ Picx1x 

is injective (cf. 8.1/4). So it is enough to show that <py defines a morphism of group functors 

cpft, : G ---+ PicX/K . 

Now we use the fact that Picx1x is representable by a group scheme over K (cf. 8.2/3) and that (Pic~1x)"d 
is an abelian variety A over K; cf. [FGA], no236, Cor. 3.2. Since cpft, maps unit sections onto each other, 
it must factor through A. Then the rigitiy Iemma (cf. Lang [1], Chap. II, § 1, Thm. 4) shows that the 
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resulting morphism 

G----.A 

is a morphism of group functors. Hence, it follows that 2? satisfies the theorem of the square. 
The second method we want to mention applies to the case where X is a torsor under G. The 

applications of Theorem 1 we have in mind refer to this situation. Still considering the case where S 
consists of a field K and replacing K by its algebraic closure, we may assume that X coincides with G 
and, thus, is an algebraic group over an algebraically closed field. Then, by the theorem of Chevalley 
9.2/1, there is an exact sequence of algebraic groups over K 

1 ----> Gaff ----> G --+ A ----> 1 

where Gaff is smooth, connected, and affine, and where A is an abelian variety. Since the Picard group 
of the affine group Gaff consists only of torsion, one can show that a power of 2? is the pull-back of an 
invertible sheaf on A. So one is essentially reduced to the case where G is an abelian variety. 

6.4 The Quasi-Projectivity of Torsors 

We want to introduce the notion oftorsors, a notion which is closely related to the 
concept of group schemes. Consider a base scheme S, an S-scheme X, and an 
S-group scheme G which acts on X by means of a morphism 

G x 8 X---+ X, (g,x) r- gx. 

Assurne that G is (faithfully) flat and locally of finite presentation over S. Then X 
is called a torsor (with respect to the fppf-topology), more precisely, an S-torsor 
under G if 

(i) the structural morphism X ---+ S is faithfully flat and locally of finite 
presentation, and 

(ii) the morphism G x 8 X---+ X x 8 X, (g, x) r- (gx, x), is an isomorphism. 
Viewing G x 8 X and X x 8 X as X-schemes with respect to the second projec­
tions, we see that the isomorphism in (ii) is, in fact, an X -isomorphism. In other 
words, applying the base change X ---+ S to X and G, both schemes become 
isomorphic. The same is, of course, true for any base change Y---+ S which factors 
through X. In particular, if X(S) =F 0, the choice of an S-valued point of X gives 
rise to an S-isomorphism from G to X, and there is no essential difference between 
G and the torsor X. We say that the torsor Xis trivial in this case. Furthermore, 
X---+ S satisfies any of the conditions listed in [EGA IV 2 ], 2.7.1 and [EGA IV 4 ], 

17.7.4, for example, being smooth, separated, or of finite type, provided these 
conditions are satisfied by G---+ S. Namely, in order to apply the cited results, it is 
enough to consider the case where S is affine. Then, since X ---+ S is open, there exists 
a quasi-compact open subscheme Y of X suchthat Y---+ S is surjective and, hence, 
faithfully flat as weil as locally of finite presentation. So, what we have claimed 
follows from the isomorphism G x 8 Y ~X x 8 Y by faithfully flat and quasi­
compact descent. In particular, if G is smooth, X is smooth and it can be trivialized 
after a surjective etale base change S' ---+ S because, after performing a suitable base 
change of this type, X will have sections by 2.2/14. 
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Examples of torsors areeasy to describe. Consider a finite Galois extension L/ K 
of fields. Then Spec L is a (Spec K)-torsor under the constant group Gal(L/ K). Or, 
consider an invertible sheaf ff on a scheme X and remove the zero section from its 
associated total space. The resulting scheme is an X -torsor under the multiplicative 
group (Gmh· lt is trivial if and only if ff is trivial. We want to formulate now the 
main result to be proved in this section. 

Theorem 1. LetS be a Dedekind scherne, and Iet X be a torsorunder an S-group scherne 
G. Assurne that G is srnooth, separated, and of finite type over S. Then X is quasi­
projective over S. In particular, G itself is quasi-projective over S. 

For the proofwe have to construct an S-ample invertible sheaf ff on X. In order 
to do so, we use the theorem of the square. 

First we show that, for any effective divisor D on X, the associated invertible 
sheaf ff := 0x(D) is S-ample if X - supp(D) satisfies certain properties. 

Proposition 2. Let S be a Dedekind scherne and Iet G be a srnooth S-group scherne with 
connected fibres which acts on an S-scherne X, where X is srnooth and of finite type 
over S. Assurne there exists an open subscherne V c X such that V is affine over S 
and such that V rneets all G-orbits of points in X; i.e., such that the action of G induces 
a surjective rnorphisrn G x 5 V----> X. Then, for any effective divisor D on X with 
support X - V, the invertible sheaf ff = 0x(D) is S-arnple. 

For exarnp/e, X - V provided with its reduced structure gives rise to such a divisor 
D; cf [EGA IV 4 ], 21.12.7. 

Proof In a first step we want to reduce to the case where S is local. So assume ff 
is an invertible sheaf on X such that, for each s E S, thc pull-back ff(s) of ff to 
X(s) := X x 5 Spec 0s.s is ample. Then there exist global sections 11 , ... , Ir generating 
a certain power ff(s)®" suchthat the open subscheme X(s)1, c X(s) where Ii gen­
erates ff(s)®" is affine; use [EGA II], 4.5.2, or the characterization of ample 
invertible sheaves given in Section 6.1. By a Iimit argument, the Ii extend to sections 
1; of ff®" over some neighborhood S' of s ES and, by [EGA IV 3 ], 8.10.5, we may 
assume that the 1; generate ff®" over S', that the projection X x s S' ----> S' is 
separated, and that the open subscheme x;, c X x 5 S' where 1; generatcs ff®" is 
affine. Thereby we see that ff is ample over a neighborhood of each point s E Sand, 
thus, that ff is S-ample on X. 

Let us assume now that S is the spectrum of a local ring R. Since ampleness can 
be checked after faithfully flat and quasi-compact base change, as follows from 
[EGA IV2 ], 2.7.2, it is enough to treat the case where R is strictly henselian. Using 
the fact that G has geometrically connected fibres, we sce that G operates on the 
connected components of X. So we can assume that Xis connected. We claim that 
it is enough to consider the case where the structural morphism X ----> S is surjective. 
In fact, X----> S is open and, if X----> S is not surjective, we replace S by the image 
of X. However, doing so, we may loose the property of S being local and strictly 
henselian. In this case we have to go back to the beginning and to start the proof 
anew. Therefore, by induction on the dimension of S, we are reduced to the case 
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where S is local and strictly henselian, where X ~ S is surjective, and where X is 
connected. Then X has sections by 2.3/5 and, thus, its generic fibre is geometrically 
connected by [EGA IV2 ], 4.5.13.1. 

In this situation, we want to establish the assertion ofthe proposition. Replacing 
the divisor D by a multiple of itself, we can assume that the invertible sheaf 
2? = (()x(D) satisfies the theorem ofthe square; see 6.3/1. Then the divisor D9 + D9 -• 

is linearly equivalent to 2D, where we have written D9 for the translate of D under 
g. Hence there is a section l E r(X, 2?02 ) suchthat 

X 1 =X- supp(D9 + Dr,) = gV n g-1 V . 

As the intersection of two affine open subschemes of a noetherian scheme, X 1 is 
quasi-affine. Furthermore, it follows that 2? is ample, provided we can show that 
the open subschemes gV n g-1 V cover X if g varies over G(S). 

So it remains to verify the latter fact. Fixapoint x EX. Write s for its image in 
Sandset k = k(s). We claim that there is a dense open subscheme Zs c Gs suchthat 

X E gVs n g-1 Vs 

for each g E Z 5 (k). To see this, we may assume that x is a closed point of X 8 • Then 
we apply the base change k ~ k' to fibres over s, where k' = k(x) is finite over k. 
Let W be the inverse of Vs @k k' under the morphism 

a 1----+ ax , 

and write w-1 for its inverse under the group law Oll Gs <8\ k'. Then, since V 
meets all G-orbits of points in X and since G has geometrically connected fibres, 
W n w-1 is a dense open subscheme of Gs @k k'. Furthermore, the relation 
x E g(Vs ®k k') n g-1(Us ®k k') is equivalent to g-1x E Vs ®k k' and gx E Vs ®k k'. 
Thus x E g(Vs ®k k') n g-1(Vs ®k k') for all g E (W n w-1 )(k'). Then, using methods 
of descent, we find a dense open subscheme of W n w-1 descending to a dense open 
subscheme Zs of Gs such that x E gVs n g-1 Vs for all g E Z 5 (k). 

Now it is easy to see that the open subschemes gV n g-1 U cover X if g varies 
over G(S). Namely, we have only to realize that, for each dense open subscheme 
Zs c Gs of a fibre over a point s ES, there exists a section in G(S) which, by restriction 
to G., yields a section of Zs. If s is the closed point of S, this follows from 2.3/5. If s 
belongs to the generic fibre of S, we can consider the schematic closure of Gs - Zs 
in G. lts special fibre is nowhere dense in the special fibre of G so that an argument 
as the one given before will finish the proof of Proposition 2. 

Later, in 6.6/1, we will use the same idea of proof again without the restriction 
that the base S is of dimension ::::;; 1. In this case, one can apply the assertion of 5.3/7 
in order to end the proof. D 

In order to derive the assertion ofTheorem 1 from Proposition 2, we need some 
further preparations. Let G0 be the identity component of G; i.e., G0 is the open 
subscheme of G which is the union of all identity components of the fibres Gs over 
points s ES (cf. [EGA IV 3 ], 15.6.5). Then G0 has geometrically connected fibres, 
and it acts on X. Therefore we can apply Proposition 2 if we can find an open 
subscheme U c X suchthat U is affine over Sand suchthat U meets all G0 -orbits 
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of points in X. As is easily checked on geometric fibres, the latter condition is 
equivalent to the fact that U isS-densein X: 

Lemma 3. Let X be a torsor under a smooth S-group scheme G which is of finite type 
over S, and consider an open subscheme U c X. Then U meets alt G0 -orbits of points 
in X if and only if U isS-densein X. 

In order to really construct an open subscheme U c X as required in Proposi­
tion 2, we have to derive some information on the existence of affine open sub­
schemes of X. 

Lemma 4. Let S = Spec R be an affine scheme which is noetherian, and consider an 
S-scheme X of finite type which is normal and separated. Let (xJi e 1 be a finite family 
of points of codimension ~ 1 in X. Then there exists an affine open subscheme U c X 
containing all points xi. 

Proof We may assume that Xis connected with field of rational functions Land, 
furthermore, that all xi are of codimension 1. Then the local rings {!)x,x, are discrete 
valuation rings contained in L, and they are pairwise different since X is separated. 
So we can use the approximation theorem for inequivalent valuations (cf. Bourbaki 
[2], Chap. VI,§ 7, ll 0 1, Prop. 1) and see that 

A := n {!)X,x, 
iel 

is a semi-local ring with local components {!)x,x,· We can write Aas a direct Iimit of 
R-algebras Ai offinite type. Interpreting the elements of each Ai as rational functions 
on X, we obtain for eachj a rational map 

ui : X ---+ Spec Ai 

which is an S-morphism in a neighborhood of each xi. Since X and Ai are of finite 
type over R, our construction shows that ui is an open immersion at each xi if j is 
big enough; cf. [EGA IV 2 ], 8.10.5. Thus we have reduced the assertion ofthe Iemma 
to the case where Xis quasi-affine and where it is easily verified. 0 

Now we are able to prove the assertion of Theorem 1. As explained before, we 
have only to construct an S-dense open subscheme U c X which is affine over S. 
In order to do this, fix a closed point s E S. W orking over an affine neighborhood 
S' of s inS and applying Lemma 4, there is an affine open subscheme U' c X x 5 S' 
which contains all generic points of X x 5 S' and all generic points of the fibre X 8 • 

The complement of U' in X x 5 S' equals the support offinitely many prime divisors 
D1 , ... , D, of X x 5 S'. Removing from S' all closed points s' such that the support 
of some Di is contained in X 8 ., we may assume that U' is S'-dense in X x 5 S'. 
Proceeding this way with all closed points in S, and using a quasi-compactness 
argument, we obtain affine open subschemes U1, ... , un of X suchthat Ui is Si-dense 
over an affine open part Si of Sand suchthat the Si cover S. For simplicity, assume 
that S is irreducible with generic point ~. Let D~ be an effective divisor on X~ 
with support 
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n 

X~- n UJ, 
i=l 

let D be its schematic closure in X, and set U := X - supp D. Then U is S-dense 
in X since all UJ are dense in X~ and since supp D cannot contain components of 
closed fibres of X. Furthermore, U is affine over S. Namely, U x 8 Si is contained 
in Ui; it differs from the affine scheme ui by the Support of a divisor. Therefore the 
inclusion U x 8 Si ~ Ui is affine, as can be checked locally, and it follows that 
U x s Si must be affine itself; cf. [EGA li], 1.3.4. So we have constructed U as 
required in Proposition 2, thereby finishing the proof of Theorem 1. D 

6.5 The Descent of Torsors 

In this section we want to apply the descent techniques of 6.1 to torsors under group 
schemes. So far wehavedealt only with the descent of schemes without considering 
a group structure or a structure of torsor on them; however, we will see that the 
methods of6.1 apply immediately to the new situation. Namely, consider a faithfully 
flat and quasi-compact morphism of schemes p : S' ~ S as well as an S' -group 
scheme G'. As in 6.1, set S" := S' x 8 S', and let PI> p2 : S" ~ S' be the projections. 
Recall that, in terms of schemes, a descent datum on G' with respect to p consists 
of an S" -isomorphism 

<p: pfG' ~ p!G' 

satisfying the cocycle condition. Using the canonical isomorphisms 

i = 1, 2, 

one obtains from <p a descent datum 

<p x <p: pf(G' x 8• G') ~ p!(G' x 8 • G') 

on G' x 8 • G'. Talking about descent data on group schemes, it is required that the 
descent datum <p on G' is compatible with the group multiplication m : G' x s· G' ~ 
G'; i.e., that the diagram 

pf(G' x 8• G') 
<pX<p 

p!(G' x 8 • G') 

'""' j j '""' 
pfG' 

<p 
p!G' 

is commutative. Viewing pf G' as the S" -group scheme obtained from G' by means 
of the base change Pi : S" ~ S', the condition simply says that the descent datum 

<p: pfG' ~ p!G' 

is an isomorphism of S"-group schemes. Then, if the descent is effective, i.e., if G' 
descends to an S-scheme G, Theorem 6.1/6 implies readily that the group structure 
descends from G' to G and, hence, that G is an S-group scheme. 
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The procedure is similar for torsors. Consider an S'-scheme X' which is a torsor 
under an S'-group scheme G'. Let q> be a descent datum on G' which is compatible 
with the group multiplication on G'. Then a descent datum 1/J on X' is said to be 
compatible with the structure of X' as a torsor under G' if the action 

G' x 8.X'~X' 

is compatible with the descent data q> and 1/J. If q> and 1/J are effective, G' descends 
to an S-group scheme G and X' to an S-scheme X which is a torsor under G. 

In the following, we want to exploit the existence of ample invertible sheaves in 
order to treat the descent oftorsors over discrete valuation rings. Since it is necessary 
to study the problems on generic fibres first, our considerations will include the 
more or less trivial case where the base consists of a field. 

Theorem 1. Let R ~ R' be a faithfully flat extension of discrete valuation rings (resp. 
of fields). Let G' be an R'-group scheme which is smooth, separated, and of finite type 
over R', and let X' be an R'-torsor under G'. Furthermore, assume that there are descent 
data with respect to R ~ R' on G' and X' such that these data are compatible 
with the group structure on G' and with the action of G' on X'. Then G' descends 
to an R-group scheme G, and X' descends to an R-torsor X under G. Furthermore, 
by the properties of descent, G and X are smooth, separated, and of finite type 
over R. 

Before we give the proof, let us discuss some applications of the theorem. First 
we go back to Section 5, where we have studied the problern of associating group 
schemes to birational group laws; cf. 5.1/5. In 5.2/3, which applies to strict birational 
group laws, we had worked out a solution for the case where the base consists of a 
strictly henselian local ring R which is noetherian and normal. Now, using descent, 
we can show that 5.2/3 remains true if we work over a discrete valuation ring or 
over a field, without assuming that the latter is strictly henselian. Thereby we will 
fill the gap which was left in the proof of 5.1/5; we refer to Section 6.6 for a more 
rigorous approach to the problem. 

Corollary 2. Let R be a discrete valuation ring or a field, and let m be a strict birational 
group law on an R-scheme V which is separated, smooth, faithfully flat, and of finite 
type over R. Then there exists an open immersion V ~ G with R-dense image into 
a smooth and separated S-group scheme G such that the group law on G restricts to 
m on V. The group scheme G is unique up to canonical isomorphism. 

Proof Write R' for a strict henselization of R. Then, applying the base change 
R ~ R' to our situation, we obtain a strict birational group law m' on the 
R'-scheme V'= V ®R R'. It has a unique solution by 5.2/3; i.e., there is an open 
immersion V'~ G' into an R'-group scheme G', just as we have claimed for V 
andm. 

In order to prove the corollary, it is enough to extend the canonical descent 
datum on V' to a descent datum on G' which is compatible with the group structure 
on G'. Then Theorem 1 can be applied. As usual, set R" = R' ®R R' and write p1 , 
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p2 for the projections from Spec R" to Spec R'. The canonical descent da turn on U' 
consists of the canonical isomorphism 

pfU' ~p!U'. 

Working over the base R", we see immediately from the uniqueness assertion in 
5.1/3 that this isomorphism extends to an isomorphism of R" -group schemes 

pfG' ~p!G'. 

A similar argument shows that the isomorphism satisfies the cocycle condition; so 
we have a descent datum on G' as required. 0 

As a second application, we want to discuss the existence of Neron models for 
torsors in the local case. Since, over strictly henselian valuation rings, torsors under 
smooth group schemes are trivial, the problern is a question of descent. 

Corollary 3. Let R c R' c Rsh be discrete valuation rings, where Rsh is a strict 
henselization of R, and Iet K, K' and Ksh denote the fields of fractions of R, R' and 
Wh. Furthermore, Iet XK be a K-torsor under a smooth K-group scheme GK of finite 
type, and assume that, after the base change K ~ K', there are N eron models G' of 
GK. and X' of XK' over R'. Then G' (resp. X') descends to a Neron model Gof GK 
(resp. X of X K) over R. Furthermore, if the torsor X K is unramified, i.e., if X K(Ksh) # 0, 
the structure of XK as a torsor under GK extends uniquely to a structure of X as a 
torsor under G. 

Postponing the proof for a moment, Iet us first explain why X might not be a 
torsor under G. The universal mapping property of Neron models implies that the 
action of GK on XK extends uniquely to an action of G on X giving rise to an 
isomorphism 

(g, x) ~ (gx, x) . 

However, in general, X will not be a torsor under G, since the structural morphism 
X ~ Spec R might not be surjective; i.e., it can happen that the special fibre of X 
is empty. Due to 2.3/5, the latter is the case if and only if X(Rsh) is empty or, by the 
Neron mapping property, if and only if XK(Ksh) is empty. The torsor XK is called 
ramified if XK(K8h) = 0, and unramified if XK(Ksh) # 0. Combining the assertion 
of 1.3/1 with the preceding corollary, we can say: 

Corollary 4. Let R, K, Ksh be as before, and let XK be a K-torsor under a smooth 
K-group scheme GK of finite type. Then thefollowing conditions are equivalent: 

(a) XK admits a Neron model over R. 
(b) XK(Ksh) is bounded in XK. 
(c) XK is ramified or GK(Ksh) is bounded in GK. 

Proof of Corollary 3. As far as the Neron model of X K is concerned, the assertion 
is trivial if X' has empty special fibre and thus coincides with XK'· So assume that 
the latter is not the case and, hence, that X' is a torsor under G'. We claim it is 
enough to verify that the canonical descent data on GK. and XK. extend to descent 
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data on G' and X'. Namely, the extensions are unique since both G' and X' are llat 
and separated over R'. By the same reason, we obtain the compatibility of the 
descent data with the group structure of G' and the structure of X' as a torsorunder 
G'. Then Theorem 1 is applicable, and it follows that the pair (G', X') descends to a 
pair (G, X) over R. That G and X satisfy the universal mapping property of Neron 
models is a consequence of 6.1/6 (a) and, again, of the fact that G' and X' are flat 
and separated over R'. So, as claimed, it is enough to construct extensions of the 
canonical descent data on GK. and X K'. Next, observe that G' and X' are of finite 
type over R'. Since R' c Wh, we see by a Iimit argument that G' and X' (as weil as 
the group structure of G' and the structure of X' as a torsorunder G') arc already 
defined over an etale extension of R. So it is enough to consider the case where R' 
is etale over R. 

Now write R" := R' @R R' and Iet P;: Spec R"--+ Spec R', i = 1, 2, be the 
projections. Then, since the formation of Neron models is compatible with etale 
base change (cf. 1.2/2), we see that p[(X') is a Neron model of p[(X~.) over Spec R". 
Thus, by thc Neron mapping property, the canonical descent datum 

<PK·: pj(X~.)--+ pi(X~.) 

extends to an isomorphism 

<P: pj(X')--+ pi(X') 

which, in fact, constitutes a descent datum on X'. In the same way, the canonical 
descent datum on G~. is extended to a descent datum on G. D 

Remark 5. The assertion of Corollary 3 remains valid if, instead of a pair R c R' 
where R' is contained in a strict henselization of R, one considers a pair of discrete 
valuation rings R c R' such that a uniformizing element of R gives rise to a 
uniformizing element of R' and suchthat the residue extension of R'/R is trivial. 
For example, R' can be the maximal-adic completion of R (actually, it is only neces­
sary to require that R' is oframification index 1 over R; see 7.2/1). Namely, revicwing 
the proof of Corollary 3, the first part, which reduces the assertion to the problern 
of extending descent data from GK. to G' (resp. X~. to X'), remains valid. That the 
required extensions of descent data exist is a consequence of Lemma 6.2/0.3. 

lt remains to give the proof of Theorem 1. For the applications in Corollaries 2 
to 4 which have just been discussed, the theorem is not needed in its full generality. 
Namely, in the first case (Corollary 2), we know that 

(a) there exists an R' -dense open subscheme U' c X', stable tmder the descent 
datum (){X', suchthat the descent is effective on U', 

whereas in the second case (Corollaries 3 and 4) we know that 

(b) K', the field of.fractions o.f R', is algebraic over K, the .field offi"actions ()( R. 

Both properties can simplify the proof substantially. In order to demoostrate 
this, we will first establish the theorem under the additional assumption (a), and 
then under (b). Finally, we will indicate how to reduce the general case to the 
situation (a). Also we want to mention that we have only to work out the descent 
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for the torsor X', because G' can be handled in the same way by viewing it as a 
trivial torsor under itself. 

As a first step we show that, independently of conditions (a) or (b), the descent 
we have to perform is always effective on generic fibres. So consider the extension 
K -----* K' of the fields of fractions of R -----* R'. Since X~. is of finite type over K', 
we may use a limit argument and thereby replace K' by a K-subalgebra C of finite 
type. Then the quotient Cjm by some maximal ideal m c C is a finite extension of 
K. If [C/m: K] = 1, the morphism Spec C-----* SpecK has a section, and the 
descent with respect to it is effective by 6.1/5. If [Cjm: K] > 1, the same argument 
applies to Spec(C ®K Cjm)-----* Spec C/m so that we may replace K' by Cjm. 
Thereby we are reduced to the case where [K': K] < oo, and we may assume that 
K' is quasi-Galois, or since the descent is trivial for radicial extensions, that K' is 
Galois over K. Then the descent on X~. is a Galois descent (see Example 6.2/B) and, 
in order to show it is effective, it is enough to know that finitely many given points 
of X~. are always contained in an affine open subscheme of X~ .. That the latter 
condition is fulfilled can be seen either from the quasi-projectivity of X~. (use 6.4/1) 
or, in a more elementary way, by using standard translation arguments. So the 
descent is effective, and X~. descends to a K -scheme X K· This settles the assertion of 
Theorem 1 for the case where R and R' are fields. 

Next, let us assume that condition (a) is satisfied. Then U' descends to an 
R-scheme U, where UK is open in XK. Applying Lemma 6.4/4 to U, we can find an 
R-dense affine open subscheme of U, and hence, by pulling it back to U', an 
R'-dense affine open subscheme of U' which is stable under the descent datum on 
X'. In other words, we can assume that U' is affine. W e claim one can find an effective 
divisor D' on X' with support X' - U' suchthat D' is stable under the descent datum 
on X'. Denoting the descent datum on X' by <p :Pi X'-----* p~ X', the latter means 
that Pi D' corresponds to p~ D' under the isomorphism <p. In order to obtain such 
a divisor D', choose an effective divisor DK on XK with support XK- UK (cf. [EGA 
IV 4 ], 21.12.7), and define D' as the schematic closure of the pull-back of DK to X~ .. 
By the properties of the schematic closure, the descent datum on X' extends to a 
descent datum on the pair (X', 2') where 2' := (!Jx(D'). Considering the action of 
the identity component of G' on X', we conclude from 6.4/2 and 6.4/3 that 2' is 
ample. Hence, 6.1/7 shows that the descent is effective on X'. This settles the 
assertion of Theorem 1 if condition (a) is given. 

Now let us assume that condition (b) is satisfied. We want to reduce to condition 
(a). Applying Lemma 6.4/4, there is an R'-dense affine open subscheme Q' c X'. 
In particular, F;._. := X~. - Q~. is nowhere dense in X~. and, since K' is algebraic 
over K, its image FK in XK is nowhere dense. Set UK := XK- FK. Then u;.,. := 
UK ®K K' is a dense open subscheme of n~ .. Subtracting from X' the schematic 
closure of X~. - u;._. we arrive at an R'-dense open subscheme U' of X' whose generic 
fibre is u;._ .. Furthermore, by construction, U' is stable under the descent datum on 
X', and it is quasi-affine since U' c Q'. The latter inclusion is verified by using the 
fact that X' - Q' is the support of a divisor and that, since Q' is R'-dense in X', the 
schematic closure of X~. - Q~. in X' coincides with X' - Q'. In particular, the 
descent is effective on U' by 6.1/6, and we have thus reduced assumption (b) to 
assumption (a). 
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In order to prove Theorem 1 in its general version, some preparations are necessary. Consider a 
smooth and separated scheme X of finite type over a discrete valuation ring R. Let K be the field 
of fractions of R, and Iet k be the residue field of R. Writing A := r(X, (1)x), we have a canonical 
morphism 

u : X ----> Spec A 

whose formation is compatible with flat base change. Foreach f E A, we denote by A1 the localization 
of A by fand by 

u1 : X1 ____. SpecA1 

the morphism obtained from u by the base change Spec A1 ----> Spec A. 
In this situation, u is of finite type since X is of finite type over R. Furthermore, Spec A is flat over 

R and normal since the same is true for X. Since the formation of global sections on X commutes with 
flat base change, there are canonical isomorphisms 

and, for f E A, 

Moreover, we have a canonical injection 

Ak := A @R k ~ r(Xb(1)x)· 

So a global section h E A vanishes on the special fibre Xk if and only if h E nA, where n is a uniformizing 
element of R. 

Lemma 6. Let u: X----> SpecA be as above and assume that the generic fibre XK is affine. Then uK: 
XK----> SpecAK is an isomorphism and, if Xk # 0, there exists an element f E A suchthat X1 n Xk # 0 
and suchthat u1 : X1 ----> SpecA1 is an isomorphism. 

Proof The first assertion is clear. Next, assume Xk # 0. Using the separatedness of X, we can apply 
Lemma 6.4/4 and find an R-dense affine open subscheme U c X. Since u: X----> Spec A is an iso­
morphism on genericfibres, thereis anf E AK, we may assumejE A, suchthat (X1 )K c UK. Furthermore, 
Xk is not empty, so we may assume f E A - nA. Then consider the schematic closure of X K - (X1 )K in 
X; it is contained in X- X1 . Similarly, since U is R-dense and affine in X, its complement X- U is of 
pure codimension 1 by [EGA IV4 ], 21.12.7, and we see that it equals the schematic closure of XK- UK 
in X. So we obtain from (X1 )K c UK the inclusions 

XK- (Xf)K => XK- UK 

and, hence, 

X- X1 =>X- U. 

Therefore X1 c U and, thus, X1 = U1 is affine. Interpreting A1 as the ring of global sections on X1 , the 
morphism u1 : X1 ----> Spec A1 is an isomorphism. Consequently, since f does not vanish identically on 
Xk, the assertion of the Iemma follows. D 

It should be realized that, in the situation of Lemma 6, we cannot expect to find a global section f E A 
suchthat u1 : X1 ----> SpecA1 is an isomorphism and X1 is R-dense in X. For example, consider an 
irreducible conic C c IP'~ whose special fibre consists of two projective !in es P1 and P2 . Assurne that C 
admits an R-valued point meeting P2 , but not P1 . Removing this point from C, we obtain an R-scheme 
X whose generic fibre is affine and whose special fibre consists of two components, one of them P1 . 

Since each global section of (1)x must be constant on P1 , we see that any subscheme X1 c X, as in Lemma 
6, must be disjoint from P1 . So X1 cannot be R-dense in this case. 

Returning to the proof ofTheorem 1, it is enough to construct an open subscheme U' c X' as required 
in condition (a). In order to do this, we will forget about the special situation given in Theorem 1 and 
assume only that X' is a smooth and separated R' -scheme of finite type with a descent da turn on it, which 
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is effective on the generic fibre X~ .. In particular, we may apply the above considerations to X' as a 
scheme over R' (and to suitable open subschemes of it). First we reduce to the case where the generic 
fibre of X' is affine; then Lemma 6 is applicable. Let K ---> K' be the extension of fields of fractions 
corresponding to R---> R'. We know already that the generic fibre X~. descends to a K-scheme XK. 
Choose an affine dense open subscheme VK c XK and consider its puii-back v~. to x~ .. Then x~. - v~. 

isthin in X~., and its schematic closure is R'-thin in X'. Ifwe remove it from X', we obtain an R'-dense 
open subscheme whose generic fibre is affine and which is stable under the descent datum on X'. We can 
replace X' by this subscheme and thereby assume that the generic fibre of X' is affine. 

Now set A' = r(X', (l)x.) and consider the canonical morphism u' : X' ---> Spec A'. Then the descent 
datum on X' yields a descent datum on Spec A' such that the morphism u' is compatible with these 
descent data. Let V' be the open subscheme of X' consisting of aii points of X' where u is quasi-finite. 
We claim that 

(i) the generic fibre of V' coincides with X~, and the special fibre of V' is non-empty, 
(ii) V' is stable under the descent datum of X', and 

(iii) V' is quasi-affine; in particular, the descent datum is effective on V'. 
Namely, property (i) is a consequence of Lemma 6, whereas property (ii) foiiows from the fact that, for 
a morphism of finite type, quasi-finiteness at a certain point can be tested after surjective base change 
such as provided by the projections Spec R' x R Spec R' :=:4Spec R'. In order to justify the latter claim, 
observe that quasi-finiteness can be tested on fibres. So it is enough to consider a field as base and a 
field extension as base change. In this situation, a dimension argument gives the desired assertion. Finaily, 
property (iii) foiiows from Zariski's Main Theorem (in the version 2.3/2'); it implies that u' : X' ---> Spec A' 
restricts to an open immersion on V'. So V' is quasi-affine, and the desccnt is effective on V' by 6.1/4. 

If V' is R'-dense in X', we have obtained an open subscheme of X' as required in condition (a). If V' 
is not R' -dense in X', remove from X' aii components of the special fibre which meet V'. The resulting 
open subscheme of X', caii it x;, is again stable under the descent datum. So, concluding as before, X! 
contains an open subscheme v; satisfying conditions (i) to (iii). Continuing this way, we can work up the 
finitely many components of Xk and thereby obtain finitely many open subschemes V', v;, ... , V~ c X' 
satisfying conditions (i) to (iii). Then the union of these subschemes is R' -dense in X' and, hence, gives 
rise to an open subscheme of X' as required in condition (a), thereby finishing the proof of Theorem 1. 

0 

6.6 Applications to Birational Group Laws 

In this section, we want to sharpen M. Artin's result on the construction of group 
laws from birational group laws, which is explained in [SGA 3u], Exp. XVIII. Let 
S be a scheme, and consider anS-birational group law m on a smooth S-scheme X. 
It is shown in [SGA 3u], Exp. XVIII, that, if m is strict in the sense of 5.2/1, there 
exists a solution X in the category of algebraic spaces such that X contains X as 
an S-dense open subspace; for the notion of algebraic spaces see Section 8.3. We 
will admit this result. However, if the base S is normal, it could also have been 
obtained by the construction technique of Section 5.3. The latter method yields even 
more, namely that X is a scheme for the etale topology of S. Using the descent 
techniques of Section 6.5, we want to show that X is already a scheme. So, we will 
mainly be concerned with the representability of a smooth group object in the 
category of algebraic spaces. 

Theorem 1. Let S be a scheme, and let m be an S-birational group law on a smooth 
and separated S-scheme X which is faitlifully flat and of finite presentation over S. 
Then there exists a smooth and separated S-group scheme X of finite presentation 
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with a group law m, tagether with an S-dense open subscheme X' c X and an open 
immersion X' ~ X having S-dense image such that m restricts to m on X'. 

The group scheme X is unique up to canonical isomorphism. If the S-birational 
group law m is strict, the assertion is true with X' replaced by X. 

Proof Due to the uniqueness assertion 5.1/3, we may assume that S is affine and, 
using limit arguments, that S is noetherian. Ifthe S-birationallaw is strict, it follows 
from the result of M. Artin that there exists a solution X of the strict law in the 
category of algebraic spaces containing X as an S-dense open subspace of X. As 
we will see by the theorem below, the solution is represented by a scheme. Thereby, 
Theorem 1 will be proved for the case where the S-birational group law is strict. 
Now we want to treat the general case accepting the assertion of Theorem 1 for 
strict S-birationallaws. 

Let U be the largest open subscheme of S such that the S-birational group law 
has a solution over U; here andin the following, solutions are meant in the category 
of schemes. If U # S choose the generic point s of an irreducible component of 
S - U. Since we consider only S-schemes of finite presentation, it suffices to verify 
that there exists a solution after the base change Spec( (98 ,.) ~ S. So we may assume 
that S is a local scheme, and that s is the closed point of S; then U = S- {s}. 

Assurne first that, for each component X! of x., there exists a section u; of X 
over S crossing the given component. Let X(u;) be the union of all components of 
the fibres of X meeting the section u;; due to [EGA IV 3 ], 15.6.5, X(u;) is an open 
subscheme of X. Denote by X 0 the union of the X(u;); note that X 0 might not be 
S-dense in X. Then m induces anS-birational group law m0 on X 0 . Moreover, due 
to the construction, the components of the fibres of X are geometrically irreducible. 
Now one can proceed as in the proof of 5.2/2. The setZ (in the proof of 5.2/2) will 
provide an S-dense open subscheme X~ of X 0 such that m0 induces a strict law m~ 
on X~. Namely, set 

Ql = y ( ~ P1(Z11 (X(u;) x 8 X(ui)))) 

where p1: X x 8 X~ Xis the first projection. Then Q1 is S-dense open in X 0 , and 
Z 11 {Q1 x 8 X0 ) is Q1-dense in Q1 x 8 X 0 • Defining Q2 in a similar way by using the 
second projection, the intersection Q 1 11 Q 2 defines an S-dense open subscheme X~ 
of X 0 . As in 5.2/2, one shows that the restriction m~ ofm to X~ is strict. As we have 
said above, there is a solution X~ of the strict law m~ which contains X~ as an 
S-dense open subscheme. Since X~ x 8 U is an open subscheme of the solution Xu 
ofthe restriction ofm to U, one can glue X~ and Xu along X~ x 8 U in order to get 
a solution of m. 

In the general case, one performs first an etale surjective extension S* ~ S of 
the base in order to get enough sections of X. So one obtains a solution X* of the 
S*-birational group law m x 8 S*. Now consider the S*-birational map 

l : X X s S* ---+ X* . 

The canonical descent datum extends to a descent datum on X* by the uniqueness 
of solutions; cf. 5.1/3. Furthermore, there exists a largest open subscheme X* of 
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X x 8 S*, where the map z is defined and where z is an open immersion; use the 
separatedness of X x s S* and ofX* as well as the birationality of z. Since the domain 
of definition is compatible with flat base change (cf. 2.5/6), the formation of the 
largest open subscheme where z is defined and where z is an open immersion is 
compatible with flat base change. So X* is stable under the descent datum and, 
hence, there exists an open subscheme X' of X which is S-dense in X such that 
X' x 8 S* = X*. Then it is easy to see that the S-birationallaw m on X restricts to 
a strict law on X'. D 

In order to complete the proof of the preceding theorem, it remains to show the 
following result on the representability of algebraic spaces with group action. 

Theorem 2. Let S be a locally noetherian scheme and let G be a group object in the 
category of algebraic spaces over S. Assurne that G is smooth over S and that G has 
connected fibres over S. Let X be a smooth algebraic space over S and let 

a: G Xs X---+ X 

be a group action on X. Let Y be an open subspace of X. Then the image GY of G x s Y 
in Xis an open subspace of X. If GY equals X, the following assertions hold: 

(a) If Y is separated (resp. of finite type) over S, the same is true for X. 
(b) If Y is a scheme, then Xis a scheme. 
(c) If S is affine and if Y is quasi-affine, any finite set of points of X is contained 

in an affine open subset of X. 
(d) If S is normal and if Y is affine over S, any effective Weildivisor of X with 

support X- Y is a Cartier divisor, and is S-ample. In particular, Xis quasi-projective 
over S. 

Corollary 3. Let S be a Dedekind scheme, and let G be a group object in the category 
of algebraic spaces over S. Assurne that G is separated, smooth, and of finite type over 
S. Then G is a scheme. 

Proof of Corollary 3. Let Y be the open subspace of G consisting of all points which 
admit a scheme-like neighborhood. Due to Raynaud [6], Lemme 3.3.2, Y contains 
all the generic points ofthe fibres of G over S. Hence, Y isS-densein G. So Theorem 
2 yields that G is a scheme. D 

Proof of Theorem 2. The group action a is the composition of the maps 

G x 8 X 
(p,,a) P2 

G x 8 X--~x 

where Pi is the projection onto the i-th factor, i = 1, 2. The first map is an iso­
morphism, and the second one is smooth, since Gis smooth over S. Hence, the map 
a is open, and the image GY is an open subspace of X. 

(a) In order to prove the separatedness of X, we can use the valuative criterion. 
So, we may assume that S consists of a discrete valuation ring R with field of 
fractions K and residue field k. Then we have to show that any two R-valued points 
x 1 , x 2 E X(R) which coincide on the generic fibre are equal. Let .X1, x2 be the induced 
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closed points. Since the sets 

Q = {g E G Xs k, g-1X; E Y Xs k} , i = 1, 2' 

are open and non-empty, they are densein G x 5 k. Due to the smoothness of G 
over S, there exist an etale surjective base extension R -----+ R' and a section g E G ( R') 
inducing a point of 01 n 02 . Thus X; E g Y and, hence, X; E g Y for i = 1, 2. Since Y 
is separated over S, we see that x1 = x2 . 

In order to show that X is of finite type over S if Y is, it suffices to verify that X 
is quasi-compact if S is affine. Since the map 

(J:G x 5 Y-----+X 

is surjective, the assertion follows from the fact that Gis quasi-compact, as can easily 
be deduced from Lemma 5.1/4. 

(d) We may assume that S is affine. Due to assertion (a), Xis offinite presenta­
tion and separated over S. Let D be an effective Weildivisor with support X- Y. 
Due to the theorem of Ramanujam-Samuel [EGA IV 4 ], 21.14.3, D is a relative 
Cartier divisor. Namely, as can be seen by an etale localization on X, this theorem 
carries over to the case of algebraic spaces. Next we want to show that 2 = mx(D) 
is S-ample. To do this, we need the fact that y®n satisfies the theorem ofthe square 
for large integers n if the generic fibres of X over S are geometrically irreducible, cf. 
Section 6.3. Namely, after etale localization of the base, X can be covered by open 
subspaces of type X1 where l varies over the global sections of y®•. The X1 are 
affine as intersections of translates of Y; cf. the proof of 6.4/2 or Raynaud [4], 
Thm. V.3.10, p. 88. In order to verify that y®n satisfies the theorem of the square 
for large integers n, one proceeds as follows: 

Similarly as in the proof of 6.3/2, one reduces to the case where S consists of a 
field. Then Gis a scheme; cf. Section 8.3. We claim that Xis a scheme, too. Let U 
be the set consisting of all points of X admitting a scheme-like neighborhood. Using 
finite Galois descent, one easily shows that U is invariant under G, since any finite 
set of points of U is contained in an affine open subscheme of U. In our case, due 
to the assumption X = GY, one has U = X. So, X is a scheme, and the assertion 
follows from Raynaud [4], Thm. IV 3.3 (d), p. 72. 

Finally, since Y-----+ S is affine, the reduced subscheme with support X - Y is 
a Weildivisor by [EGA IV4 ], 21.12.7, and thus an S-ample Cartier divisor. There­
fore X-----+ S is quasi-projective. 

(c) First, let us show assertion (c) under the additional assumption that S is 
normal. Let x 1 , ... , x. be finitely many points of X, and let s 1 , ... , s. be their images 
in S. Since Y is quasi-affine, there exists an affine open subscheme Y* of Y which 
gives rise to a dense open subscheme of the fibres Y.., ... , Y.n· Then the points 
x 1 , ... , x. are contained in the image X* of G x 5 Y* under (J. We may replace X by 
X*, and so we may assume that Y is affine. In this case, the assertion follows from 
assertion (d). Namely, X admits a relatively ample line bundle, since X- Y with 
its reduced structure gives rise to a Weil divisor; cf. [EGA IV 4 ], 21.12.7. So, Xis 
quasi-projective over S, and hence X satisfies assertion (c). 

Now let us consider the general case. Using Iimit arguments, we may assume 
that S is of finite type over the ring of integers 7L. Let S be the normalization of S, 
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and set X= X Xs Sand G = G Xs S. Then Xis a scheme by what we have just 
proved, and any finite set of points of X is contained in an affine open subscheme 
of X. Furthermore, X' =X Xs S' is a scheme after etale surjective base extension 
S'----> S, since there are finitely many sections of G such that X can be covered 
by the translates of Y under these sections, as follows from 5.3/7; seealso 6.4/2. In 
order to show the effectivity of the canonical descent datum on X' we make use of 
the following result which is contained in Raynaud [3], Cor. 3.8 and Thm. 4.2: 

LetS be a locally noetherian scheme, let S'----> S be a faithfully flat quasi-compact 
morphism of schemes, and let S----> S be a finite surjective morphism of schemes. Let 
X be a sheaf for the fppf-topology of S (cf Section 8.1). Assurne that X'= X Xs S' 
is represented by an S'-scheme which is locally of finite presentation, and that X = 

X x s S is represented by an S-scheme. Then 
(i) X is represented by an S-scheme of finite presentation if and only if, for each 

point x of X, there exists an affine open subscheme of X which contains all points of 
X giving rise to the same point of X as x. 

(ii) If X satisfies the property that any finite set of points of Xis contained in an 
open affine subscheme, so does X. 

Thus we see that X is a scheme, and any finite set of points of X is contained in 
an affine open subscheme of X, since X has this property. 

Assertion (b) follows from (c). D 

6.7 An Example ofNon-Effective Descent 

Let R be a discrete valuation ring with field of fractions K and residue field k. In 
the present section we will consider relative curves over R; i.e., flat R-schemes X 
whose fibres are of pure dimension 1. We assume that, in addition, Xis normal and 
proper over R and that the generic fibre X K is connected. Then X K is regular (in fact, 
smooth over K if char K = 0), and the set of singular points x of X (i.e., of those 
points where the local ring (!Jx,x is not regular) is a finite subset of the special fibre 
Xk; see [EGA IV 2 ], 5.8.6, and [EGA IV 2 ], 6.12.6. The example we want to present 
is based on the fact that, after replacing the base R by a henselization Rh, irreducible 
components of Xk can be contracted in X whereas, over a non-henselian ring R, 
such a procedure is not always possible. 

To construct an R-curve with a non-effective descent datum on it, set A = 

IC [ r, r - 1 ], where r is an indeterminate, and start out from a smooth and proper 
elliptic curve E over S = Spec A which has non-constant j-invariant. Alternatively, 
we can consider the ring A = (J) [ r, r-1 ] and the elliptic curve with constant 
j-invariant E c IP'§ which is given by the equation 

y2z = x 3 + rxz2 . 

Replacing A by the local ring R = (!Js.t at a closed point t E S if A = IC [ r, r - 1 ] (resp. 
at a suitable closed point t ES corresponding to a maximal ideal (r- t) c A with 
t E (J)* if A = Q[r,r-1 ]), we will show in Proposition 5 that there exists a rational 
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point ak E Ek such that none of the multiples rak with r > 0 admits a Iifting to an 
R-valued point of E. Blowing up ak in E yields a proper curve X over R which is 
regular. Jts special fibre Xk consists of two components, the strict transform Ek of 
Ek and the inverse image of ak which is a projective line Pk; both intersect transversal­
ly at a single point. 

In this situation we will see in Lemma 6 that one cannot contract the component 
Ek in X; i.e., there does not exist an R-morphism u: X~ Y ofproper normal curves 
over R which is an isomorphism over Y- {y} and which satisfies Ek = u-1 (y). 
However, if we pass from R to a henselization Rh and consider the curve X' = 

X ®R Rh over Rh, the special fibre of X remains unchanged, and we will be able to 
conclude from Proposition 4 below that Ek can be contracted in X'. 

Let u' : X' ~ Y' be such a contraction. There are canonical descent data on X' 
and on Y' with respect to R ~Rh; namely on X', since it is obtained from X by 
means of the base change R ~ R\ and on Y' since u' is an isomorphism on generic 
fibres and since each descent datum on the generic fibre of Y' extends uniquely to 
a descent datum on Y' by 6.2/D3. Furthermore, u' is compatible with these data. 
So if the descent datum on Y' were effective, u' : X' ~ Y' would descend to an 
R-morphism u: X---+ Y, where Y is a proper normal curve by [EGA IV 2 ], 2.7.1 
and 6.5.4. Since u' coincides with u on special fibres, the latter morphism would be 
a contraction of Ek in X. However such a contraction cannot exist by Lemma 6 
and, consequently, the descent datum on Y' cannot be effective. 

Now, after we have given the description of the curve Y' and the non-effective 
descent datum on it, let us fill in the results mentioned above which are needed to 
make the example work. We begin with the explanation of contractions; see also 
M. Artin [1], [2]. So consider an arbitrary discrete valuation ring Rand an R-curve 
X where, as we have said at the beginning of this section, Xis assumed to be proper 
and normal and to have a connected generic fibre. Let (XJ;EI be the family of 
irreducible components of the special fibre Xk> providing them with the canonical 
reduced structure. For a strict subset J c I, a contraction of the components Xi, 
jE J, in X consists of an R-morphism u: X~ Y of proper normal curves over R 
suchthat 

(a) for each jE J, the image u(Xi) consists of a single point Yi E Y, and 
(b) u defines an isomorphism X- ujEJxj ~ y- UjeJ{yJ. 

Then u is automatically proper since X is proper over R and since Y is separated 
over R. Furthermore, using the Stein factorization [EGA 111 1], 4.3.1, it is easily seen 
that u depends uniquely on the subset J c I and that the fibres of u are connected. 
In order to give a criterion for the existence of contractions, we use the notion of 
effective relative Cartier divisors; cf. Section 8.2, in particular 8.2/6. 

Theorem 1. Let X be a proper normal R-curve with connected generic fibre XK, Iet 
(XJiei be the family of irreducible components ofthe special fibre Xk, and consider 
a non-trivial effective relative Cartier divisor D on X. Let J be the set of all indices 
jE I such that supp(D) n Xi = 0. Then the canonical morphism 

u: X~ Y:= Proj (.ffi r(X, @x(mD))) 
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is a contraction of the components Xj,j E J, and Y isaproper normal R-curve which 
is projective. 

Before we give a proof, let us look at properties of Y which follow from its 
definition as a projective spectrum of a graded ring. 

Lemma 2. Let X be a proper scheme over a noetherian ring Randlet .!l' be an invertible 
sheaf on X such that, for some n > 0, the sheaf .!l'0 n is generated by its global sections. 
Then,for 

00 

A = EB r(X, fi'0m) ' 
m=O 

the scheme Y = Proj(A) is projective over R and the canonical morphism u : X~ Y 
has .connected fibres. If, in addition, X is normal, Y is normal also. 

Proof Applying [EGA 111 1], 3.3.1, we see that the ring A is of finite type over R. 
Thus Y = Proj(A) is projective over R; cf. [EGA II], 4.4.1. 

For any section l E r(X, .!l'0 n), the morphism u gives rise to an isomorphism 

A<tl ~ r(X1, lDx) . 

So u*(lDx) = lDy and, since u is proper, it follows from [EGA 111 1 ], 4.3.2, that the 
fibres of u are connected. Finally, if X is normal, the ring r(X1, lDx) is seen to be 
integrally closed in its total ring of fractions. This implies that Y is normal. D 

Now we come to the proof of Theorem 1. Set .!l' := lDx(D). We claim that .!l'0 n 

is generated by its global sections if n is large enough. Then Y will be projective and 
normal by the preceding Iemma. In order to justify the claim, it is enough to find 
global sections generating .!l'0 n at the points of supp(D); the constant 1, as a global 
section of lDx, will generate .!l'0 n elsewhere. So consider the exact sequence of 
lDx-modules 

0 ~ lDx(- D) ~ lDx ~ lDv ~ 0 . 

Taking the tensor product with .!l'0 n yields the exact sequence 

0 ~ fi'0n-1 ~ f:t'0n ~ @D <8) !f'0n ~ 0 , 

and we can use the following part of the associated cohomology sequence: 

( *) Ho(X, 20n) ~ Ho(X, lDv ® 20n) ~ H1 (X, fi'0n-1) ~ H1 (X, 20n) ~ 0 . 

Note that H 1 (X, lDv ® .!l'0 n) = 0 since D defines a closed subscheme of X which 
is affine; the latter is due to the fact that D is quasi-finite, proper and, hence, finite 
over R. 

Next, consider the restriction DK of D to the generic fibre X K· Then DK has a 
positive degree on X K since Dis effective and non-trivial, and we see that DK is ample 
since XK is irreducible. Therefore H 1 (XK, .!l'0 n) = 0 for n big enough, and it follows 
that H 1(X, !l'0 n) is an R-torsion module offinite length since it is offinite type. The 
exact sequence ( *) implies that the length is decreasing for ascending n. Hence the 
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length will become stationary and, for n big enough, the map 

Hl (X, !f®n-l)---+ Hl (X, !f®n) 

is an isomorphism. But then 

Ho(X, !f®n)---+ Ho(X, (!)D 0 !f®n) 

169 

is surjective. Thereby we see that !f®n is generated by its global sections at the 
points of supp(D) and, hence, at all points of X, as claimed. 

It remains to show that u: X---+ Y is a contraction of the components Xj,j E J. 
Fix such a component Xj. Then, since Xj is proper, each global section of (!)x(nD) 
induces a constant function on Xj; i.e., an element of the finite extension r(Xj, (!)x) 
of k. Therefore the image u(Xj) consists of a single point yj E Y. Next Iook at a 
component X; with i E I - J. Fix a point x E X; n supp(D) and, for some n E N big 
enough, choose a global section l of (!)x(nD) such that l generates (!)x(nD) over a 
neighborhood U of x. Then 1/Z may be viewed as a section in (!)Y over Y; or (by 
means of the pull-back under u) as a section in (!)x over X 1• By its construction, 1/Z 
vanishes on U n supp(D) and is non-zero on U - supp(D). Therefore the image 
u(X;) cannot consist of a single point so that u must be quasi-finite on X;. Finally, 
using the facts that the fibres of u : X ---+ Y are connected and that Y is normal (see 
Lemma 2), one concludes with the help of Zariski's Main Theorem 2.3/2' that u is 
a contraction of the components Xj, j E J. 

Corollary 3. Let X be a proper normal R-curve with connected irreducible generic 
fibre XK and Iet X;, i EI, be the irreducible components ofthe Special fibre xk. Let J 
be a strict subset of I. Then the following conditions are equivalent: 

(a) There exists a contraction X---+ Y of the components Xj, jE J, where Y is 
projective over R. 

(b) There exists a contraction X ---+ Y of the components Xj, j E J, and there is 
a non-empty R-dense affine open subset V c Y suchthat the images ofthe Xj as weil 
as all singular points of Y are contained in V. 

(c) There exists an effective relative Cartier divisor Don X with the property that 
supp(D) n Xj = 0 for all j E J and supp(D) n X; i= 0 for all i E I - J. 

Proof The implication (a) ~ (b) is clear since the set of singular points of Y is 
a finite subset of the special fibre 1k and since Y is projective over R. To show the 
implication (b) ~ (c), choose an R-dense affine open subscheme V c Y which 
contains the images of the components Xj, j E J, as weil as all singular points of Y. 
Then Y- V gives rise to a relative Cartier divisor on Y whose inverse under 
X---+ Y is a divisor on X as required in condition (c). Finally, the implication 
(c) ~ (a) follows from Theorem 1. D 

Proposition 4. In the situation of Corollary 3, assume that the valuation ring R is 
henselian. Then there exists an effective relative Cartier divisor D on X as required in 
condition (c) of Corollary 3. In particular, any strict subset of the set of irreducible 
components of Xk can be contracted in X. 
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Proof. It is enough to construct an effective relative Cartier divisor D on X whose 
support meets only a single given component Xi of Xk. In order to do this, choose 
a closed point 

which is regular on X; such a point exists since there are at most finitely many 
points where X is not regular. Using the fact that prof (!)x.x = 2, one can find an 
affine open neighborhood U = Spec A of x such that there is a non-zero-divisor 
J E A ®R k which vanishes at x. Lifting J to f E A, this element defines a closed 
subscheme A c U which we may interpret as an effective relative Cartier divisor on 
U. However, A might not be a closed subscheme of X; it can happen that its 
schematic closure ~ cannot be interpreted as a relative Cartier divisor on X or that 
~ meets components Ci with i i= j. So we cannot, in general expect, that A extends 
to a relative Cartier divisor on X satisfying the required properties. 

But we know that A - Spec R is quasi-finite. So, R being henselian, we can use 
2.3/4 in order to obtain an open neighborhood V c U of x such that An V­
Spec R is finite. Then the immersion A n V~ Xis finite, and its image is closed in 
X so that we may regard An Vas a relative Cartier divisor on X. The latter is ofthe 
req uired type. D 

For the remainder of this section, we want to look at smooth and proper elliptic 
curves E c IP§ (having a section) over a base scheme S = Spec A where A = 
C['r,-r-1] or A = Q[-r,-r-1] and where -r is an indeterminate. So S is a Dedekind 
scheme; let K be its field of fractions. Fort E C* (resp. t E Q*), we will write t also 
for the closed pointinS which corresponds to the ideal (-r- t) c A. As usual, for 
closed points t E S, the fibre of E over t is denoted by E1• 

Proposition 5. Consider the following property of E at closed points t ES: 
(P) There exists a rational point a1 E E1 such that none of its multiples na1, n > 0, 

(in the sense of the group law on E) lifts to an (!)8 ,1-valued point of E or, equivalently, 
of E ®A (!)s,t· 

Then, if A = C [ -r, ,-1 ], and if E is a smooth and proper elliptic curve over 
S = SpecA with non-constant j-invariant, the property (P) is true for all t E C*. 
Furthermore, if A = 0[-r, ,-1 ] and if E c IP§ is given by the equation 

y2z = x 3 + TXZ 2 , 

(P) is true for some t E Q*; for example, it holds for all primes p = 5(mod 8), where 
p < 1000. 

Proof. Let us start with the case A = C[-r, ,-1 ]. Fix a closed point t ES and set 
R = (!)8 , 1• Then, using the relative version ofthe Mordeil-Weil theorem for function 
fields as contained in Lang and Neron [1], we see that the group E(K) is finitely 
generated. By the valuative criteria of separatedness and of properness, the latter 
group is isomorphic to E(R). Now let r be the image of E(R) in E1(C) and let f be 
the subgroup of E1(C) consisting of all points b1 suchthat a multiple nb1 is contained 
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in r. Then, since E(R) is countable, the group f is countable. But E1(C} is not 
countable. So E1(C) - f contains a point a1 as required. 

Next let us consider the case where A = Q [ r, ,-1 ]. We claim that E(K) is finite. 
In order to justify this, we look for t E Q* at the specialization map 

E(K) ~ E(l!!8 ,1)- E1(Q) 

and use the following facts which we cite without proof: 
(a) E1(Q) is finite for infinitely many t E Q*; for example for all primes p with 

p = 7 or p = ll(mod 16); cf. Silverman [1], Chap. X, 6.2 and 6.2.1. 
(b) The specialization map E(K)- E1(Q) is injective for allmost all t E Q*; cf. 

Silverman [1], Appendix C, 20.3. 
(c) There exist elements t E Q* such that E1(Q) is of rank ;;::: 1, for example for 

all primes p = 5(mod 8) less than 1000; cf. Silverman [1], Chap. X, 6.3. 
It follows from (a) and from (b) that E(K) ~ E(l!!8 ,1) is finite for all t E Q*. 

Choosing t as in (c), one can find a rational point a1 E E1(Q) which has infinite order. 
But then none ofits multiples can admit a Iifting to a point of E(l!J8 ,1). D 

Now let E be a smooth and proper elliptic curve over a discrete valuation ring 
R such that the special fibre Ek contains a rational point ak whose multiples nak, 
n > 0, (in the sense ofthe group law on E) do not admit Iiftings to R-valued points 
of E. As we have just seen, examples of such curves do exist. By blowing up ak in E, 
one obtains a proper curve X over R which is regular. Its special fibre Xk consists 
of the strict transform Ek of Ek and of the inverse image of ak which is a projective 
line Pk; both intersect transversally at a single point. 

Lemma 6. The strict transform Ek of Ek under the blowing-up X - E cannot be 
contracted in X. More precisely, there is no R-morphism u: X- Y onto a proper 
normal R-curve Y which maps Ek onto a point y E Y and which is an isomorphism over 
Y- {y}. 

Proof Assurne that such a contraction u : X - Y exists. Then Y is regular at all 
its points except possibly for y, and the complement of any affine open neighbor­
hood of y yields an effective relative Cartier divisor D on X, whose support meets 
Pk and is disjoint from Ek; cf. Corollary 3. Let Dk be the generic fibre of D and D' 
its schematic closure in E. Then D' is an effective relative Cartier divisor on E; let 
d > 0 be its degree. The support of D' is the projection of Don E; so the closed fibre 
D~ is dak. If e is the unit section of E, the invertible sheaf .ff = l!JE(D' - de) has degree 
0 and, thus, corresponds to an element of Pic~1R(R); cf. Section 9.2. Now, using the 
canonical isomorphism 

E-Pic~1R, 

it follows that .ff corresponds to a point b E E(R). Restricting ourselves to special 
fibres, we see that bk = dak. However, this contradicts the choice of ak E Ek. D 



Chapter 7. Properties of Neron Models 

Although the notion of a Neron model is functorial, it cannot be said that Neron 
models satisfy the properties, one would expect from a good functor. For example, 
Neron models do not, in general, commute with (ramified) based change; also, in 
the group scheme case, the behavior with respect to exact sequences can be very 
capricious. The situation stabilizes somewhat if one considers Neron models with 
semi-abelian reduction. 

The purpose of the present chapter is to collect several properties of Neron 
models, and to give a number of examples which show that certain other, perhaps 
desirable, properties are in general not true. We prove a criterion for a smooth 
group scheme tobe a Neron modeland discuss the behavior ofNeron models with 
respect to the formation of subgroups as weH as with respect to base change and 
descent. Then we look at isogenies and Neron models with semi-abelian reduction. 
For example, we prove the criterion of Neron-Ogg-Shafarevich for good reduction. 
There is also a section dealing with various aspects of exactness properties. The 
chapter ends with a supplementary section where we explain the Weil restriction 
functor. If one works with respect to a finite and faithfully flat extension of Dedekind 
schemes S' - S, this functor respects Neron models. Furthermore, if K and K' are 
the rings of rational functions on SandS', the Weil restriction is used to describe 
the behavior of associated Neron models if one descends from a K' -group scheme 
Xx· to a K-group scheme Xx. 

7.1 A Criterion 

Throughout this section we will denote by R a discrete valuation ring, by R"h 
its strict henselization, and by K and K"h the corresponding fields of fractions. 
Furthermore, k is the residue field of R, and k. its separable algebraic closure. In 
the following we will consider R-group schemes G of finite type with a smooth 
generic fibre and with the property that each K"h-valued point of G extends to an 
R"h-valued point of G. We are interested in conditions under which Gis a Neron 
model of its generic fibre Gx or, more generally, in the way of deriving a Neron 
model of Gx from G. 

Theorem 1. Let G be a smooth R-group scheme of finite type or a torsor under a 
smooth R-group scheme of finite type. Then the following conditions are equivalent: 

(i) G is a N eron model of its generic fibre Gx. 
(ii) G is separated and the canonical map G(R"h) - G(K"h) is surjective. 
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(iii) The canonical map G(R'h) __... G(K'h) is bijective. 

Proof. It is enough to consider the case where G is a group scheme. Indeed, if G is 
a torsor we may assume by 6.5/3 that R is strictly henselian and, furthermore, that 
G is unramified. Then G admits a section over R and we can view G as a group 
scheme. 

In the following, Iet us assume that G is a group scheme. The implications 
(i) ===> (ii) ===> (iii) are trivial, the second one by the valuative criterion of 
separatedness. Moreover, it is easy to see that condition (ii) implies condition (i). 
Namely, if G satisfies (ii), it is a weak Neron model of its generic fibre GK. Hence 
the weak Neron property 3.5/3 and the extension theorem 4.4/1 show that G satisfies 
the definition of Neron models. 

Turning to the remaining implication (iii) ===> (ii), we have to verify that (iii) 
implies the separatedness of G. Using Lemma 2 below, it is only to show that 
the unit section e : Spec R __... G is a closed immersion or, what amounts to the 
same, that im e is closed in G. Restricting e to generic fibres, we know that eK : 
SpecK __... GK is a closed immersion. Let F be the schematic image of eK in G. 
Then, pointwise, im e and F coincide on GK, and we have to show the same for the 
special fibre Gk of G. So consider a point ek E F n Gk. Working in an affine open 
neighborhood U c Gof ek> Iet A be the ring of global sections on F n U. Then 
R c A c K and, thus, R = A since R is a discrete valuation ring. Hence the inclusion 
of F n U into G gives rise to a point e E G(R) extending eK E G(K). However, 
condition (iii) implies e = e. So F consists of only two points, namely, the points of 
im e, and it follows that im e is closed in G. D 

Lemma 2. A group scheme G is separated over a base scheme S if and only if the unit 
section e is a closed immersion. 

Proof If G is separated, the diagonal morphism (j : G ~ G x s G is a closed immer­
sion. Then the same is true for the unit section e : S __... G = S x s G, since e is 
obtained from (j by means of the base change e : S __... G. 

Conversely, viewing the diagonal in G x s G as the inverse image of im e with 
respect to the morphism 

G x 8 G__. G, 

it follows that G is separated if e is a closed immersion. D 

In order to demonstrate how Theorem 1 can be applied, Iet us give an example 
of an algebraic K -group which, although it is affine, admits a Neron model. 

Example 3. Let R be a discrete valuation ring of equal characteristic p > 0, and Iet 
n be a uniformizing element of R. Consider the subgroup Gof Ga,R x R Ga,R which 
is given by the equation 

X + XP + nyP = 0 . 

Then G is a smooth R-group scheme of finite type. Furthermore, looking at values 
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of solutions of the above equation, one shows easily that the map G(R5h) - G(Ksh) 
is surjective. Thus G is a Neron model of its generic fibre GK. The group GK is an 
example of a so-called K-wound unipotent group; i.e., of a connected unipotent 
algebraic K-group which does not contain Ga,K as a subgroup. Smooth commu­
tative groups oftbis kind admit Neron models offinite type, at least in the case where 
R is excellent; cf. 10.2/1. 

Next consider an R-group scheme Goffinite type suchthat the generic fibre GK 
is smooth. If the residue characteristic of R is zero, the special fibre Gk is smooth by 
Cartier's theorem, [SGA 31], Exp. VIB, 1.6.1, so that, if G is flat, it will be smooth 
over R. However, since the latter result does not extend to the general case, we want 
to describe a procedure which, by means of the smoothening process, associates a 
smooth R-group scheme G' to G suchthat the canonical map G'(Rsh)- G(Rsh) is 
bijective. Let us call a morphism of R-group schemes G'- G, where G' is smooth 
and of finite type over R, a group smoothening of G if each R-morphism Z- G 
from a smooth R-scheme Z admits a unique factorization through G'. Then, by the 
defining universal property, G' - G is an isomorphism on generic fibres since GK 
is smooth. In particular, if G(Rsh)- G(Ksh) is bijective, G' will be a Neron model 
of GK by Theorem 1. Group smoothenings can be defined in the same way using a 
global Dedekind scheme as base. However, their existence can only be guaranteed 
in the local case; cf. Theorem 5 below. 

Lemma 4. Let G be an R-group scheme of finite type which has a smooth generic 
fibre. Denote by Fk the Zariski closure in Gk of the set of k5-valued points in Gk which 
Iift to R'h-valued points of G. Then Fk, provided with its canonical reduced structure, 
is a closed subgroup scheme of Gk. Furthermore, Iet u: Y- G be the dilatation of 
Fk in G. U sing the notation b for the defect of smoothness as in 3.3, we have 

b(a') :::;; max {0, b(a) - 1} 

for each Rsh_valued point a of G and its lifting a' to Y. 

Proof Since the set of Rsh_valued points of G forms a group, it is clear that Fk is a 
subgroup scheme of Gk. In order to justify the second assertion, we use Lemma 
3.4/1; it is only to show that Fk c Gk is E-permissible, where E = G(Rsh). However 
this is clear. By construction, Fk is geometrically reduced and, hence, smooth over 
k, being a group scheme of finite type over a field. Furthermore, using 4.2/2, we 
see that the restriction of the sheaf of differentials ilb;R to Gk is free and, hence, 
that the restriction of ilb;R to Fk is free. Thus the two conditions characterizing 
E-permissibility are satisfied. D 

It follows from 3.2/2(d) that the scheme Y of Lemma 4 is an R-group scheme 
again and that u : Y- G is a group homomorphism. So a finite repetition of the 
construction Ieads to an R-group scheme G' which has generic fibre GK and defect 
of smoothness 0, and thus is smooth at all its Rsh_valued points. In particular, G' is 
smooth at the unit section and therefore smooth everywhere since it is flat. We claim 
that the morphism G'- Gis a group smoothening of G. To justify this, consider 
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an R-morphism Z-----+ G where Z is a smooth R-scheme. Writing k. for the separable 
algebraic closure of k, the set of k.-valued points of Zk which Iift to Rsh_valued points 
of Z is schematically dense in Zk; cf. 2.3/5. Thus, we see that, in the situation of 
Lemma 4, the special fibre of Z is mapped into Fk. Then the desired factorization 
of Z-----+ G follows from 3.2/l(b), again. So we have derived the following facts on 
group smoothenings. 

Theorem 5. Let G be an R-group scheme of finite type with a smooth generic fibre 
GK. Then there exists a group smoothening G'-----+ Gof G. Due to its definition, G' is 
smooth and of finite type; it is characterized by the property that each R-morphism 
Z-----+ G, where Z is smooth over R, factors uniquely through G'. 

Furthermore, if the map G(Rsh)-----+ G(Ksh) is surjective and if G is separated, G' 
is a Neron model of GK. 

Proof Only the assertion concerning the Neron model remains to be verified. If 
G(Rsh)-----+ G(Ksh) is surjective and if Gis separated, the same is true for G'(Rsh) ~ 
G'(Ksh) and G'. Thus G' is a Neron model of GK by the criterion given in Theorem 1. 

D 

As an application we want to examine how the Neron model Gof a K-group 
scheme GK behaves if we pass from GK to a subgroup HK c GK. 

Corollary 6. Let S be a Dedekind scheme with ring of rational functions K. Further­
more, Iet G be an S-group scheme which is a N eron model of its scheme of generic 
fibres GK, and let HK be a smooth subgroup of GK. Then HK admits a Neron model 
H over S; more precisely, one can define H as a group smoothening of the schematic 
closure H of HK in G. The schematic closure H itself is a N eron model of HK if and 
only if it is smooth. In particular, the latter is the case if char k(s) = 0 for all closed 
points s ES. 

Proof First, Iet us show that there exists a group smoothening of H over S. Since 
HK is smooth, its schematic closure His smooth over a dense open part S' of S. On 
the other hand, we know from Theorem 5 that, for each of the finitely many points 
s E S' - S, the group scheme H (8)8 (!)8 ,. admits a group smoothening. Then, similarly 
as explained in the proof of 1.4/1, we can glue H ®s (!)s,s for s ES- S' to H x 8 S', 
thereby obtaining a global group smoothening Hof H over S. 

lt remains to show that His a Neron model of HK. To do so, we may assume 
that S is local. Consider a smooth S-scheme Z and a K-morphism ZK-----+ HK. Then, 
since HK c GK and since Gis a Neron model of GK, this morphism extends uniquely 
to an S-morphism Z -----+ G which, by the definition of H, must factor through H. 
Furthermore, we conclude from Theorem 5 that Z ~ H extends uniquely to an 
R-morphism Z-----+ H. The latter is unique as an extension of ZK-----+ HK. So 
H is a Neron model of GK and the remaining assertions are clear since H is flat 
ovcr~ D 
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7.2 Base Change and Descent 

One cannot expect that, for a faithfully flat extension of discrete valuation rings 
R c R', the base change Spec R' ---+ Spec R transforms Neron models over R into 
Neron models over R'. In Example 7.1/3 of the preceding section we can see that, 
after adjoining a p-th root ofthe uniformizing element n of R to K, the boundedness 
of GK(K•h) and, hence, the existence of a Neron model of GK is lost, since GK becomes 
isomorphic to the additive group Ga,K· On the other hand, it follows from 1.2/2 and 
6.5/3 that Neron models behave well with respect to etale base change. The latter 
is true for a more general class of morphisms as we will see in this section (cf. 6.5/5 
forapartial result of this type). 

Consider a faithfully flat extension R c R' of discrete valuation rings with fields 
offractions K and K'. As usual we indicate strict henselizations by an exponent "sh" 
and we may assume that Rsh is a subring of R'•h. Recall that R' is said to have 
ramification index 1 over R if a uniformizing element of R gives rise to a uniformizing 
element of R' and if the residue extension of R'/R is separable (cf. 3.6/1). 

Theorem 1. Let R c R' and K c K' be as above and consider a torsor X K under a 
smooth K -group scheme GK of finite type. Denote by X K' the torsorunder GK. obtained 
by base change with K'. 

(i) Assurne that XK' admits a Neron model X' over R'. Then XK admits a Neron 
model X over R, and there is a canonical R' -morphism X ®R R' ---+ X', called mor­
phism of base change. 

(ii) Let R' / R be of ramification index 1. Then X K admits a N eron model X over 
R if and only if XK' admits a Neron model X' over R'. If the latter is the case, the 
morphism of base change X ®R R' ---+ X' is an isomorphism. 

Proof If XK' admits a Neron model, XdK'•h) is bounded in XK'· Using 1.1/5, we 
see that XK(K'•h) is bounded in XK. But then XK(K•h) is bounded in XK and a Neron 
model X of XK exists by 6.5/4. Since X ®R R' is a smooth R'-model of XK'• the 
identity on XK. extends to an R'-morphism X ®R R'---+ X' as required in assertion 
(i). 

In the situation of assertion (ii) we have only to consider the case where X K has 
a Neron model X. Furthermore, since Neron models are compatible with etale base 
change, we may assume that R and R' are strictly henselian. It has to be shown that 
X ®R R' is a Neron model of XK'· To do this, it is enough to Iook at the case where 
the torsor XK' is unramified. So consider a K'-valued point of XK'· Interpreting it 
as a point aK E XK(K') and working in an affine open neighborhood ofits image in 
XK, we can find an R-model X of XK offinite type suchthat aK extends to a point 
a E X(R'). Due to 3.6/4, we may assume that Xis smooth. But then, since Xis a 
Neron model of XK, we have a morphism X---+ X. Thus each aK E XdK') extends 
to a point a E X(R') and, consequently, the canonical map (X ®R R')(R')---+ 
(X ®R R')(K') is surjective. So X ®R R' is a Neron model of XK' by 7.1/1. 0 

It will be of interest in 10.1/3 that the argument for showing that X ®R R' is 
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a Neron model of XK' can be changed slightly so that the use of7.1/1 can be avoided. 
Namely, look at a discrete valuation ring R" which is of ramification index 1 over 
R'. Then R" has ramification index 1 also over R and, if K" is the field of fractions 
of R", the above given argument shows that the map X(R")--+ X(K") is surjective. 
In particular, taking for R" the local ring of a smooth R'-scheme Z' at a generic 
point ofthe special fibre z~. we see that X ®R R' satisfies the weak Neron property. 
So if XK' is unramified, we may view X ®R R' as an R'-group scheme, which satisfies 
the Neron mapping property by the extension argument 4.4/1 for morphisms into 
group schemes. Thus X ®R R' is a Neron model of XK' in this case. 

Corollary 2. Over discrete valuation rings, the formation of Neron models (of torsors 
or group schemes) is compatible with extensions R'/R of ramification index 1. For 
example, R' can be the completion of R. 

Giving another application of Theorem 1, we show that the Neron mapping 
property can be strengthened. 

Proposition 3. Let XK be a K-torsor under a smooth K-group scheme GK of finite 
type, and assume that a Neron model X of XK exists. Let A be an R-algebra of type 
R{t} or R[[t]] (strictly convergent or formal power series in a system of variables 
t = (t1 , ... , tn)) where R is complete. Then each K-morphism 

uK: Spec(A ®R K)--+ XK 

extends uniquely to an R-morphism u: SpecA--+ X. 

Proof Let '1 be the generic point of the special fibre Spec(A ®R k) of Spec A. Then 
A~ is a discrete valuation ring which is of ramification index 1 over R. Writing 
F for the field of fractions of A~, we see that uK gives rise to an F-morphism 
SpecF--+ XK ®K F. Applying Theorem 1, this morphism extends to an A~-mor­
phism Spec A~--+ X ®R A~ and, hence, to an R-rational map u : Spec A ---+ X. In 
particular, the special fibre Xk is not empty and, thus, X K cannot be a ramified torsor. 
We claim that u is a morphism. Then u extends uK, and it is unique since Xis 
separated. 

If X(R) "# 0. we may view X as an R-group scheme, and one can conclude from 
Remark 4.4/3 that the R-rational map u is a morphism. In the general case, we 
choose a discrete valuation ring R' which is finite and etale over Rand which satisfies 
the property that X(R') "# 0. The latteris possible since the torsor Xx is unramified. 
Set A' = R' { t} or A' = R' [ [ t]] depending on the type of power series we consider 
for A; note that R' is complete. Then it follows from the above special case that the 
composition of morphisms 

pr UK 

Spec(A' ®R K)--+ Spec(A ®R K)--+ Xx, 

where pr is the canonical projection, extends to an R -morphism u' : Spec A' --+ X. 
In other words, the composition of the projection Spec A' --+ Spec A with the 
R-rational map u : Spec A ---+ X is a morphism. But then, by 2.5/5, u is defined 
everywhere and, thus, is a morphism. D 
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Using the technique of Weil restriction tobe explained in Section 7.6, one can 
describe in a precise way how, in the situation of Theorem 1 (i) and under the 
assumption that the extension of discrete valuation rings R c R' is finite, a Neron 
model X of Xx can be constructed from a Neron model X' of Xx., at least in the 
case of group schemes. 

Proposition 4. Let S' -+ S be a flat and finite rnorphisrn of Dedekind schernes with 
rings of rational functions K and K'. Let Gx be a srnooth K-group scherne of finite 
type and denote by Gx· the K' -group scherne obtained frorn Gx by base change. Assurne 
that the Neron rnodel G' ofGx· exists over S'. Then the Neron rnodel Gof Gx exists 
over S and can be constructed as a group srnoothening of the schernatic closure of Gx 
in the Weil restriction 9ls.1s(G'). 

Proof Using 7.6/6, we see that the Weil restriction 9ls.1s(G') exists as a scheme and 
that it is a Neron model of its scheme of generic fibres, i.e. of illx.1x(G~.). Thus, 
considering the canonical closed immersion 

l: Gx-+ 9lK'/K(Gx-) , 

the assertion follows from 7.1/6. D 

7.3 Isogenies 

We want to investigate under what conditions an isogeny Gx-+ G~ between 
smooth and connected K-group schemes extends to an isogeny between associated 
Neron models. In order to attack this problem, we begin by recalling some well­
known facts about homomorphisms between group schemes over a field k. 

Lemma 1. Let f: G -+ G' be a hornornorphisrn of group schernes which are srnooth 
and of finite type over a field k. Assurne that dim G = dim G'. Then the following 
conditions are equivalent: 

(a) f is flat. 
(b) f(G0 ) = G'0 where G0 and G'0 denote identity cornponents of G and G'. 
(c) ker f is finite. 
(d) f is quasi-finite. 
(e) f is finite. 

A commutative group scheme G which is smooth and of finite type over a field 
k is called serni-abelian if its identity component G0 is an extension of an abelian 
variety by a (not necessarily deployed) affine torus. The latter fact can be checked 
over the algebraic closure k of k. Indeed, one knows from Chevalley's theorem 9.2/1 
that G~ is uniquely an extension of an abelian variety by a connected affine group 
H;c. Then H;c decomposes into the product of a torus part and a unipotent part, 
where the torus part is already defined over k; cf. [SGA 311], Exp. XIV, 1.1. So we 
see that G is semi-abelian if and only if the unipotent part of H;c is trivial. Over a 
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general base scheme S, an S-group scheme G is called semi-abelian if it is smooth 
over S and if all its fibres are semi-abelian in the sense explained above. 

Lemma 2. Let G be a commutative S-group scheme which is smooth and of finite type 
over an arbitrary base scheme S. Let l be a positive integer. 

(a) Suppose that Gis semi-abelian. Then the l-multiplication 16 : G ~Gis quasi­
finite and flat. 

(b) Suppose that char k(s) does not divide l for all s ES. Then the l-multiplication 
lG : G ~ G is etale. 

Proof In order to verify the flatness of [6 in the situation (a) or (b), we can use the 
characterization offlatness in termsoffihres 2.4/2. So we may assume that S consists 
of a field k. Then, since [6 is surjective on abelian varieties and on tori, and in the 
situation (b), also on unipotent groups, it follows from the structure of commutative 
smooth and connected group schemes over k that G0 c im 16 . By Lemma 1 we see 
that l6 is quasi-finite and flat. 

In the situation of assertion (b) we have just seen that l6 is flat. So we may 
use the criterion 2.4/8. Thus, just as before, we can assume that S consists of a 
field k. Then we can consider the Lie algebra Lie(G) and the endomorphism 
Lie(l6 ): Lie(G) ~ Lie(G) induced on it by 16 . Since Lie(l6 ) isjust the multiplication 
by l and since l is not divisible by char k, we see that it is bijective. So l6 : G ~ G 
is etale by 2.2/10. 0 

For an S-group scheme G as in Lemma 2, we write 1G for the kernel of the 
l-multiplication l6 : G ~ G. If char k(s) does not divide l for all s E S, we deduce 
from Lemma 2 that 1G, being the fibre of [6 over the unit section, is etale over S, 
whereas in the situation of Lemma 2 (a) we only know that 1G is quasi-finite and 
flat over S. 

In general, an S-group scheme H of finite type which is quasi-finite over S is 
not finite over S unless S consists of a field. However, if S is the spectrum of a 
henselian discrete valuation ring R and if H is quasi-finite and separated, one can 
consider its finite part H'. The latter is the open and closed subscheme of H 
consisting of the special fibre Hk and of all points of the generic fibre HK which 
specialize into points of Hk. Namely, applying 2.3/4, one shows that His the disjoint 
sum of two open and closed subschemes H' and H", where H' is finite over Sand 
where the special fibre of H" is empty. The finite part H' of H is an open subgroup 
scheme of H. 

Proposition 3. Let R be a discrete valuation ring and let l be a positive integer such 
that the residue characteristic of R does not divide l. Then, for an y srnooth cornrnutative 
R-group scherne G of finite type, the canonical rnap 1G(Rsh) ~ 1G(k,) is bijective, 
where Rsh is a strict henselization of R and where ks is the residue field of Rsh. 

Proof We may assume that R is strictly henselian. Since 1G is etale over R by Lemma 
2, its finite part is a disjoint union of copies of S = Spec R; cf. 2.3/1. 0 
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Definition 4. Let f: G ~ G' be a homomorphism of commutative group schemes of 
finite type over an arbitrary base scheme S. Then f is called an isogeny if, for each 
s E S, the homomorphism fs: G. ~ G; is an isogeny in the classical sense; i.e., if fs is 
finite and surjective on identity components. 

Examples of isogenies are provided by l-multiplications on commutative group 
schemes G where land G have tobe chosen as required in Lemma 2 (a) or (b). In 
the situation of the definition, each fs has a degree degfs, which can be defined as 
the rank ofthe finite k(s)-group scheme ker fs. Recalling some facts on commutative 
finite group schemes H over a field k, we mention that H is etale if char k = 0 (by 
Cartier's theorem) or, more generally, if char k does not divide the rank of H. If H 
is connected, its rank is a power of char k. Furthermore, the l-multiplication 
lH: H ~His the zero-homomorphism if l isamultiple of the rank of H. 

We need a well-known result relating isogenies over fields to 1-multiplications. 

Lemma 5. Let f: G ~ G' be an isogeny between smooth and connected commutative 
group schemes of finite type over a field k. Assurne either that char k does not divide 
degf or that G is semi-abelian. Then there is an isogeny g: G' ~ G such that 
g o f = 16 where l = degf. 

Proof. Setting l = degf, we see that ker f c ker 16 . Then, f being flat and surjective, 
we have G' = G/ker fand, thus, homomorphisms 

G __!_. G' ~ Gjker 16 • 

Since the l-multiplication 16 : G ~ G is finite by Lemma 2, and since 16 factors 
through Gjker 16 , the existence of g is clear. D 

Now, working over a discrete valuation ring Rand its field of fractions K, we 
can deal with the question ofwhether a homomorphism between R-group schemes 
is an isogeny as soon as it is an isogeny on generic fibres. 

Proposition 6. Let GK and G~ be smooth commutative and connected K -group 
schemes of finite type admitting Neron models G and G' over R. Consider an isogeny 
fK : GK ~ G~ and assume either that the residue characteristic of R does not divide 
degfK orthat Gis semi-abelian. Then fK extends to an isogeny f: G ~ G', and there 
is an isogeny g: G' ~ G suchthat g o f = 16 for l = degfK· 

Proof. Using Lemma 5, there is an isogeny gK: G~ ~ GK satisfying gK o fK = l6 K 

for l = degfK· Due to the Neron mapping property, fK and gK extend to homomor­
phisms f: G ~ G' and g: G' ~ G suchthat g o f = 16 . Then, by our assumptions 
on l = degfK or on G, we see from Lemma 2 that 16 is an isogeny, and it follows 
easily that fand g are isogenies. D 

Corollary 7. Let fK : GK ~ G~ be an isogeny of abelian varieties with N eron models 
G and G'. Then Gis semi-abelian if and only if G' is semi-abelian. 
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Proof By the Neron mapping property, the isogeny fx extends to a homomorphism 
f: G ~ G'. If Gis semi-abelian, f is an isogeny by Proposition 6 and, consequently, 
G' is semi-abelian. Using an isogeny gx: G~ ~ Gx, one shows in the same way that 
G is semi-abelian if G' is semi-abelian. 0 

7.4 Semi-Abelian Reduction 

Let G be a smooth group scheme of finite type over a Dedekind scheme S which, 
for simplicity, we will assume tobe connected. We say that G has abelian reduction 
(resp. semi-abelian reduction) at a closed point s E S if the identity component G~ is 
an abelian variety (resp. an extension of an abelian variety by an affine torus). In 
particular, if G is a Neron model of its generic fibre Gx, where K is the field of 
fractions of S, we will say that Gx has abelian (resp. semi-abelian) reduction at s E S 
ifthe corresponding fact is true for G. The latter amounts to the same as saying that 
the local Neron model G x s Spec ms,s of Gx at s E S has abelian (resp. semi-abelian) 
reduction. 

If Ax is an abelian variety over K, then Ax is said to have potential abelian 
reduction (resp. potential semi-abelian reduction) at a closed point s E S if there is a 
finite Galois extension L of K suchthat AL has abelian (resp. semi-abelian) reduction 
at all points over s. Tobe precise, we thereby mean that the Neron model A' of AL 
over the normalization S' of S in L has abelian (resp. semi-abelian) reduction at all 
closed points s' E S' lying over s. Instead of abelian reduction, we will also talk 
about good reduction. Let us begin by mentioning the fundamental theorem on the 
potential semi-abelian reduction of abelian varieties. 

Theorem 1. Each abelian variety Ax over K has potential semi-abelian reduction at 
all closed points of S. 

The easiest way to obtain this result is via the potential semi-stable reduction 
of curves, as proved by Artin and Winters [1], a topic which is beyond the scope 
of the present book. So we will restriet ourselves to briefly indicating how the 
assertion of the theorem can be deduced from the corresponding results on 
curves. 

Since abelian varieties have good reduction almost everywhere, see 1.4/3, the 
problern is a local one, and we may assume that S consists of a discrete valuation 
ring R. One starts with the case where Ax is the Jacobian Jx = PicgxiK of a smooth 
and proper K-curve Cx. Then the theorem on the potential semi-stable reduction 
of curves asserts that, replacing K by a finite separable extension if necessary, we 
can extend Cx into a proper flat R-curve C whose geometric fibres have at most 
ordinary double points as singularities; cf. 9.2/7. For such a curve it is shown in 
9.4/1 that the relative Jacobian Piegis is a smooth and separated R-group scheme 
having semi-abelian reduction. Since PiegiS is an S-model of Jx, it follows from 
Proposition 3 below or from the more general discussion of the relationship between 
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Neron models and the relative Picard functor in 9.5/4 or 9.7/2 that Picg1s is the 
identity component of the Neron model of JK. Thus JK has semi-abelian reduction. 

If AK isagenerat abelian variety, one knows, see Serre [1], Chap. VII, §2, D 0 13, 
that there is an exact sequence of abelian varieties 

0---+ A~---+ JK---+ AK ---+ 0 

where JK is a product of Jacobians. Using the fact that JK has potential semi-abelian 
reduction, it follows from the Iemma below that AK has potential semi-abelian 
reduction also. 0 

Lemma 2. Let 0---+ A~---+ AK ---+Ai ---+ 0 be an exact sequence of abelian varieties 
over K. Then AK has semi-abelian (resp. abelian) reduction if and only if A~ and Ai 
have semi-abelian (resp. abelian) reduction. 

Proof Due to Poincare's complete reducibility theorem, see Mumford [3], Chap. 
IV, § 19, Thm. 1, there is an abelian subvariety Ai: in AK such that the canonical 
map Ai: x A~ ---+ AK and, thus, also the composition Ai:---+ AK---+ Ai are iso­
genies. So we see that AK is isogenous to A~ x Ai and it follows from 7.3/7 that AK 
has semi-abelian reduction if and only if the same is true for A~ and Ai:. An 
application of 7.3/6 settles the case of abelian reduction. 0 

For the remainder of this section, Iet us assume that the base scheme S consists 
of a discrete valuation ring R with field of fractions K. We want to discuss properties 
ofNeron models with abelian or semi-abelian reduction and to give criteria for the 
existence of Neron models with abelian or semi-abelian reduction over the given 
field K. 

Proposition 3. Let AK be an abelian variety with Neron model A and let G be a smooth 
and separated R-group scheme which is an R-model of AK. Assurne that G has 
semi-abelian reduction. Then the canonical morphism G ---+ A is an open immersion; 
it is an isomorphism on identity components. 

Proof We can assume that R is strictly henselian. Furthermore, it is enough to show 
that G0 ---+ A 0 is an isomorphism. So assume that G = G0 . Let l be a positive integer 
which is not divisible by the characteristic of the residue field k of R. Considering 
the kernels 1G and 1A of l-multiplications on G and A, we have a canonical commuta­
tive diagram 
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where 1G(R) ------+ 1G(K) is injective since G is separated and where all other vertical 
maps are bijective; the upper one on the right-hand side because A is a Neron model 
of AK and the lower ones by 7.3/3. So the middle horizontal map is injective, and 
the same is true for the lower horizontal one. Now, using the facts that G has 
semi-abelian reduction and that k is separably closed, it follows that the points in 
G(k) which have finite order not divisible by char k are topologically dense in each 
connected subgroup of Gk. Therefore Gk ------+ Af has a finite kernel. In particular, 
G ------+ A 0 is quasi-finite and, thus, surjective by reasons of dimension. But then 
Zariski's Main Theorem 2.3/2' shows that G------+ A 0 is an isomorphism. D 

Corollary 4. If an abelian variety AK has semi-abelian reduction, then the formation 
of the identity component of the N eron model of AK is compatible with faithfully flat 
extensions of discrete valuation rings R' / R. 

We have seen above that points of finite order play an important role when 
dealing with Neron models of abelian varieties. We want to use them in order to 
give a criterion for the existence of abelian or semi-abelian reductions over the given 
field K. As before, R will be a discrete valuation ring with field of fractions K and 
with residue field k. Let K. be a separable algebraic closure of K and consider rings 
R c Rh c Rsh c R. c K. where Rh is a henselization of R, where Rsh is a strict 
henselization of R, and where R. is the localization of the integral closure of R in 
K. at a maximal ideal lying over the maximal ideal of R•h. As usual Kh and Ksh 
denote the fields offractions of Rh and of R•h. Then the inertia group ofthe maximal 
ideal of R. coincides with the Galois group Gal(K./ K•h); cf. 2.3/11. Fixing the above 
situation, we will call I:= Gal(K./Ksh) "the" inertia group of Gal(Ks/K). 

Theorem 5. Let AK be an abelian variety over K with Neron model A over R, and let 
l be a primedifferent from char k. Then thefollowing conditions are equivalent: 

(a) AK has abelian reduction; i.e., the identity component Af is an abelian variety 
over k. 

(b) A is an abelian scheme over R. 
(c) Foreach v ~ 0 the inertia group I of Gal(K./K) acts trivially on ,vAK(K.), the 

set of K 8-valued points of the kerne[ of the ZV-multiplication lA_K: AK------+ AK. In other 
words, the canonical map ,vAK(Ksh)------+ ,vAK(K8 ) is bijective. 

(d) The Tate module I;(AK) = lim vAdK.) is unramified over R; i.e., the inertia 
+-o 1 

group I of Gal(K./K) operates trivially on I;(AK). 

Proof Webegin by showing that conditions (a) and (b) are equivalent. If Af is an 
abelian variety, we can conclude from [EGA IV 3 ], 15.7.10, that A 0 is proper over 
Rand, thus, is an abelian scheme over R. But then A 0 is a Neron model of its generic 
fibre by 1.2/8; thus, A = A 0 . This verifies the implication (a) ==?(b); the converse 
is trivial. 

The equivalence of (c) and (d) is clear. In order to verify the remaining implica­
tions, consider the canonical maps 

( *) ,vA(K.) ~ ,vA(Ksh) ~ ,vA(Rsh) ~ ,vA(k.) 
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where k. is the residue field of R•h and where the map on the right-hand side is 
bijective by 7.3/3. If A is an abelian scheme over R, the cardinality of both sets 
,vA(K.) and ,vA(k.) is p·zn where n is the dimension of A; cf. Mumford [3], p. 64. 
Therefore, all maps in(*) are bijective and we see that (b) implies (c). 

Conversely, assume that all maps in(*) are bijective. Then the cardinality of 
,vA(k.) is P' 2" for each v ~ 0, and it follows from the structure of commutative 
group schemes of finite type (over an algebraically closed or perfect field k) that 
the identity component AZ is an abelian variety. So we see that condition (c) implies 
condition (a). D 

The equivalence .of (a) and (d) in the above theorem is called the criterion of 
Neron-Ogg-Shafarevich for good reduction. To apply it, one may work over a 
strictly henselian base ring R. Then AK has abelian reduction if and only if all 
P-torsion points of AK are rational over K. The criterion can be generalized 
to the semi-abelian reduction case; see [SGA 71], Exp. IX, 3.5. We include this 
generalization here without proof. 

Theorem 6. Let AK be an abelian variety over K, and Iet l be a prime different from 
char k. Then the following conditions are equivalent: 

(a) AK has semi-abelian reduction over R. 
(b) There is a submodule T' c T := Tz(AK(K.)) which is stable under the action 

of the inertia group I of Gal(K./K) suchthat I acts trivially on T' and on T/T'. 

7.5 Exactness Properties 

In the following Iet S be a Dedekind scheme with ring of rational functions K. Except 
for the purposes of Proposition 1 below, we will only be concerned with the case 
where S consists of a discrete valuation ring R. Let GK be a smooth K -group scheme 
offinite type, and Iet XK be a torsorunder GK. Then the Neron model X of XK, if 
it exists, may be viewed as a direct image r*XK with respect to the canonical 
inclusion 1 : SpecK -------+ S. More precisely, X represents this direct image if one 
restricts to smooth schemes over S. This consideration suggests that the Neron 
model might behave reasonably weil with respect to left exactness. However we will 
see that, except for quite special cases, there will be a defect of exactness, the 
defect of right exactness being much more serious than the one ofleft exactness. We 
will give some examples at the end ofthis section, after we have presented the general 
results. Let us begin with an assertion concerning the existence of Neron models. 

Proposition 1. Let S be a Dedekind scheme with ring of rational functions K and Iet 

be an exact sequence of smooth K-group schemes of finite type (not necessarily 
commutative). 
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(a) If GK admits aN eron model over S, the same is true for G;., but not necessarily 
for G~. 

(b) If c;. and G~ admit Neron models over S, the same is true for GK. 

Proof. If GK admits a Neron model, then G;. admits a Neron model by 7.1/6. To 
justify the second part of assertion (a), we give an example showing that the existence 
of a Neron model for GK does not imply the same for G~. Assurne that S consists 
of a discrete valuation ring of equal characteristic p > 0 and, as in Example 7.1/3, 
let GK be the subgroup of Ga.K x K Ga.K given by the equation x + xP + nyP = 0, 
where n is a uniformizing element of R. Then GK admits a Neron model over S and 
the projection of Ga.K x K Ga,K onto its second factor gives rise to a smooth group 
epimorphism GK---+ Ga,K· Writing G;. for its kernel, we have a short exact sequence 

0---+ c;.---+ GK---+ Ga,K---+ 0 

ofsmooth K-group schemes offinite type. The middle term admits a Neron model 
whereas the group Ga,K on right-hand side does not. The example is quite typical; 
the reason that a Neron model for GK does not imply the existence of a Neron model 
for G~, comes mainly from the fact that the quotient of a K -wo und unipotent group 
is not necessarily K-wound again. 

Next, to prove assertion (b), assume that G;. and G~ admit Neron models G' and 
G" over S, where S is an arbitrary Dedekind scheme again. First, if the given exact 
sequence (*) extends to an exact sequence ofsmooth S-group schemes offinite type 

0 ---+ G' ---+ G ---+ G" ---+ 0 , 

we claim that G is automatically a Neron model of GK by the criterion given in 
7.1/1. Namely, in order to verify this, we may assume that S consists of a strictly 
henselian discrete valuation ring R. Then it is enough to show that the canonical 
map G(R) ---+ G(K) is bijective. However, this follows easily from the commutative 
diagram 

0 G'(R) G(R) G"(R) 0 

]I j ]I 
0 G'(K) G(K) G"(K) 

by realizing that the first row is exact, due to the fact that the smoothness of G ---+ G" 
implies the surjectivity of G(R)---+ G"(R); cf. 2.2/14. 

In the general case we can apply a Iimit argument ([EGA IV 3 ], 8.8.2), and 
thereby extend ( *) to an exact sequence of smooth group schemes of finite type over 
a dense open subscheme S' of S. Consequently, there is a Neron model of GK over 
S'. Then, using 1.4/1, it is enough to construct the local Neron models of GK at the 
finitely many remaining points of S- S'. So, in the proof of assertion (b), we are 
reduced to the case where S consists of a discrete valuation ring R. Since this 
problern does not seem tobe accessible by elementary methods, we have to make 
use of a later criterion characterizing the existence of Neron models in terms of the 
structure of algebraic groups; cf. 10.2/1. It says that a smooth K -group scheme of 
finite type like GK admits a Neron model if and only if, after the base change 
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K----> J{sh, the group GK does not contain subgroups of type Ga or Gm; here J(sh is 
the field of fractions of ftsh, the strict henselization of the completion of R. Using 
this criterion, it is easily verified that GK admits a Neron model over R if the same 
is true for G~ and G;. D 

Next, consider an exact sequence 

and assume that the corresponding Neron models G', G, and G" exist so that, due 
to the universal mapping property, there is an associated complex 

0 ----> G' ----> G ----> G" ----> 0 . 

We want to examine under what conditions parts of the latter sequence are exact. 
To do this, it is enough to Iook at the local case. So, in the following, the base S 
will consist of a discrete valuation ring R with field of fractions K and with residue 
field k. 

Proposition 2. If char k = 0, the closed immersion G~ ----> GK gives rise to a closed 
immersion G' ----> G of associated N eron models. 

Proof Denote by H the schematic closure of G~ in G. Then G' ----> G factors through 
H c G and we know from 7.1/6 that the induced morphism G' ~ H is an 
isomorphism. 

Next, Iet us Iook at abelian varieties. 

Proposition 3. Consider an exact sequence of abelian varieties 

0 ----> A~ ----> A K ----> Ai: ----> 0 

and the corresponding complex of N eron models 

0----> A'----> A----> A"----> 0 . 

D 

Let BK be an abelian subvariety of AK such that AK----> Ai: induces an isogeny 
uK : BK ----> Ai:; let n = deg uK. 

(a) If char k does not divide n, then A'----> A is a closed immersion, A----> A" is 
smooth with kerne[ A', and the cokernel of Ak----> A~ is killed by multiplication with 
n. If, in addition, A has abelian reduction, (t) is exact. 

(b) If A has semi-abelian reduction, the sequence (t) is exact up to isogeny; i.e., it 
is isogenaus to an exact sequence of commutative S-group schemes. 

Proof The isogeny uK : BK ---->Ai: gives rise to an isogeny vK : A~ x K BK ----> AK of 
degree n. So there is an isogeny wK: AK----> A~ x K BK such that wK o vK is multi­
plication by n. Let B be the Neron model of BK. Then uK, vK, and wK extend to 
R-morphisms u: B----> A", v: A' x RB----> A, and w: A ----> A' x R B suchthat wo v 
is multiplication by non A' x RB. Assuming the condition of (a), the multiplication 
by n is an etale isogeny on A' X R B, and u, v, and w are easily checked to be etale 
isogenies, too. Then H := w- 1 (A') is a smooth closed subgroup scheme of A which 
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satisfies H~ = A~. It follows that the schematic closure of A~ in H or A is an open 
subgroup scheme of Hand, thus, is smooth over R. So, by 7.1/6, it coincides with 
the Neron model A' of A~ and we see that A' ----+ A is a closed immersion. The 
remaining assertions of (a) follow by using the etale isogeny u. One shows that 
A ----+ A" is flat, has kernel A' and, hence, is smooth. Furthermore, if A has abelian 
reduction, the same is true for A" by 7.4/2 so that A ----+ A" is surjective. 

Assertion (b) follows from the fact that v: A' x R B----+ A and u: B----+ A" are 
isogenies; use 7.3/6 and 7.3/7. 0 

Theorem 4. Let 0----+ A~----+ AK----+ Ai:----+ 0 be an exact sequence of abelian varie­
ties and consider the associated sequence of N eron models 0 ----+ A' ----+ A ----+ A" ----+ 0. 
Assurne that the following condition is satisfied: 

(*) R has mixed characteristic and the ramification index e = v(p) satisfies 
e < p - 1, where p is the residue characteristic of R and where v is the valuation 
on R, which is normalized by the condition that v assumes the value 1 at uniformizing 
elements of R. 

Then the following assertions hold: 
(i) If A' has semi-abelian reduction, A' ----+ A is a closed immersion. 

(ii) If A has semi-abelian reduction, the sequence 0----+ A'----+ A----+ A" is exact. 
(iii) If A has abelian reduction, the sequence 0 ----+ A' ----+ A ----+ A" ----+ 0 is exact 

and consists of abelian R-schemes. 

Proof Let us first see how assertions (ii) and (iii) can be deduced from assertion (i). 
If A has semi-abelian or abelian reduction, the same is true for A' and A" by 7.4/2. 
So A'----+ Ais a closed immersion by (i), and we can consider the quotient A/A'; it 
exists in the category of algebraic spaces, cf. 8.3/9. Furthermore, A/ A' is smooth and 
separated and, thus, a scheme by 6.6/3. Now look at the canonical morphism 
A/ A' ----+ A" which is an isomorphism on generic fibres. Since A has semi-abelian 
reduction, the same is true for A/A', and it follows from 7.4/3 that A/A'----+ A" is an 
open immersion. So assertion (ii) is clear. Finally, if A has abelian reduction, the 
same is true for A/A'. So the latter is an abelian scheme by 7.4/5 and, thus, must 
coincide with the Neron model A" of Ai:. Thereby we obtain assertion (iii). 

It remains to verify assertion (i) under the assumption of condition ( * ). As a key 
ingredient for the proof oftbis fact, we will need the following result on finite group 
schemes; cf. Raynaud [7], 3.3.6. 

Lemma 5. Let R be a discrete valuation ring satisfying condition ( *) of Theorem 4. 
Let v: G'----+ G be a morphism of R-group schemes which are finite, flat, and 
commutative. Then, if vK : G~ ----+ GK is an isomorphism, v is an isomorphism. 

The lemma implies a criterion for finite and flat R-group schemes to be etale. 
To state it in its simplest form, recall that a group scheme over a base scheme S is 
called constant if it is of the type H8 with an abstract group H. 

Corollary 6. Assurne that R is as in condition ( *) of Theorem 4 and that, in addition, 
it is strictly henselian. Furthermore, consider a finite, flat, and commutative R-group 
scheme G whose generic fibre is constant. Then G is constant. 
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Proof of Corollary 6. Let G'---. G be a group smoothening of G (see 7.1). Then G' 
coincides with its finite part and, thus, is finite over R since G is finite over R. 
Therefore G'---. Gis an isomorphism by the Iemma. Using the fact that G' is etale 
over R and that R is strictly henselian, G is constant. D 

Now Iet us indicate how to obtain assertion (i) ofTheorem 4 under the assump­
tion of condition (*). Since Neron models are preserved when R is replaced by its 
strict henselization or by its completion, we may assume that R is strictly henselian 
and complete. 

Webegin by showing that u: A'---. Ais a monomorphism; i.e., that N := ker u 
is trivial. For this purpose it is enough to show that the special fibre Nk of N is 
trivial. If not, there is a prime l, not necessarily different from char k, such that 
1A~ n Nk is non-trivial; as usual, 1A' is the kernel ofthe 1-multiplication on A'. Since 
A' has semi-abelian reduction, 1A' is quasi-finite and ßat over R; cf. 7.3/2. Now, R 
being henselian, we can consider the finite part G' of 1A'; see 7.3. It is enough to 
show that u is a monomorphism on G'. Let G be the schematic image of G' under 
u and consider the morphism u' : G' ---. G given by u. Then u' is an isomorphism 
on generic fibres and thus, by the Iemma, an isomorphism on G'. In particular, u' 
is a monomorphism, and it follows that u is a monomorphism. 

If A' has abelian reduction, it is an abelian scheme by 7.4/5 and, thus, proper 
over R. So it follows that u is proper. But then, being a monomorphism, it must be 
a closed immersion. This ends the proof in the special case where A' has abelian 
reduction. 

In the general case, some work remains to be done since there exist monomor­
phisms which are not immersions; cf. [SGA 311], Exp. VIII, 7 and Exp. XVI, 1. Let 
B be the schematic image of u: A'---. A; it is a closed subgroup scheme of A which 
is ßat over R. We will show that Bor, what is enough, that B0 is smooth. Then, due 
to the Neron mapping property, the morphism A' ---. B admits an inverse and u is 
a closed immersion. In order to do so, we denote by an index n reductions modulo 
n", where n is a uniformizing element of R. Since u is a monomorphism, it is a closed 
immersion modulo n" for all n > 0; cf. [SGA 3a, Exp. VIB, 1.4.2. So we can consider 
the exact sequence of Rn-schemes 

0 --4 A~0 --4 B~ --4 Qn --4 0 

where the quotient Qn = B~/A~0 exists as an R-scheme by [SGA 31], Exp. VIA, Thm. 
3.2, and is flat by [SGA 31], Exp. VIB, Thm. 9.2. Furthermore, Qn is connected and, 
by reasons of dimension, finite over Rn. Taking inductive Iimits for n going to 
infinity, we obtain an exact sequence of formal group schemes over R 

o ---. A' ---. 11 ---. Q ---. o 
where Q is an R-scheme which is finite, ßat, and connected. Let q be apower of p 
such that Q is annihilated by the q-multiplication on Q. Since A' is p-divisible, the 
above sequence restricts to an exact sequence 

o ---. qA' ---. qß ---. Q ---. o 
on the kernels of q-multiplications; the latterare finite ßat R-group schemes by 7.3/2. 
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Furthermore, qA' and /J can be interpreted as the finite parts ofthe quasi-finite flat 
R-group schemes qA'0 and qB0 . 

Applying Grothendieck's orthogonality theorem [SGA 71], Exp. IX, Prop. 5.6, 
we see that the generic fibre of the quotient qA'/qA' is constant. Since A' and B 
coincide on generic fibres, it follows that the generic fibres of /1/qA' and, thus, of Q 
are constant. But then Q is constant by Corollary 6 and, being connected, it must 
be trivial. So A' is isomorphic toB and, consequently, B0 is smooth which remained 
to be shown. 0 

In the remainder of this section, we want to discuss the defect of exactness of 
Neron models by looking at some special examples. 

Example 7. Let R be a complete discrete valuation ring with normalized valuation 
v. Let q be a non-zero element of R with v(q) > 0 and consider the Tate elliptic 
curves EK = Gm,K/q2 and E~ = Gm,K/(q1)2 where I isapositive integer not divisible 
by char K. Since the 1-multiplication on EK factors through E~, it gives rise to an 
exact sequence 

O~GK~EK~E~~O, 

where GK is a finite group scheme of order I, contained in the kernel of the 
1-multiplication on EK; the latter is of order F. Let 

o~G~E~E'~O 

be the associated sequence of Neron models. We want to show that there can be 
a defect of exactness at G, at E, or at E', depending on I and on the residue 
characteristic of R. 

Defect of exactness at G. Assurne that R is of mixed characteristic, that I = p = 
char k, and that all p-torsion points of EK arerational over K. The latter condition 
implies that the ramification index e is at least p- 1; cf. Serre [4], Chap. IV, §4, 
Prop. 17. Then GK ~ (ZjpZ)K and G ~ (ZjpZ)R. Furthermore, the kernel of E ~ E' 
is the group Jtp,R of p-th roots of unity, and the morphism from G into the kernel 
of E ~ E' coincides with a morphism (ZjpZ)R ~ Jtp,R sending 1 to a primitive p-th 
root of unity of R. However, the latter is not a monomorphism since p = char k. In 
particular, G ~ E is not a monomorphism. 

Defect of exactness at E. Keeping the situation we have developed above, we see 
that G cannot be mapped surjectively onto the kernel of E ~ E' since the morphism 
(ZjpZ)R ~ Jtp,R is not surjective. 

Defect of exactness at E'. The group of connected components of the special fibre 
of E has order v(q) whereas that of E' has order I· v(q). So, without restrictions on 
the residue characteristic of R, the morphism E ~ E' cannot be surjective for 
arbitrary I> 1. 0 
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Next we want to show that the assertion ofTheorem 4 can be false ifwe do not 
require condition (*) of this theorem. 

Example 8 (Serre). We will construct a morphism v: A'-----+ A of abelian schemes 
over R which is not a monomorphism, but which has the property that vK : 
A~ ----+AK is a closed immersion. The valuation ring R is supposed to have mixed 
characteristic. So if p = char k, we have to assume e := v(p);:::: p- 1 by Theorem 4. 
In the following we assume that R contains all p-th roots of unity so that e is a 
multiple of p - 1 by Serre [ 4], Chap. IV,§ 4, Prop. 17. Now, similarly as in Example 
7, consider a morphism u: (7Ljp7L)R-----+ Jlp sending 1 to a primitive p-th root ofunity. 
Let E be an elliptic curve over R (i.e., an abelian scheme with elliptic curves as fibres) 
which contains Jlp as a subscheme. Then u extends to a morphism u : (7Ljp7L)R -----+ E, 
which is a closed immersion on generic fibres, but which is not a monomorphism. 
Let E' be a second elliptic curve over R which contains (7Ljp7L)R as a subscheme (for 
example, a Serre-Tate-lifting of an elliptic curve over k containing (7Ljp7L)k as a 
subscheme). Then consider the co-cartesian diagram 

(7l_jp7l_)R 
u 

E 

j j 
E' u' 

F' 

where F' is the quotient of E x E' with respect to the action of (7Ljp7L)R. Since the 
action is free, F' is an abelian scheme over R. Furthermore, u~ is a closed immersion, 
but u' itself cannot be a monomorphism since u is not a monomorphism. 0 

Finally, we want to show that the condition on the semi-abelian reduction of A' 
in Theorem 4 cannot be cancelled. 

Example 9. Consider discrete valuation rings R c R' where R = Z<Pl and R' = 
7L<Pl [a] with a being a primitive p-th root of unity; p isaprimedifferent from 2. Let 
u' : E' -----+ F' be a morphism of abelian R'-schemes of the type constructed in 
Example 8; i.e., such that u' is not a monomorphism, but such that it is a closed 
immersion on generic fibres. Then apply the technique ofWeil restriction of R' over 
R to u' (cf. Section 7.6) and consider the induced morphism u1 : E 1 -----+ F 1• It follows 
from 7.6/6 that E 1 and F 1 are Neron models of their generic fibres, and from 
7.6/2 that u1 is a closed immersion on generic fibres. We claim that u 1 is not a 
monomorphism. Indeed, the image of the map Lie (u'): Lie (E')-----+ Lie (F') cannot 
be locally a direct factor in Lie (F'). The same is true for the Weil restriction of 
Lie (u'), and the latter is canonically identified with Lie (u1 ): Lie (E1) ~ Lie (F1 ). 

So u1 : E 1 -----+ F 1 cannot be a closed immersion and, thus, not a monomorphism. 
Since v(p) = 1 < p- 1, where v is the normalized valuation on R, we see from 
Theorem 4 that E1 cannot have semi-abelian reduction. 0 



7.6 Weil Restrietion 191 

7.6 Weil Restrietion 

The main purpose of this section is to discuss a criterion for the existence of Weil 
restrictions and to study the behavior of Neron models with respect to Weil 
restrictions. 

Let h: S'----> S be a morphism of schemes. Then, for any S'-scheme X', the 
contravariant functor 

iRs·;s(X'): (Sch/S)0 ----> (Sets) , T~ Hom8 .(T x 8 S',X'), 

is defined on the category (Sch/S) of S-schemes. lf it is representable, the corre­
sponding S-scheme, again denoted by ift8 ,18(X'), is called the Weil restriction of X' 
with respect to h. Thus, the latter is characterized by a functorial isomorphism 

Hom5 (T, ift8 •18(X')) ~ Hom8.(T x 8 S',X') 

of functors in T where T varies over all S-schemes. There are several elementary 
properties of the functor ift8 •18(X') and, hence, of Weil restrictions, which follow 
immediately from the definition. We will derive some of them once we have men­
tioned the adjunction formula in Lemma 1 below. 

Imposing an appropriate condition on h such as being finite and locally free 
(which we mean as a synonym for being finite, flat, and of finite presentation), the 
existence of the Weil restriction of the affine n-space A~. is trivial (cf. the beginning 
of the proof of Theorem 4). Then, in order to treat more general schemes, it is 
necessary to study the behavior of Weil restrictions with respect to open or closed 
immersions. In ordernot to worry about the representability ofthe functor ift8 ,18(X') 
too much, we will work entirely within the context offunctors from schemes to sets. 
In particular, we will make no difference between an S-scheme X and its associated 
functor Hom5 ( ·,X); in the same way we will proceed with S'-schemes. 

It is convenient to define the functor ift8 ,18(X') not only for S'-schemes X', but, 
more generally, for arbitrary contravariant functors from the category (Sch/S') of 
S' -schemes to the category of sets. So consider a functor 

F': (Sch/S')0 ----> (Sets) . 

Then its direct image with respect to h : S' ----> S consists of the functor 

h*F': (Sch/S)0 ----> (Sets) , 

Using 4.1/1, we see easily that the functor 

(Sch/S)----> (Sch/S') , 

T~ F'(T x 8 S'). 

T~T x 8 S', 

plays the role of an adjoint of h*; namely, the so-called adjunction formula is valid. 

Lemma 1. For any S-scheme T and any functor F': (Sch/S')0 ----> (Sets), there is a 
canonical bijection 

Hom8(T,h*F') ~ Hom8.(T x 8 S',F') 

which is functorial in T andin F'. 
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As an application of the above formula, we want to derive some elementary 
properties ofWeil restrictions. Let X' be anS' -scheme. Then the identity on 915 . 15(X') 
gives rise to a functorial morphism 

915 .15(X') x 5 S'--> X' 

if 915 .15(X') exists as an S-scheme. Likewise, if X is an S-scheme, the identity on 
X x s S' defines a functorial morphism 

X--> 915 •15(X x 5 S'). 

On the other hand, each functorial morphism F'--> G' between contravariant 
functors from (Sch/S') to (Sets) induces a functorial morphism h*F'--> h*G'. Fur­
thermore, h* commutes with fibred products, and it follows that h*F' is a group 
functor ifthe same is true for F'. In particular, the Weil restriction of a group scheme 
is, if it exists as a scheme, a group scheme again. Also it is easy to see that the notion 
of Weil restriction is compatible with base change; i.e., if T--> S is a morphism of 
base change, and if we write T' := S' x 5 T, then, for any S'-scheme X', there is a 
canonical isomorphism 

of functors on (Sch/T). 
In the following we need the terminology of relative representability of functors; 

cf. Grothendieck [1], Sect. 3. Let 

F, G : (Sch/S)0 --> (Sets) 

be contravariant functors, and let u: F--> G be a functorial morphism. Then, for 
each functorial morphism T--> G, where T is an arbitrary S-scheme, the fibred 
product Fr= F x 6 T may be viewed as a functor from (Sch/T)0 to (Sets). One says 
that F is relatively representable over G via u if, for each T--> G, the projection 
Fr--> T is a morphism in (Sch/S); i.e., if each Fr is representable by a T-scheme. 
Many notions on morphisms between schemes can easily be adapted to the context 
of relative representability. For example, u is called an open immersion, or a closed 
immersion, or a morphism of finite type, etc., if the corresponding property is true 
for each morphism of schemes Ur: Fr--> T, obtained from u: F--> G by the "base 
change" T--> G. 

Proposition 2. Let u' : F' --> G' be a rnorphisrn between functors from (Sch/S')0 to 
(Sets). 

(i) Assurne that u' is an open irnrnersion and that h: S'--> S is proper. Then the 
associated rnorphisrn h*(u'): h*F'--> h*G' is an open irnrnersion. 

(ii) Assurne that u' is a closed irnrnersion and that h : S' --> S is finite and locally 
free or, rnore generally, proper,flat, and of finite presentation. Then h*(u'): h*F'--> 
h* G' is a closed irnrnersion. 

Proof Let us write F = h*F' and G = h*G', and Iet T--> G be a morphism, where 
T is an arbitrary S-scheme. Setting T' := T x 8 S', we claim that T--> G factors 
canonically through h* T'. Indeed, we have a canonical morphism T--> h* T'. 
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Furthermore, T ~ G corresponds to a morphism T' ~ G' and, hence, to a 
morphism h* T' ~ h* G' = G. That the composition with T ~ h* T' yields T ~ 
Gis easily verified with the help of 4.1/1. Consequently, we can view FT as being 
obtained from Fh.r by means ofthe base change T ~ h* T', a facttobe used below. 

Furthermore, since h* commutes with fibred products, there are isomorphisms 

h*F~. ~ F XG h* T' ~ Fh.T' ' 

and we can look at the canonical commutative diagram 

T' 

j 
FT T 

j j 
In order to prove assertion (i), it has to be shown that the morphism in the middle 
row, which is obtained from the one in the lower row by the base change T ~ h* T', 
is an open immersion of schemes. We know already that the upper row is an open 
immersion of schemes; let U' be the image of F~. in T', and set V' := T' - U'. Then 
V' is closed in T' and, since T' ~ T is proper, its image V in T is closed again. Set 
U := T- V. lnterpreting FT as the fibred product of Fh.r and T over h* T', we have 

FT=Hom8.(· x 8 S',U') XHoms·(·xsS',T')Hom5 (·,T). 

Thus, if Z is an arbitrary S-scheme, FT(Z) consists of all S-morphisms Z ~ Twhere 
Z x s S' ~ T' factors through U'; i.e., of those S-morphisms Z ~ T which factor 
through U. Hence FT is represented by the open subscheme U of T and assertion 
(i) follows. 

Next, let us verify assertion (ii) for the case where h is finite and locally free. 
Similarly as before, let V' be the closed subscheme ofT' which is given by the closed 
immersion F~. ~ T'. Then we have to find a closed subscheme V ofT such that, 
given any S-morphism Z ~ T, it factors through Vif and only if Z x 8 S' ~ T' 
factors through V'. The problern is local on S, T, and Z, so we may assume that all 
three schemes are affine, say with rings of global sections R, A, and C. Let R ~ R' 
be the homomorphism between rings of global sections on S and S'. W e ma y assume 
R' is a free R-module of rank n. Let e1 , ... , en be a basis of R' over R; then these 
elements give rise to a basis of A ®R R' over R. Furthermore, let a' c A ®R R' be 
the ideal corresponding to V', and fix generators a;, i E J, of a'. There are equations 

n 

a; = L cijej, 
j=l 

iEI, 

with coefficients cij E A. These coefficients generate an ideal a c A, and we claim 
that the associated closed subscheme V c T is as required. Namely, consider 
the homomorphism (J : A ~ C which is associated to Z ~ T as well as the 
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homomorphism a': A ®R R'----+ C ®R R' associated to Z x 8 S'----+ T'. Since 

n 

ker a' = (ker a) ®R R' = EB (ker a) · e; , 
i=l 

we see that a' c ker a' if and only if a c ker a, i.e., that Z' is mapped into V' if and 
only if Z is mapped into V. So it follows that V represents the functor Fr. 

If, more generally, h is proper, flat, and offinite presentation, one uses techniques 
from the construction of Hilbert schemes as in [FGA], no221, Sect. 3, in order to 
show that there is a largest closed subscheme V of T such that an S-morphism 
Z ----+ T factors through Vif and only if, after base change with h : S' ----+ S, it factors 
through V' c T'. D 

A functor F: (Sch/S)0 ----+ (Sets) is called a sheaf with respect to the Zariski 
topology (see 8.1) if, for each S-scheme T and for each covering {11} ofT, the sequence 

Hom8 (T, F)----+ n Hom8 (7i, F) =4 n Hom8 (7i n 1], F) 
i i,j 

is exact. Of course, if Fis a scheme, Fis a sheaf in this sense. 

Proposition 3. If F': (Sch/S)0 ----+ (Sets) is a sheaf with respect to the Zariski topology, 
then the same is true for F := h*F'. 

Proof Since, for any S-scheme T, we have 

Hom8 (T,F) = Homs.(T x 8 S',F'), 

the assertion is obvious. D 

We want to apply the above results to the case where F' consists of anS' -scheme 
X', and give a criterion of Grothendieck for the representability of X:= h*X' = 
9ts.1s(X') by an S-scheme. Then, if Xis representable, it defines the Weil restriction 
ofX'. 

Theorem 4. Let h : S' ----+ S be a morphism of schemes which is finite and locally free, 
and Iet X' be an S' -scheme. Assurne that, for each s E S and each finite set of points 
P c X' ®s k(s), there is an affine open subscheme U' of X' containing P. Then 
h*X' = 9t8 •18(X') is representable by an S-scheme X and, thus, the Weil restriction of 
X' exists. 

Proof We may assume that S and, hence, S' are affine, say with rings of global 
sections Rand R' and that R' is a free R-module, say with generators e 1 , ... , en. Let 
us first show that h*X' is representable if X' is affine. So assume X' is affine and 
view it as a closed subscheme of some scheme Spec R' [t], where t is a (finite or 
infinite) system of indeterminates. Applying Proposition 2, it is only necessary to 
consider the case where X' = Spec R'[t]. Consider n copies ofthe system t and write 
t 1 , ... , tn for these systems. Then, for any R-algebra A, there is a bijection 

HomR.(R'[t],A ®R R')----+ HomR(R[t 1 , •.• , tnJ,A), 
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which is functorial in A. In order to define this map, consider an R'-homomorphism 
a': R'[t] ---+ A ®R R'. The latter is determined by the image a'(t) oft in A ®R R'. 
U sing the direct sum decomposition 

n 

A ®R R' = EB (A ®R R)e; , 
i=l 

we can write 
n 

a'(t) = L a(t;) ® e; 
i=l 

with systems a(t1 ), .•. , a(tn) of elements in A, and we can think of a as of a 
homomorphism a: R[t1 , .•. , tnJ ---+ A. Then it is easily seen that a' f---+ a defines 
the desired bijection. Consequently, in this case the- functor h*X' is representable 
by the S-scheme SpecR[t1, ... , tnJ, and it follows that the Weil restriction 9l8 •18(X') 
exists. 

Next, Iet us consider the case where X' is not necessarily affine. Let {U[};ei be 
the system of allaffine open subschemes of X'. Then, by what we have just seen, 
each h* U( is representable by an (affine) scheme U;, and the open immersion 
U[ ~X' gives rise to a morphism U;---+ h*X' which is an open immersion by 
Proposition 2. Viewing the U[ as open subschemes of X', we have canonical gluing 
data for them, and these data give rise to gluing data for the U;. So, gluing the U;, 
we obtain an S-scheme Y. Since X' is a sheaf with respect to the Zariski topology, 
the same is true for h*X' (see Proposition 3) and there is a functorial morphism 
Y---+ h*X'. The latter is an open immersion by Proposition 2. 

In order to show that Y---+ h*X' is an equivalence of functors, it is enough 
to show that each functorial morphism a : T---+ h*X', where T is an arbitrary 
S-scheme, factors uniquely through Y or, what amounts to the same, that the latter 
is the case locally in a neighborhood of each point z e T. Let (zi) be the finite 
family of points in T x 8 S' lying over z. Furthermore, Iet a': T x 8 S'---+ X' be the 
morphism corresponding to a, and set xi = a'(zJ By our assumption, there is an 
affine open subscheme U' c X' containing all points xi. We know already that h* U' 
is representable by an S-scheme U and that the canonical morphism U---+ h*X' is 
an open immersion; the latter factors through Y by the definition of Y. Replacing 
T by a suitable open subscheme containing z, we may assume that a' : T' ---+X' 
factors through U'. Then a : T---+ h*X' factors through U and, hence, through Y. 
The factorization is unique due to the fact that Y---+ h*X' is an open immersion. 

D 

We want to mention some general properties ofWeil restrictions, assuming that 
we are in the situation of Theorem 4. 

Proposition 5. Let S' ---+ S be a morphism of schemes which is finite and locally free, 
and Iet X' be an S'-scheme. Assurne that the Weil restriction X= 9l8•18(X') exists as 
an S-scheme, and consider the following properties for relative schemes: 

(a) quasi-compact. 
(b) separated, 
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(c) locally of finite type, 
(d) locally of finite presentation, 
( e) finite presentation, 
(f) proper, 
(g) flat, 
(h) smooth. 
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Then the above properties carry over from X' to X under the following additional 
assumptions: 

property (a) if S is locally noetherian or if S' --+ S is etale, 
properties (b), (c), (d), (e), and (h) without any further assumptions, and 
properties (f) and (g) if S' --+ S is etale. 

Proof Let us begin with properties which carry over from X' to X without any 
additional assumptions, say with property (b). Since the Weil restriction of the 
diagonal morphism X' --+ X' x s· X' yields the diagonal morphism X --+ X x s X 
and since the Weil restriction respects closed immersions by Proposition 2, we see 
that X is separated if X' is separated. 

Next, let us look at properties (c) and (d). That they carry over from X' to X 
follows from the construction of Weil restrictions in the affine case. Namely, if X' 
is a closed subscheme of the affine n-space .4.8., and if S' --+ S is a finite and free 
morphism of affine schemes, say of degree d, then it follows from Proposition 2 that 
Xis a closed subscheme of 915 •15(.4.8.) ~ A'S where m = nd. So Xis locally of finite 
type if the same is true for X'. Furthermore, the proof of Proposition 2 shows that 
the ideal defining X as a closed subscheme of A'S is finitely generated if the same is 
true for X' as a closed subscheme of As·· So it follows that X is locally of finite 
presentation if the same is true for X'. The latter result can also be obtained by 
functorial arguments using the characterization [EGA IV 3 ], 8.14.2, of morphisms 
which are locally of finite presentation. 

lf X' satisfies property (e), we can view it as an S-scheme of finite presentation. 
Using a Iimit argument, we may assume that S is noetherian. Then Xis locally of 
finite presentation, since property (d) carries over from X' to X, and quasi-compact 
over S since, as we will see below, also property (a) carries over from X' to X if the 
base S is noetherian. But then X is of finite presentation over S. 

Finally, the characterization of smoothness in terms of the Iifting property 2.2/6 
shows by functorial reasons that X satisfies property (h) if X' does. 

Now assume that S'--+ S is etale and finite. In order to show that X satisfies 
properties (a), (f), or (g) if X' does, we may work locally on S, say in a neighborhood 
ofa point s ES. Furthermore, Weil restrictions commute with base change on S. So 
we may replace S by an etale neighborhood of s. But then, since locally up to etale 
base change etale morphisms are open immersions, see 2.3/8, we are reduced to the 
case where S' consists of a finite disjoint sum lJ S; of copies S; of Sand where S' --+ S 
is the canonical map. Then, in terms of fibred products over S, 

mS'/S(X') ~ n 91s;~s(X' Xs· S;) ~ n X' Xs· S;' 
i i 

and it is trivial that X satisfies properties (a), (f), or (g) if X' does. 
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It remains to show that, under appropriate conditions, property (a) carries over 
from X' to X, a fact which is already known if S'-----+ S is etale. We claim that it is 
also true for radicial morphisms. To verify this, it is enough to prove that, for S' 
radicial over S, the Weil restriction 9\8.18 transforms any affine open covering (UJ) 
of X' into an affine open covering (9\8.18(Uj)) of X. Looking at fibres over S, we 
may assume that S is the spectrum of a field K. Then S' consists of a finite­
dimensionallocal K-algebra K' whose residue field is purely inseparable over K. 
Now let (UJ) be an affine open covering of X'. To see that the sets 9\K'/K(Uj) really 
cover X, consider a geometric point Spec E -----+ X where E is a field over K. 
Then the scheme Spec(E ®K K') consists of a single point and the corresponding 
morphism Spec(E ®K K') -----+ X' must factor through a member of the open cover­
ing (Uj) of X'. Consequently, Spec E-----+ X factors through a member of the family 
(9\K'/K(Uj)) which justifies our claim. 

Now assume that the base S is locally noetherian. In order to show that X 
satisfies property (a)if X' does, we may assume that S is noetherian. We will conclude 
by using a noetherian argument and a stratification of S. Let 11 be a generic point 
of S. Restricting ourselves to a neighborhood of l'f, we can assume that S is irreducible 
and, since quasi-compactness can be tested after killing nilpotent elements of 
structure sheaves, that S is reduced. Furthermore, we can assume that S and S' 
are affine, say S = Spec R and S' = Spec R'. The fibre S~ is the spectrum of the 
finite-dimensional K-algebra K' = R' @R K where K = k(l'f) = Q(R). Let L be the 
maximal etale K-subalgebra between K and K'. It is obtained as follows. Decom­
pose K' into a finite direct product TI K; of local K-algebras K; and, for each 
i, choose a maximal separable extension field L; between K and K;. Then the 
residue field of K; is purely inseparable over L; and we have L = TI L;. Set T := 
Spec(R' n L) so that S'-----+ S factors through T. Over the generic point l'f, the finite 
morphism T-----+ S is etale. Thus, using the openness of the etale locus, we know 
that T-----+ S is etale over an open neighborhood of '1· Restricting to this neighbor­
hood, we may assume that T-----+ S is etale everywhere. Furthermore, for each a E K', 
there is an integer n such that an belongs to L. This property carries over to the 
fibres of S'-----+ T so that the latter morphism is radicial. Since X = 9\Tf8 (9\8 •1T(X')), 
we see by what we have proved above for etale and for radicial morphisms that, 
working over a neighborhood of l'f, the scheme X is quasi-compact if X' is. 

The argument just given shows that the original morphism X -----+ S is quasi­
compact over a dense open subset of S if X' is quasi-compact over S'. Looking 
at the complement S1 of this set and viewing it as a scheme with respect to the 
canonical reduced structure, we can perform the base change S1 -----+ S. It 
follows in the same way that X Xs sl-----+ sl is quasi-compact over a dense 
open subset of S1 . Continuing this way, the procedure will stop after finitely 
many steps due to the noetherian hypothesis. Thus, finally, it is seen that X is 
quasi-compact over S. D 

We want to add, again in the situation ofTheorem 4, that, for any S-scheme X, 
the canonical morphism X-----+ 9\8.18(X x 8 S') is a closed immersion, provided X 
and, thus, 9\8.18(X x 8 S') are separated. This follows by means of descent from the 
fact that the composition of canonical morphisms 
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X Xs S'-----+ 9t8 •18(X Xs S') Xs S'-----+ X Xs S' 

is the identity on X x 8 S'. 
Finally, let us state how Neron models behave with respect to Weil restrictions. 

Proposition 6. Let S' -----+ S be a finite and flat rnorphisrn of Dedekind schernes. Let 
SpecK and SpecK' denote the schernes of generic points of S and S'. Furtherrnore, 
consider a torsor X' (under a srnooth S'-group scherne G') which is a Neron rnodel 
of the scherne of generic fibres X' x 8• SpecK'. Then the Weil restriction X = 9t8•18(X') 
exists as an S-scherne and is a N eron rnodel of the scherne of generic fibres 
X x 8 SpecK. 

Proof Using the quasi-projectivity oftorsors over Dedekind schemes (cf. 6.4/1), the 
existence of X= 9t8•18(X') as an S-scheme follows from Theorem 4. Furthermore, 
it follows from Proposition 5 that X is separated, of finite type, and smooth. 
Finally, that X satisfies the Neron mapping property is a formal consequence of the 
definition of Weil restrictions, namely of the equation 

Hom8 (Z,X) = Hom8 .(Z x 8 S',X'). 

D 



Chapter 8. The Picard Functor 

Following Grothendieck's treatment [FGA], we introduce the relative Picard func­
tor Picx1s and treat the notion of the rigidified relative Picard functor. The main 
purpose of this chapter is the presentation of various results on the representability 
of Picx1s. We explain Grothendieck's theorem on the representability of Picx1s by 
a scheme and point out improvements due to Mumford [2] as weil as those due to 
Altman and Kleiman [1]. In Section 8.3, we discuss the main steps of M. Artin's 
approach [5] to the representability of Picx1s by an algebraic space; for details, the 
reader is referred to his paper. At the end of the chapter, there is a collection of some 
results on smoothness as well as on finiteness properties of Picx18 , as can be found 
in [SGA 6]. 

8.1 Basics on the Relative Picard Functor 

For any scheme X, we denote by Pic(X) = H 1 (X, CDf) the group of isomorphism 
dasses ofinvertible sheaves on X. It is called the absolute Picard group of X. Fixing 
a base scheme S and an S-scheme X, we can consider the contravariant functor 

Px1s: (Sch/S)0 ---+ (Sets) , T 1---+ Pic(X Xs T), 

from the category (Sch/S) of S-schemes to the category of sets, which factors through 
the category of commutative groups. U sing the procedure of sheafification, we want 
to associate a functor with Px1s which, under certain conditions, is representable; 
namely, the so-called relative Picard functor. 

Tobegin with, Iet us discuss a necessary condition for a functor F: (Sch/S)0 ---+ 

(Sets) tobe representable. Let 9J1 be a dass ofmorphisms in (Sch/S) which is stable 
under composition and under fibred products and which contains all isomorphisms. 
Then F is called a sheaf with respect to 9J1 or an 9J1-sheaf if, for any family of 
S-schemes (T;)iei> the canonical morphism 

F(U 7;) ---+ TI F(T;) 

is an isomorphism and if, for all morphisms T' ---+ Tin 9Jl, the sequence 

F(T)---+ F(T') =::::! F(T") 

is exact (where T" = T' x T T' and where the double arrows on the right are induced 
by the two projections from T" onto T'). For example, we can consider the dass 
9J1 = ffi1zar of all morphisms in (Sch/S) of type U 7; ---+ T, where the maps 7; ---+ T 
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are open immersions and where {I;};EI is an open covering ofT. If Fis a sheafwith 
respect to IDlzan it is said that F is a sheaf with respect to the Zariski topology. To 
give an equivalent condition, one can require that, for all open coverings {7;};e 1 of 
T, the canonical sequence 

F(T) ~TI F(J;) ===t TI F(I; X T ~) 
i i,j 

is exact. 
There arefurther topologies of more general type; cf. [SGA 3a, Exp. IV, 6.3.1. 

We mention the fpqc-topology, the fppf-topology, and the etale topology. If top is 
any of the abbreviations 

fpqc ( = faithfully flat and quasi-compact), 

fppf ( = faithfully flat and of finite presentation), or 

et ( = etale surjective), 

we write IDltop for the dass of all morphisms in (Sch/S) which are of type top and 
say that a functor F : (SchjS)0 ~(Sets) is a sheaf with respect to the top-topology 
(or, simply, with respect to top), ifit is a sheafwith respect to both IDlzar and IDltop· 

Proposition 1. Let F be a representable contravariant functor from (Sch/S) to (Sets). 
Then F is a sheaf with respect to fpqc and, hence, with respect to fppf, et, and Zar. 

Proof. If F is represented by an S-scheme X, we have F(T) = Hom8 (T, X). Since 
morphisms to X can be defined locally, it follows for any open covering {7;} ofT 
that the canonical sequence 

Hom8 (T, X)~ TI Hom8 (7;, X) ===t TI Hom8 (7; x T ~.X) 
i i,j 

is exact. So F is a sheaf with respect to the Zariski topology. 
Furthermore, for any S-morphism T' ~ T which is fpqc, the canonical 

sequence 

Hom8 (T,X) ~ Hom8 (T',X) ===t Hom8 (T",X) 

is exact; namely, it is isomorphic to the sequence 

Homy(T,Xy) ~ Homr(T',Xr) ===t Homy"(T",Xy") 

which, by descent theory, is exact, as shown in the proof of 6.1/6. Thus Fis a sheaf 
with respect to fpqc. D 

Returning to the functor 

Px;s: (Sch/S)0 ~(Sets) , T~ Pic(X x 8 T), 

it is easily seen that, in general, Px;s is not a sheaf, even with respect to the Zariski 
topology. As a consequence, we cannot expect its representability. Indeed, if Px;s 
were a sheaf with respect to the Zariski topology, a line bundle on X x 8 T would 
be trivial as soon as it trivializes over (the pull-back of) an open covering of T. 
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However, this is not the case. So if we want to deal with a functor from which 
representability can be expected, we have to sheafify Px18 ; this can be done by using 
standard methods from sheaf theory. 

In order to explain the procedure of sheafification, let us, again, consider a 
functor F: (Sch/S)0 ---+ (Sets) and a dass ffi'l ofmorphisms in (Sch/S) which is stable 
under composition and under fibred products and which contains all isomorphisms. 
To give a sheafification of F (within the context of sheaves with respect to ffi'l) means 
to construct a morphism F ---+ pt into a sheaf pt such that each morphism from F 
into an arbitrary sheaf G (always with respect to ffi'l) admits a unique factorization 
through Ft. The construction of pt is straightforward. Let T' ---+ T be a morphism 
in ffi'l and denote by H0 (T'/T, F) the subset of F(T') consisting of all elements ~ 
which are characterized by the following property: if ~ 1 and ~2 are the "pull-backs" 
of ~ with respect to the two projections from T" = T' x T T' onto T', there is a 
morphism f---+ T" in ffi'l such that the images of ~ 1 and ~2 with respect to 
F(T")---+ F(T) coincide in F(f). lf T' varies over (Sch/S), the sets H0 (T' jT, F) form 
an inductive system. Provided ffi'l is not "too big", the direct limit of this system 
exists, and we can set 

lt is verified without difficulties that pt is a sheaf with respect to ffi'l and that the 
canonical morphism F ---+ pt defines pt as a sheafification of F. 

The direct Iimits which have been used to define the sheaf pt exist if we take for 
ffi'l any of the dasses ffi'lzan ffi'leo or ffi'lrppf• whereas in the case ffi'l = ffi'lrpqc some 
precautionary measures, like working in a fixed universe, are necessary. However, 
since the dass ffi'lrpqc is quite big, it may happen that sheafifications with respect to 
ffi'lrpqc depend on the choice of the universe. lt is for this reason that, when working 
with sheafifications, we will generally use the dass ffi'lrppr instead of ffi'lrpqc· 

Now, in order to construct a sheafification of the functor 

Px1s: (Sch/S)0 ---+ (Sets) , T 1---+ Pic(X x s T) , 

say with respect to the fppf-topology, one first sheafifies Px1s with respect to ffi'lrppf· 
The resulting sheaf P1 might not be a sheaf with respect to ffi'lzar since morphisms 
in ffi'lzar arenot necessarily quasi-compact and, thus, not necessarily fppf. However, 
if T is affine, any morphism TI T; ---+ Tin ffi'lzar which corresponds to a finite open 
covering { T;} ofT by basic open subschemes T; c T is fppf. Hence P1 is already an 
fppf-sheaf on affine schemes. Therefore we can sheafify P1 with respect to ill'lzar 
without destroying sheaf properties with respect to ffi'lrppf on affine schemes. lt 
follows that the resulting functor is a sheaf with respect to the fppf-topology; it is 
the fppf-sheaf associated to Px18 • Since Px1s is a group functor, the associated 
fppf-sheaf can be viewed as a group functor, too. In the same way, one can proceed 
with any other of the topologies introduced above. 

Definition 2. The fppf-sheaf associated to the functor 

Px1s: (Sch/S)0 ---+ (Sets) , T 1---+ Pic(X x s T) , 
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is called the relative Picard functor of X over S; it is denoted by Picx1s. For any 
S-scheme T, we call Picx1s(T) the relative Picard group of X x s T over T. 

U sing the structural morphism f: X ~ S as weil as the notion of higher direct 
images of f, we can define the relative Picard functor also by the formula 

PicxJs(T) = H 0 (T, R 1 f*(Gm)) 

which has to be read with respect to the fppf-topology; note that Gm is the sheaf 
which associates to each scheme Z the group of units r(Z, eJi). We will see below 
that the restriction to the fppf-topology in place of the fpqc-topology is not too 
serious since we are mainly interested in the case where f: X ~ S is proper and 
fppf. 

Sometimes it is useful to have an explicit description of elements of relative 
Picard groups. So consider an element ~ E Picx1s(S) and assume for simplicity that 
S is affine or, more generally, quasi-compact. Otherwise one has to work locally 
with respect to an open affine covering of S. Then, in the quasi-compact case, ~ is 
represented by a line bundle ~' E Pic(X x 8 S') where S' is fppf over S. Furthermore, 
there must be an fppf-morphism S ~ S" = S' x 8 S' suchthat the pull-back of ~' 
with respect to S ~ S" ~ S' is the same for both projections from S" to S'. 
Conversely, each ~' E Pic(X Xs S') satisfying the latter condition gives rise to an 
element ~ E Picx1s(S). Two such elements ~; E Pic(X Xs S;), i = 1, 2, with s; fppf 
over S represent the same element ~ E Picx1s(S) if and only if there exists an 
fppf-morphism s ~ s~ Xs s; such that, Oll S, the pull-back of ~~ coincides with the 
pull-back of ~;. Also it should be noted that, due to the sheaf property of Picx1s, an 
element ~ E Picx1s(S) is trivial if it is induced by the pull-back to X of a line 
bundle on S. The converse is not true, in general. 

Proposition 3. Assurne that f: X ~ S is proper and of finite presentation. Consider 
an element ~ E Picx1s(S) which is induced by a line bundle !l' on X. Then ~ is trivial 
if and only if there is an open covering {SJ of S suchthat !l' trivializes over X x 8 S; 
for each i. 

Proof. The if-part of the assertion follows from the sheaf properties of Picx18 • So it 
remains to justify the only-if-part. The direct image f*(eJx) is a quasi-coherent 
eJs-algebra. Assuming S to be affine and interpreting f: X ~ S as a Iimit of 
morphisms offinite type between noetherian schemes, we can use the Stein factoriza­
tion X~ T ~Soff, where g satisfies g*(eJx) = @T and where h, being a Iimit 
of finite morphisms, is integral. Furthermore, since the fibres of g are the connected 
components of the fibres of f, it follows that the fibres of h are set-theoretically finite. 
Now assume that !l' gives rise to the trivial element ~ E Picx1s(S). We claim that the 
canonical homomorphism g*(g* ( !l')) ~ !l' is an isomorphism. Using descent, this 
fact can be tested after base change with an fppf-morphism. For example, we can 
assume that, after such a base change, !l' becomes trivial. Since the formation of 
g*(!l') commutes with flat base change, the above isomorphism has only to be 
established for the trivial bundle !l'. But then the claim follows from the fact that 
g*(eJx) = @T· So we see that !l' is the pull-back ofthe line bundle g*(.!l') on T. The 
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latter is locally trivial over T. Since h : T--+ S is integeral and, thus, a closed map, 
and since its fibres are set-theoretically finite, it follows that g*(oP) is locally trivial 
also over S. Hence 2 is locally trivial over S. 0 

We assume in the following that f: X--+ S is quasi-compact and quasi­
separated. Then the Leray spectral sequence associated to fand Gm (see [SGA 411], 

Exp. V,§ 3) gives the exact sequence 

0--+ H 1 (S,f*(Gm))--+ H 1 (X, Gm)--+ PicxJs(S)--+ H 2 (S,f*(Gm))--+ H 2 (X, Gm) 

where the cohomology groups are meant with respect to the fppf-topology. Since 
the descent with respect to fpqc-morphisms turns line bundles into line bundles, it 
follows that the group H 1(X, Gm) is the same for the fpqc-, the fppf-, the etale, 
and even for the Zariski topology. So we may use the Zariski topology and see 
H 1 (X, Gm)= Pic(X). Thus the obstruction of representing an element of Picx18(S) 
by an element of Pic(X) is given by an element in H 2 (S,f*(Gm)) which becomes zero 
in H 2 (X, Gm). Just as in the case of H 1 (X, Gm), one shows that H 1 (S,f*(Gm)) is 
independent of the topologies mentioned above if f*(mx) = (98 or, by means of the 
Stein factorization, if f is proper. In particular, we have H 1 (S,f*(Gm)) = Pic(S) if 
f*((()x) = (()s· 

In order to determine the cohomology group H 2(X, Gm), one can use the etale 
topology instead ofthe fppf-topology; cf. Grothendieck [3], pp. 171-183. The same 
is true for the cohomology group H 2 (S,f*(Gm)) if f*((()x) = (98 or, without this 
assumption, ifjis proper. Namely, by means ofthe Stein factorization, it is possible 
to reduce to the case where f*((()x) = (98 • So, for example, if fis proper, the above 
exact sequence shows that the relative Picard functor Picx1s can be constructed by 
using the etale topology in place of the fppf-topology. In particular, the formula 

Picx18(T) = H 0 (T, R 1f*(Gm)) 

remains valid if, on the right-hand side the fppf-topology is replaced by the etale 
topology. 

The cohomology group H 2 (X, Gm) is called the (cohomological) Brauer group 
of X. In particular, if we assume f*((()x) = (98 , the obstructions of representing 
elements in Picx1s(S) by line bundles on X are given by elements oftheBrauer group 
Br(S) which become zero in the Brauer group Br(X). All obstructions of this type 
disappear ifthe map H 2 (S, Gm)--+ H 2 (X, Gm) is injective; for example, if f: X--+ S 
has a section or if the Brauer group Br(S) vanishes itself. For an affine scheme 
S = Spec R, the group Br(S) is zero in each of the following situations: 

(a) R is a separably closed field. 
(b) R is the field of fractions of a henselian discrete valuation ring with algebra­

ically closed residue field; cf. Grothendieck [3], Thm. 1.1, or Milne [1], Chap. III, 
2.22. 

(c) R is a strictly henselian valuation ring; cf. Grothendieck [3], Prop. 2.1, or 
Milne [1], Chap. IV, 1.7 and 2.12. 

The equation f*((()x) = (98 is compatible with flat base change. We say that 
f*((()x) = (98 holds universally if the equation is true after any base change over S. 
Using this terminology, we want to summarize the above considerations. 
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Proposition 4. Let f: X ----+ S be quasi-compact and quasi-separated and assume that 
f satisfies f*((!)x) = (98 (resp. that f*((!)x) = (98 holds universally). Then, for each 
S-scheme T which is flat over S (resp. for each S-scheme T), the canonical sequence 

0----+ Pic(T)----+ Pic(X x 8 T)----+ Picx1s(T)----+ Br(T)----+ Br(X x 8 T) 

is exact. If, in addition, f admits a section, the sequence 

0----+ Pic(T)----+ Pic(X Xs T)----+ Picx1s(T)----+ 0 

is exact. 

In particular, in the latter case, we can identify the relative Picard functor Picx1s 
in the usual way with the functor 

(Sch/S)0 ----+ (Sets) , T f---+ Pic(X Xs T)/Pic(T). 

If the existence of a global section is replaced by the condition that f: X ----+ S has 
local sections, one can still say that the formula 

Picx1s(T) = H 0 (T, R 1 f*(Gm)) 

remains valid if one considers the Zariski topology on the right-hand side. 
In order to see, in the above situation, that the relative Picard functor Picx1s is 

a sheaf even with respect to the fpqc-topology andin order to prepare the discussion 
of rigidificators, we want to look at the situation from another point of view. We 
assume that f*((!)x) = (!)s holds universally and that f admits a section t:: S----+ X. 
For any line bundle .P on X, let us call an isomorphism a: (!)s ~ a*(Y) a rigidifica­
tion of .P. Furthermore, the pair (.P, a) will be referred to as a line bundle which is 
rigidified along the section t:. Then we can look at the functor (P, t:): (Sch/S)0 ----+ 
(Sets) which associates to each S-scheme T the set (P, a)(T) of isomorphism classes 
ofline bundles on X T = X x s T which are rigidified along the section er : T----+ X r· 
The functor (P, t:) has the advantage that it is automatically a sheaf with respect to 
the Zariski topology. Namely, using the fact that f*((!)x) = (!)s is true universally, 
one shows easily that rigidified line bundles do not admit non-trivial automor­
phisms; hence the terminology of rigidifications is justified. Furthermore, it follows 
from descent theory that (P, t:) is a sheaf even with respect to the fpqc-topology. 
Namely, consider a sequence 

(P, a)(T)----+ (P, t:)(T') ===t (P, t:)(T") , 

where T'----+ T is an fpqc-morphism and where T" = T' x T T'. The map on the 
left-hand side is injective by 6.1/4. To show the exactness of the sequence, fix an 
element (2'', a') E (P, a)(T') whose images in (P, t:)(T") coincide. Then we have an 
isomorphism pf 2'' ~ r! .P' between the two pull-backs of 2'' to T" which is 
compatible with rigidifications. Hence this isomorphism is automatically a descent 
datum, and the descent is effective by 6.1/4. Thus the above sequence is exact, and 
(P, t:) is a sheaf with respect to fpqc. For each line bundle .P on X, the bundle 
2' ® f*(t:*(.P- 1 )) has a rigidification. Therefore we have 

(P,t:)(T) = Pic(Xr)/Pic(T) 
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for all S-schemes T. Since (P, e) is a sheaf with respect to the fpqc-topology and, 
thus, with respect to the fppf-topology, it is canonically isomorphic to the relative 
Picard functor Picx;s· Thereby we see once more that the second assertion of 
Proposition 4 is true. 

Using the above argument, it can easily be shown that the relative Picard functor 
Picx;s which has been defined within the framework of the fppf-topology is even a 
sheaf with respect to the fpqc-topology, provided f: X ---+ S is fppf and satisfies 
f*((!Jx) = @8 universally. Namely, we may perform a base change with X over Sand 
thereby assume that f has a section. Then, by considering rigidifications, it follows 
that Picx;s is a sheaf with respect to fpqc. 

Ifthe assumptions that the equationf*((!Jx) = {!)8 holds universally and that there 
is a section e : S ---+ X are not satisfied, it is sometimes useful to introduce a 
generalization of the notion of rigidifications so that, similarly as above, one can 
deal with rigidified line bundles. 

Definition 5. Let f: X ---+ S be proper, flat, and of finite presentation. Then a sub­
scheme Y c X, which is finite, flat, and of finite presentation over S, is called a 
rigidificator of f or, more precisely, of the relative Picard functor Picx;s if 

(Sch/S)0 ---+ (Sets) , T f------+ r(Xr, (!Jxr) , 

is a subfunctor of the functor 

(Sch/S)0 ---+ (Sets) , 

i.e., if the map r(Xr,(!Jxr)---+r(YT,(!JYr), which is derived from the inclusion 
Yr ~ X n is injective for all S-schemes T. 

If f*((!Jx) = @8 holds universally, it is immediately clear that, for each section 
e : S ---+ X of f, the closed subscheme e(S) c X is a rigidificator of f Furthermore, 
let us mention without proof two non-trivial examples where rigidifications exist; 
cf. Raynaud [6], Prop. 2.2.3. 

Proposition 6. Let f: X ---+ S be as in Definition 5. 
(a) If the fibres of f do not have embedded components, f admits a rigidificator 

locally over S with respect to the etale topology. 
(b) If S is the spectrum of a discrete valuation ring, f has a rigidificator. 

Let Y be a rigidificator of f: X ---+ S. Then an invertible sheaf on X which is 
rigidified along Y is defined as a pair (2, IX), where 2 is an invertible sheaf on X, 
and where IX is an isomorphism @y ~ 2 1y. Rigidified line bundles do not admit 
non-trivial automorphisms. Therefore the functor 

(Picx18 , Y): (Sch/S)0 ---+ (Sets) , 

which associates to an arbitrary S-scheme T the set of isomorphism classes of line 
bundles on X T which are rigidified along Yr, is a sheaf with respect to the Zariski 
topology and, by descent theory, even with respect to the fpqc-topology. Further­
more, (Picx18 , Y) is canonically a group functor. 



206 8. The Picard Functor 

In order to relate the functor (Picx18 , Y) to the relative Picard functor Picx18 , it 
is necessary to Iook at rigidificators from another point of view. However, before 
we can do this, we have to discuss a basic result on the direct image of mx-modules 
which are locally of finite presentation; by the latter we mean (quasi-coherent) 
mx-modules which, locally, are isomorphic to the cokernel of a homomorphism of 
type mr; ------+ (Di. Furthermore, we need the concept of cohomological flatness. 
Assurne that f: X ------+ S is proper and of finite presentation, and consider an 
mx-module !#' of locally finite presentation, which is flat over S. Then !#' is said to 
be cohomologically flat over S in dimension 0 if the formation of the direct image 
f*(!F) commutes with base change.lfthe condition is true for !#' = mx, we say that 
f itself is cohomologically flat in dimension 0. The latter is the case if f is flat and 
if the geometric fibres of f are reduced; cf. [EGA 1112 ], 7.8.6. 

Theorem 7. Let f: X------+ S be a proper morphism which is finitely presented. Further­
more, Iet !#' be an mx-module of locally finite presentation which is S-flat. Then there 
exists an {98 -module !2 of locally finite presentation, unique up to canonical isomor­
phism, such that there is an isomorphism of functors 

f*(!F ®&s A) ~ Yf.om(1J8(!2, A), 

which is functorial for all quasi-coherent (98-modules A. In particular, there is an 
isomorphism of functors 

r(X,!F ®&s A) ~ Yf.om&.(i2,A). 

The {9 8-module !2 is locally free if and only if !#' is cohomologically flat over S in 
dimension 0. In the latter case, !2 and f*(!F) aredual to each other and, in particular, 
f*(!F) is locally free. 

We will not repeat the proofofthe theorem from [EGA 1112 ], 7.7.6. But to give 
some idea, we want to show how the assertions follow from the theorem on 
cohomology and base change as contained in Mumford [3], Chap. II, § 5. We may 
assume that S is affine, say S = Spec A. Then the theorem on cohomology and base 
change says there isafinite complex 

K": 0------+ K 0 ~ K 1 ------+ K 2 ------+ ... ------+ Kn------+ 0 

offinitely generated projective A-modules (we may assume offree A-modules, after 
restriction of S) as weil as an isomorphism of functors 

HP(X,!F ®AM)~ HP(K ®AM)' p ~ 0' 

on the category of A-modules M. (Using Mumford's version of the base change, 
one has remove the noetherian hypothesis by a Iimit argument; furthermore, the 
above functors have to be considered on the category of all A-modules M and not 
just on the category of all A-algebras B.) Dualizing the map <p: K 0 - K 1 gives an 
exact sequence 

<p* 
0 +-- coker <p* +-- (K0 )* +--(K1 )* , 

and we claim there is a functorial isomorphism 
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offunctors in M. Namely, applying the functor HomA(·,M), which is left-exact, to 
the preceding exact sequence yields the exact sequence 

0 ~ HomA(coker cp*, M) ~ HomA((K0 )*, M) ~ HomA((K 1 )*, M) . 

Then we compare it with the exact sequence 
rp@M 

O~ker(cp®M)~K0 @AM K 1 @AM. 

The canonical homomorphisms Ki @AM~ HomA((Ki)*,M), i = 1, 2, are iso­
morphisms since K 0 and K 1 are free, and there is an isomorphism 

H 0 (K @AM)~ HomA(cokercp*,M), 

which is functorial in M. Hence the existence of the functorial isomorphism ( *) is 
proved. Writing Q = coker cp* and using the theorem on cohomology and base 
change, the resulting functorial isomorphism 

H0 (X,JF @AM)~ HomA(Q,M) 

implies the main assertion of our theorem. Since the tensor product is right-exact 
and since Horn is left-exact, the isomorphism (*) shows that JF is cohomologically 
flat over S in dimension 0 if and only if Q = coker cp* is a projective, i.e., locally free 
A -module. If the latter is the case, ker cp is locally free since it is the dual of coker cp*. 

D 

If f: X ~ S is proper, finitely presented, and flat, the assertion of the above 
theorem holds for the CDx-module JF = CDx. Restricting the resulting functorial 
isomorphism 

f*(JF ®(!)8 A) ~ .Yl'om(!).(f2, .tt') 

to quasi-coherent CDs-modules of type .tt = CDr which are obtained from morphisms 
T ~ S, one ends up with functorial isomorphisms 

l(Xr, CDxr) ~ Hom(!)J,q, CDr) ~ Homs(T, V) 

where V denotes the S-scheme corresponding to the symmetric CDs-algebra :?ym(!)8(,q) 
of !Z. Dropping the middle term, we get a functorial isomorphism between functors 
on the category of all S-schemes T. The scheme V is also referred to as the total 
space of the module !Z. We say that V is locally free if this is true for fi2 as an 
CDs-module. The latter is equivalent to the fact that V is smooth over S. So we can 
state the following result. 

Corollary 8. Let f: X~ S be proper, finitely presented, and flat, and Iet fi2 be the 
CDs-module associated to f*(CDx) in the sense of Theorem 7. Then the functor 

(Sch/S)0 ~(Sets) , 

is represented by the total space V of !Z. Furthermore, V is locally free if and only if 
f is cohomologically flat in dimension 0. 

If, in addition to the above assumptions, f is finite, it is automatically cohomo­
logically flat in dimension 0. In particular, the functor of global sections of a 
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rigidificator is always represented by the total space of a module which is locally 
free. Using the assertion of the corollary, we can give a further characterization of 
rigidificators. 

Proposition 9. Let f: X---+ S be proper, finitely presented, and flat, and consider a 
subscheme Y c X which is finite, flat, and of finite presentation over S. Let Vx (resp. 
Vy) be the S-scheme, which, as in Corollary 8, represents the functor of global sections 
on X (resp. Y). Then the following conditions are equivalent: 

(a) Y is a rigidificator of f 
(b) The morphism Vx---+ Vy, which is induced by the inclusion Y ~X, is a closed 

immersion. 

Proof Let f2 (resp. f2') denote the {98-module which is obtained by means ofTheorem 
7 from f: X ---+ S (resp. Y---+ S). Then, for all S-schemes T such that (9T is a 
quasi-coherent {98-module, the inclusion Y ~X gives rise to a sequence 

The latter is exact for all T if and only if Yis a rigidificator of f Now the sequence 
(*) corresponds to a sequence 

(**) 

of mx-modules which is exact if and only if ( *) is exact for all T On the other hand, 
(**) yields a sequence between associated symmetric {98-algebras 

which is exact if and only if it is exact in degree 1, i.e., if and only if (**) is exact. 
This verifies the assertion of the proposition. D 

As before, let f: X ---+ S be proper, finitely presented, and flat, and let Vbe the 
S-scheme representing the functor T 1---+ r(Xr, mxr) of global sections on X. Then 
V may be viewed as a functor to the category of rings and thus is a ring scheme. 
We claim: 

Lemma 10. The subfunctor of units T 1---+ r(X r, m;r) is represented by an open 
subscheme V* c V. In particular, V* is a group scheme. 

Proof The assertion is clear if f is cohomologically flat in dimension 0. Namely, 
then V is locally free and we can use a norm argument. In the general case, one 
views V and V* as functors and shows that the injection V* c..... V is relatively 
representable by open immersions. In order to do this, consider an S-scheme T and 
a T-valued point g: T---+ V as well as the associated cartesian diagram 

V* Xv T T 

j j' 
V* V. 
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Then g corresponds to a global section in the structure sheaf of X x 8 T. Let U' be 
the maximal open subset of X x s T where g is invertible. Since f is proper, the 
complement of U' projects onto a closed subset F of T. Therefore its complement 
U := T - Fis an open subscheme of T, and it is easily verified that V* x v T---+ T 
is represented by the open immersion U ~ T. 0 

The canonical map (!)8 ---+ f*((!)x) defines a morphism Ga---+ Vwhich is a closed 
immersion as can be seen by using arguments as in the proof of Proposition 9. 
Restricting to the subschemes of units yields an immersion of group schemes 
Gm---+ V* which is a closed immersion again. It is easily seen thatf*((!)x) = (!)8 holds 
universally if and only if the map Ga---+ Vor, equivalently, the map Gm---+ V* is 
an isomorphism. 

Finally, let Y be a rigidificator of f: X ---+ Sand, as in Proposition 9, let Vx and 
Vy denote the schemes representing the functors of global sections on X and on Y. 
Then the closed immersion Vx ~ Vy gives rise to an immersion V/ ~ Vy*, and 
there is a canonical map Vy* ---+ (Picx18 , Y) to the Picard functor (Picx18 , Y) of line 
bundles which are rigidified along Y. Namely, fixing an S-scheme T, a global 
invertible section a on Y x 8 T is mapped to the pair ((!)xT' o:) where the iso­
morphism o:: (!)xTIYT ~ (!)xTIYT is the multiplication by a. Adding the canonical map 
(Picx18 , Y)---+ Picx18 , one obtains the sequence 

0 ---+ V/ ~ Vy* ---+ (Picx18 , Y)---+ Picx;s ---+ 0 . 

Proposition 11. The preceding sequence is exact in terms of sheaves with respect to 
the etale topology. 

The proof is straightforward; see Raynaud [6], 2.1.2 and 2.4.1. It is shown in the 
same article that (Picx18 , Y) is representable by an algebraic space; cf. our discussion 
of the representability of Picard functors in 8.3. Thus, even if Picx;s is not represent­
able (by a scheme or by an algebraic space), but if there exists a rigidificator Y, there 
is a representable object which closely dominates the relative Picard functor. 

8.2 Representability by a Scheme 

There are two types of results concerning the representability of the relative Picard 
functor Picx18 ; namely, results on the representability by schemes and results on the 
representability by algebraic spaces. lf one wants Picx;s to be a scheme, one has to 
ask strong conditions for the structural morphism f: X ---+ S whereas, if one allows 
to work more generally within the context of algebraic spaces, one can obtain the 
representability of Picx;s by an algebraic space under conditions which are not so 
restrictive and quite natural to ask. 

In the present section, we will give an outline of Grothendieck's method for 
representing Picx;s by a scheme and, in the next section, we will roughly explain the 
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idea of M. Artin's approaeh for representing Piex1s by an algebraie spaee. Let us 
start by stating the main results on the representability of Piex1s by a seheme. 

Theorem 1 (Grothendieek [FGA], n°232, Thm. 3.1). Let f: X---+ S be projective 
and finitely presented. Assurne that f is flat, and that the geornetric fibres of f are 
reduced and irreducible. Then Piex1s is representable by a separated S-scherne which 
is locally of finite presentation over S. 

The proof of Theorem 1 eonsists mainly of methods from projeetive geometry. 
If one replaees the eondition "projeetive" by "proper", these methods are not 
applieable for a general base S. Furthermore, the assumption on the fibres of f is 
an inevitable teehnieal eondition without whieh the proof eannot work. It is the 
very reason for getting representability by a seheme and for the faet that the 
representing S-seheme is separated. 

To illustrate this point, let us look at an exarnple of Mwriford. He eonsidered a 
projeetive flat family of geometrieally redueed eurves where Piex1s does not exist as 
a seheme. Namely let S = Spee IR[[t]], and let X be the S-subseheme of iP>§ given 
by the equation Xf + Xi = tX5. One may view X as a eonie whieh geometrieally 
degenerates into two projeetive lines. The speeial fibre over the closed point of S is 
irredueible whereas, after the base ehange with S' = SpeeC[[t]], it deeomposes 
into two lines whieh are eonjugated under the Galois group 7Lj27L of S' over S. We 
claim that the Pieard funetor Piex.1s· is a seheme. Indeed, it is a disjoint union of 
subsehemes representing the subfunetors Pie~'IS'' d E 7L, of Piex.1s· whieh are given 
by line bundles of total degree d. Furthermore, eaeh Piehs· is obtained by gluing 
eopies of S' along the generie point; namely by gluing eopies S~.b with a, b E 7L and 
a + b = d where the deeompositions d = a + b eorrespond to the possibilities of 
degenerations of a line bundle of degree d on the generie fibre into a line bundle 
with partial degrees a and b on the eomponents of the speeial fibre. In partieular, 
Piex'IS' is not separated and there are orbits of the Galois aetion on Piex.1s· whieh 
are not eontained in an open affine subseheme. So, the deseent datum given by the 
Galois aetion eannot be effeetive, and henee Piex1s is not representable by a seheme 
over S. A closer look at this example shows that the very reason for this is the faet 
that the irredueible eomponents of the fibres of f are not geometrieally irredueible. 
The same ean be read from the following generalization of Grothendieek's result: 

Theorem 2 (Mumford, unpublished). Let f: X---+ S be flat, projective, and finitely 
presented with geornetrically reduced fibres. Assurne that the irreducible cornponents 
of the fibres of f are geornetrically irreducible. Then Piex1s is representable by 
a (not necessarily separated) S-scherne which is locally of finite presentation 
over S. 

If the base seheme S is a field, one ean prove the representability of Piex1s under 
weaker assumptions than those mentioned in Theorem 1. This was first done by 
Grothendieek for the projeetive ease; ef. [FGA], n°232, Seet. 6. Later on Murre and 
Oort treated the proper ease. 



8.2 Representability by a Scheme 211 

Theorem 3 (Murre [1] and Oort [1]). Let X be a proper scheme over a field k. Then 
Picx;k is representable by a scheme which is locally of finite type over k. 

The theorem of Murre can also be deduced from the results on the represent­
ability of Picx;s by an algebraic space; cf. Section 8.3. Namely, a group object in the 
category of algebraic spaces over a field is representable by a scheme. 

Finally, we want to introduce the notion of universalline bundles which is quite 
convenient to work with when Picx;s is representable. We assume that the structural 
morphism f: X----+ S has a section e and that j*(!)x = (!)8 holds universally. In this 
case Picx;s is isomorphic to the functor 

(P, e): (Sch/S)0 ----+ (Sets) 

which associates to each S-scheme S' the set of isomorphism classes of line bundles 
on X' =X x 8 S' which are rigidified along the induced section e' = e ® id8.; cf. 
Section 8.1. lf Picx;s is a scheme, it also represents the functor (P, e). So the identity 
on Picx;s gives rise to a line bundle flJ on X x 8 Picx;s which is canonically rigidified 
along the induced section. &> is called the universalEine bundle for (X/S, e). That this 
terminology is justified can be seen if we write down explicitly the condition of (P, e) 
being representable: 

Proposition 4. Let f: X----+ S be finitely presented and flat, and let e be a section of 
f Assurne that j*(!)x = (!)8 holds universally. If Picx;s is representable by a scheme, 
the universalEine bundle &> for (XjS, e) has the following property: 

For any S-scheme S', and for any line bundle !e' on X'= X x 8 S' which is 
rigidified along the induced section e', there exists a unique morphism g: S'----+ Picx;s 
such that !e', as a rigidified line bundle, is isomorphic to the pull-back of flJ under 
the morphism idx x g. 

Note that f* (!)x = (!)8 holds universally under the assumptions of Theorem 1; cf. 
[EGA III2 ], 7.8.6. 

Next we turn to the proof of Theorem 1. Since the relative Picard functor is a 
sheaf for the Zariski topology, its representability is a local problern on S. So we 
may assume that X is a closed subscheme of the projective space IP,S. In order to 
state what the proof yields in this special case, we have to introduce some further 
notions. 

Following Altmann and Kleiman [1], a morphism of schemes f: X----+ S is 
called strongly projective (resp. strongly quasi-projective) ifit is finitely presented and 
if there exists a locally free sheaf ct on S of constant finite rank such that X is 
S-isomorphic to a closed subscheme (resp. subscheme) of !P(ct). Let (!Jx(1) be the 
canonical (relatively) very ample line bundle on X. For any polynomial <I> E Q[t], 
one introduces the subfunctor Pic~;s of Picx;s which is induced by the line bundles 
with Hilbert polynomial <I> (with respect to (!Jx(1)) on the fibres of X over S; cf. 
[EGA III 1 ], 2.5.3 for the definition of Hilbert polynomials. Then one can state the 
following stronger version of Theorem 1, which clearly suggests that Grothen­
dieck's result deals with a problern inside the category of (quasi-) projective 
S-schemes. 



212 8. The Picard Functor 

Theorem 5. Let f: X ~ S be strongly projective, and let S be quasi-compact. Assurne 
that f is flat, and that the geometric fibres of f are reduced and irreducible. Then, for 
every <I> E Q [t], the functor Pic~;s is representable by a strongly quasi-projective 
S-scheme. Furthermore, Picx;s is represented by the disjoint union of all Pic~18, 
where <I> rang es over Q [t]. 

In the following we want to sketch the main steps of the proof of Theorem 5; in 
particular, we want to point out where the specific assumptions of the theorem are 
employed. The proof itself decomposes into three parts: 

I) The notion of relative Cartier divisors gives rise to a functor 

Divx;s: (Sch/S)0 ~(Sets) , 

which associates to an S-scheme S' the set of all relative Cartier divisors of the 
S'-scheme X':= X x 5 S'. There is a canonical morphism 

Divx;s ~ Picx;s 

which is relatively representable. We will show a slightly weaker version ofthe latter 
statement which is enough for our purposes. 

II) We will show that the functor Divx;s is representable by an S-scheme. More 
precisely, we introduce Hilbert polynomials with respect to the fixed very ample 
line bundle C9x(l), and we look at the subfunctor Div~;s which consists of allrelative 
Cartier divisors with Hilbert polynomial <1>. Then we will show that Div~;s is an 
open subfunctor of Div x;s and that Div~;s is a strongly quasi-projective S-scheme. 
Furthermore, Div x;s is the disjoint union of all schemes Div~15 , where <I> ranges over 
Q [t]. This part is the harrlest of the whole proof, since the representability of the 
Hilbert functor is involved. 

111) For suitable polynomials <1>, the functor Pic~;s is a quotient (as a sheaf for 
the fppf-topology) of an open subscheme ofDivx;s with respect to a proper smooth 
equivalence relation. We will show that such a quotient is representable by a scheme. 
Hence, Pic~;s is representable in such a special case. For general <1>, there exists an 
integer n<I> suchthat the translate of Pic~;s by the element associated to C9x(n<I>) is of 
the type as treated in the special case. So Pic~;s is representable again. More 
precisely, we will see that it is representable by a strongly quasi-projective S-scheme. 
Furthermore, Pic~;s is an open and closed subfunctor of Picx;s. so Picx;s is repre­
sented by the disjoint union of all schemes Pic~;s where <I> ranges over Q [t]. 

Let us start with part I. An effective Cartier divisor on a scheme X is a closed 
subscheme D of X suchthat its defining sheaf ofideals f is an invertible C9x-module; 
i.e., for each x EX, the ideal fx is generated by a regular element of C9x. We denote 
by C9x(D) the associated line bundle 

C9x(D) = f-1 = .Yfom(f)x(f, C9x), 

and by sD E r(X, C9x(D)) the global section associated to the inclusion f ~ C9x. We 
refer to sD as the canonical section of C9x(D). It corresponds to the canonical 
inclusion C9x ~ C9x(D). Thus, an effective Cartier divisor gives rise to a pair (2", s) 
consisting of a line bundle 2" and a global section s E r(X, 2") which induces a 
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regular element sx on each stalk !l!x, x EX; i.e., the map is: (!)x---+ !l!x sending the 
unit element 1x of (!)x to sx is injective. Two pairs (!!!, s) and (!!!', s') are called 
equivalent if there exists an isomorphism cp : !l! ---+ !!!' such that cp(s) and s' differ 
by a factor which isaglobal section of (!)i. Associating to a pair(!!!, s) the subscheme 
D of X which is defined by the sheaf of ideals !l!-1 viewed as a subsheaf of (!)x via 
the morphism i. ® !l!-1, we obtain a bijection between the set of all effective Cartier 
divisors on X and the set of all equivalence classes of pairs (!!!, s), where !l! is a line 
bundle on X, and where s is a global section of !l! inducing a regular element on 
each stalk of !!!. We denote by r(X, !!!)* the subset of r(X, !!!) consisting of all 
global sections of !l! which induce regular elements on each stalk !l!x, x EX. Thus 
the set of effective Cartier divisors D on X inducing the same line bundle !l! 
corresponds bijectively to the set r(X, !!!)* jr(X, (!)i)_ 

Now Iet f: X---+ S be locally offinite presentation. An effective relative Cartier 
divisor on X over S is an effective Cartier divisor D on X which is flat over S. Further 
characterizations of effective relative Cartier divisors are given by the following 
Iemma. 

Lemma 6. Let J be a quasi-coherent sheaf of ideals of (!)x which is locally of finite 
presentation, and let D be the closed subscheme of X defined by J. Let x be a point 
of D, and set s = f(x). Then the following conditions are equivalent: 

(i) J is invertible at x (i.e., Jx is generated by a regular element), and D is flat 
over S at x. 

(ii) X and D are flat over S at x, and the restriction D. of D onto the fibre X. 
over s is an effective Cartier divisor on x. at x. 

(iii) X is flat over S at x, and Jx is generated by an element fx which induces a 
regular element on X. at x. 

Proof To show the assertion (i) ~ (ii), Iet h be a local section of J which 
generates Jx. Then h is a regular element of (!)x,x• and the multiplication by h gives 
rise to an exact sequence 

0---+ (!)X,x---+ (!)X,x---+ (!)D,x---+ 0 · 

After tensoring with the residue field k(s) of s over (!)8 ,., we obtain the sequence 

Due to the flatness of D over S, this sequence is exact. Thus, h gives rise to a regular 
element of (!)x •. x and, hence, D. is an effective Cartier divisor on x •. In order to show 
that X is flat over S at x, we may use a Iimit argument ([EGA IV 3 ], 8.5.5 and 
11.5.5.2) and thereby assume that S is locally noetherian. Looking at the long exact 
Tor-sequence, the flatness of D yields 

h · Tor~···((!)x,x• k(s)) = Tor~•··((!)x,x• k(s)) 

for n ~ 1. Since S ist locally noetherian, and since X is locally of finite type over S, 
the modules Tor~···((!)x,x• k(s)) are finitely generated over Dx,x· But then Naka­
yama's Iemma implies Tor~···((!)x,x• k(s)) = 0 for n ~ 1, because x E D. Hence Xis 
flat over S at x by Bourbaki [2], Chap. III, § 5, n°2, Thm. 1. 
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The assertion (ii) ~(iii) follows from Nakayama's Iemma, and the remain-
ing implication (iii) ~ (i) is a consequence of [EGA IV 3 ], 11.3. 7. D 

It is clear from condition (ii) that the notion of effective relative Cartier divisors 
is stable under any base change S' -- S. Thus, there is a functor 

Divx1s: (Sch/S)0 -- (Sets), S' .___ Div(X'/S') 

where Div(X'/S') denotes the set of all effective relative Cartier divisors of X'= 
X x s S' over S'. Associating to an effective relative Cartier divisor D the line bundle 
(!Jx(D), we obtain the canonical morphism 

Div xts -- Picx1s , 

As a first step towards the representability of Picx1s, one proves that this morphism 
is relatively representable. Recall, this means that for each morphism T-- Picx1s 
from an S-scheme T to Picx1s, the morphism 

DivX/S XPicxts T-- T 

obtained from Divx1s-- Picx1s by the base change T-- Picx1s is a morphism of 
schemes. However, we will show the latter only under the assumption that the map 
T-- Picx1s, as an element of Picx1s(T), is given by a line bundle on X Xs T. This 
is enough for our application, because in part 111 we will apply it to the case where 
T = Divx1s and where the map T-- Picx1s is the canonical one. On the other 
band, each map T-- Picx1s corresponds to a line bundle on X x 8 T if f has a 
section; cf. 8.1/4. So in this case we will really get the relative representability of 
Divx1s-- Picxts· 

Proposition 7. Let f: X-- S be as in Theorem 5, and let T be an S-scheme. Let .P 
be a Une bundle on Xr =X Xs T, and denote by T-- Picx1s the morphism cor­
responding to .P. Then there exists an {!}T-module fi', which is locally of finite 
presentation, such that Divx1s xPicxts T is represented by the projective T-scheme 
IP'(ff). 

Furthermore, there is a canonical way to choose fi'. If .Pis cohomologically flat 
in dimension zero, then f*(.P) and fi' are locally free, and fi' is isomorphic to the dual 
off*(.P). 

Proof We may assume T = S. The fibred product Divx1s xPicxts S is isomorphic to 
the functor Dg;: (Sch/S)0 -- (Sets) which associates to an S-scheme S' the set of all 
relative Cartier divisors D' on X'/S' suchthat (!Jx.(D') and .P' give rise to the same 
element in Picx18(S'), where .P' denotes the pull-back of .P to X'. By Proposition 
8.1/3 the latter condition is equivalent to the fact that (!Jx.(D') and .!!'' are isomorphic 
locally over S'. Hence, as we have shown during our general discussion of Cartier 
divisors, there is a bijection 

r(S', (f~ .P')* /f~( (!)~.))-- D g;(S') 

wheref' is obtained fromfby the base change S'-- S, and where(f~.P')* denotes 
the subsheaf of (f~.P') consisting of all sections which induce regular elements on 
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every fibre X, of f Thus, we have a bijection 

r(S,(f*2)*/C9!}---+ Df!'(S) 
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which is compatible with base change. Since f is proper and flat, there exists an 
{95-module $' of locally finite presentation such that there is an isomorphism 

which is compatible with any base change S'---+ S; see Theorem 8.1/7. Furthermore, 
$' is canonically determined by 2. Since the geometric fibres of f are reduced and 
irreducible, the local sections of (f*2)* coincide with the local sections of f*2 
which do not induce the zero section on any fibre X,. Interpreting them as local 
homomorphisms $'---+ (98 via (*) and applying Nakayama's Iemma, they cor­
respond to those local homomorphisms $'---+ (98 which are surjective. Thus, the 
sections of (f* 2)* /C9'! correspond bijectively to the set of quasi-coherent quotients 
of $' which are invertible, and hence to the sections of the projective bundle IP($'); 
cf. [EGA II], 4.2.3. Since all maps under consideration are compatible with base 
change, $' is as required. The last statement of the proposition has already been 
mentioned in 8.1/7. D 

Thereby we have finished part I. Next, we discuss part II. The reprcsentabil­
ity of Divx;s will be derived from the representability of the Hilbert functor. The 
latter is defined as follows. For any S-scheme X denote by Hilb(X/S) the set of 
all closed subschemes D of X which are proper, finitely presented, and flat over S. 
Then 

Hilbx;s : (Sch/S)0 ---+(Sets) , S'---+ Hilb(X x5 S'/S') 

is a functor, the so-called Hilbert functor of X over S. We see from Lemma 6 that 
Div x;s is an open subfunctor of Hilbx;s if X is proper, finitely presented, and flat 
over S. Thus the representability of Divx;s follows from the representability of 
Hilbx;s· We want to mention that, for the representability of Hilbx;s by a scheme, it 
is essential that X is quasi-projective over S. Namely, there is an example by 
Hironaka of a proper and smooth manifold of dimension 3 over a field on which 
the group 7Lj27L acts freely. But the quotient with respect to this action does not 
exist in the category of schemes; cf. Hironaka [1]. One shows that, in this situation, 
the Hilbert functor cannot be represented by a scheme; namely, the equivalence 
relation given by the group action constitutes a closed subscheme R of X x 8 X 
which is proper and flat with respect to the second projection. Thus R gives rise to 
an elemcnt g E Hilbx;s(X) and, if Hilbx;s were representable as a scheme, the image 
ofthe morphism X---+ Hilbx;s given by g would serve as a quotient of X under the 
group action. 

For showing the representability of Hilbx;s• it is convenient to Iook at a more 
general situation. Given an C9x-module $' which is locally offinite presentation, one 
introduces the functor 

Quot<j>"JXJS): (Sch/S)0 ---+ (Sets) 

which associates to an S-scheme S' the set of quotients '§' of the pull-back $'' of $' 
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to X' = X x 8 S' where '!J' is required to be locally of finite presentation over mx., 
to be flat over S', and to have proper support over S'. The key result on the 
representability of the functor QuottFiXiS) is the following theorem of Grothendieck 
(cf. [FGA], no221, Thm. 3.1); the strengthening from the projective to the strongly 
projective case is due to Altman and Kleiman [1], Thm. 2.6. 

Theorem 8. Let f: X -----+ S be strongly quasi-projective, and Iet :!F be an mx-module 
which is locally of finite presentation. Fix a (relatively) very ample line bundle (l)x(1) 
associated to an embedding of X into a projective bundle over S. Assurne that :!F is 
isomorphic to a quotient of an mx-module of the form f*!Jß ® (()x(v) for some v E 7l., 
where fJß is a locally free (()8 -module with a constant finite rank. Then Quot(FiXiS) is 
represented by a separated S-scheme which is a disjoint union of strongly quasi­
projective S-schemes. 

If, in addition, f is proper, then Quot(FiXiS> is a disjoint union of strongly projective 
S-schemes. 

Note that, for :!F = mx, the functors Quot(FiXiS) and HilbXiS coincide. Further­
more, Divxis is a quasi-compact open subfunctor of Hilbxis if Xis proper, finitely 
presented, and flat over S. Thus, if Hilbxis is represented by a disjoint union 
of strongly quasi-projective S-schemes, so is Divxis· 

When a very ample line bundle mx(l) is fixed, QuottFiXiS> can be covered in a 
canonical way by open subfunctors which will correspond to quasi-compact open 
subschemes of Quot(FiXiS) (resp. of Hilbxis)· Namely, for any mx-module '!} which 
is locally of finite presentation and has proper support, and for any point s E S, one 
has the Hilbert polynomial x('!J.)(t); its value at any n E 7l. is given by the Euler­
Poincare characteristic 

00 

x('!J.(n)) = I ( -1)idimk(s)Hi(x •. '!J.(n)) 
i=O 

of'!J(n) over the fibre X., where we have written '!J.(n) for the restriction of '!J ® (l)x(n) 
to x •. The Hilbert polynomial has rational coefficients; cf. [EGA III 1 ], 2.5.3. 
Furthermore, when '!J is flat over S, it is locally constant as a function of s ES; cf. 
[EGA III2 ], 7.9.11. So, for a polynomial <I> E aJ[t], Iet Quotr~"!XiS> be the subfunctor 
of Quott3•iXiS> consisting of all quotients with a fixed Hilbert polynomial <1>. In 
the same way, one introduces the subfunctor Hilb~is of Hilbxis· It is clear that 
Quot~/X/S) constitutes an open and closed subfunctor of Quot(FiXiS> and that the 
subfunctors Quot~/X/S) cover Quot(FiXiS> if <I> ranges over aJ [t]. Thus, it suffices to 
prove the following theorem. 

Theorem 8'. Let X be S-isomorphic to a finitely presented subscheme of IP'(C) where 
C is a locally free (()8 -module of constant finite rank. Denote by f: X-----+ S the 
structural morphism and by mx(1) the canonical (relatively) very ample line bundle on 
X. Let :!F be isomorphic to a quotient of (f*!Jß) ® mx(v) where V E 7l. and where fJB is 
a locally free sheaf on S of constant finite rank, and assume that :!F is locally of finite 
presentation. Furthermore, fix a polynomial <I> E aJ [t]. Then, there exists an integer 
m0 satisfying the following property: 
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Foreach m~ m0 , the map 

Quot~/X/S)-- GrassQJ(m)(.?l ® !I'Zf<mv+m(S)), 

which associates to an element r§' E Quot~txts)(S') the direct image f.(r§'(m)), con­
stitutes a functor which is relatively representable by a quasi-compact immersion. In 
particular, Quot~/X/S) is representable by a strongly quasi-projective S-scheme. 

IJ, in addition, X is a closed subscheme of IP>(S), the immersion of above is closed 
and Quot~txts> is strongly projective over S. 

For a locally free ßl8-module 2 and a non-negative integer r, we denote by 
Grass,(2) the contravariant functor from (Sch/S) to (Sets) which associates to an 
S-scheme S' the set of locally free quotients of 2 ® l!J8 , of rank r. Then Grass,(2) 
is representable by a closed subscheme of IP>(~), where ~ is the r-th exterior power 
of 2; cf. Grothendieck [2], § 2. Since wehavenot restricted ourselves to polynomials 
(f) E Ci! [t] which take values (f)(m) in the non-negative integers for large integers m, 
we define Grass,(2) by the empty functor ifr E Ci!- f\1. Note that Quot~txts> is the 
empty functor if the polynomial (f) does not take values (f)(m) in the non-negative 
integers for large integers m. 

For .fF = ßlx, one has Quot~x /X/S) = Hilb~18 • If Xis proper and flat over S, we 
know that Divx1s is an open subfunctor of Hilbxts· So we denote by Div~1s the 
induced subfunctor of Hilb~18 • Thus, Theorem 8' implies the following corollary. 

Corollary 9. Let f: X -- S be strongly projective (resp. strongly quasi-projective), 
and Iet (f) E Ci! [t]. Then Hilb~1s is representable by a strongly projective (resp. strongly 
quasi-projective) S-scheme. 

IJ, in addition, Xis proper andflat over S, then Div~1s is representable by a strongly 
quasi-projective S-scheme. 

Now Iet us give an outline of the proof of Theorem 8'. First one reduces to the 
case where X is the projective space IP>(S) associated to a locally free sheaf S of 
constant ranke+ 1 on S, and where .fF is isomorphic to f*.?l(v) := (f*.?l) ® ßlx(v) 
for some locally free sheef .?1 on S which has constant rank b over S. Namely, 
Quot~txts) is a locally closed (resp. closed) subfunctor of Quotij·~<v>fiP'(If)/Sl of finite 
presentation. In the latter case, there is a canonical isomorphism 

.?I® !I'Zf<mv+m(S) ~ f.(.?F(m)) 

for m E Z; cf. [EGA 1111], 2.1.15. We assume this situation from now on. Then a 
key point is the following observation of Mumford which simplifies the original 
proof of Grothendieck; cf. Mumford [2], Lecture 14. 

Proposition 10. There exists a constant m0 depending on the integers e, b, v and on 
the coefficients of (f), such that the following property is satisfied: 

LetS' be an S-scheme, and let r§' E Quot~txts)(S'). Denote by .#" the kerne[ ofthe 
canonical map .fF' -r§'. Then, for all m ~ m0 , the ßlx.-module .n"'(m) is generated 
by the local sections of f~(.YI"(m)), and Ri_{~(.n"'(m) vanishes for i ~ 1. The same is 
true for .fF'(m) and r§'(m). 
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A detailed proof of this proposition can be found in [SGA 6], Exp. XIII, § 1, for 
the case where S' defines a geometric point of S. The general case follows then by 
the theory of cohomology and base change; cf. Mumford [3], § 5. 

Going back to the proof of Theorem 8', keep the notation of Proposition 10. 
Then, form ~ m0 and for each S-scheme S', the canonical map 

f~(.?F'(m))---+ f~(<§'(m)) 

is surjective. Since Rif~<§'(m) vanishes for m ~ m0 and i ~ 1, the direct image 
f~(<§'(m) is a locally free (1)5 .-module of rank <l>(m), due to [EGA III2 ], 7.9.9. Thus, 
we get the canonical morphism 

Quot~/X/S)---+ Grass<I>(m){f*(.?F(m)) 

associating to a flat quotient <§' of .?F' on X' the direct image f*(<§'(m)). Moreover, 
one can reconstruct the subsheaf Je' of .?F' from the canonical surjective map 

f~(.?F'(m))---+ f~(<§'(m)) . 

Thus, one can view Quot~/X/S) as a subfunctor of the Graßmannian functor 
Grass<I>(m)(.?B <8) Yynzv+m(t&")) which associates to an S-scheme S' the set of alllocally 
free quotients of f~(.?F'(m)) of rank <l>{m). It remains to see that the monomorphism 

Quot~/X/S)---+ Grass<I>(m)(.?B ® Yynzv+m(t&")) 

is representable by a quasi-compact immersion. So denote by G the S-scheme 
Grass<I>(m)(.?B <8) Yynzv+m(t&")) and by f2 the universal quotient of.@ <8) Yymv+m(t&"). 
The latter is a quotient (as an ßl6 -module) of the pull-back (.?B ® Yymv+m(t&"))6 of 
f!iJ ® Yymv+m(t&") to G, which is locally free of rank <l>(m). Let .?i'6 be the pull-back 
of .?Fon X 6 =X x 8 G, and Iet f 6 : X 6 ---+ G be the map obtained from f by the 
base change G ---+ S. By using the canonical isomorphism 

{.?ß <8l Yymv+m{t&"))G---+ {fG)*{.?FG{m))' 

we obtain a canonical map 

{fG)*{.fi'G{m))---+ f2 · 

The kernel of this map generates a subsheaf Ye6 (m) of .?F6 (m). Denote by Ye6 the 
ßlxG-module Ye6 (m) ® ßlxG( -m) and by <§6 the quotient .?F6 /:Y'e6 . By reducing to a 
noetherian base scheme S, one shows that there exists a (unique) subscheme Z of G 
suchthat a morphism T---+ G factors through Z if and only if the pull-back <§T of 
<§6 on X x s T is flat over Tand has Hilbert polynomial <1> on the fibres over T; cf. 
[FGA], no221, Sect. 3. Furthermore, the inclusion Z ~ G is finitely presented. 
Hence, Quot~;xfS) is represented by Z which is strongly quasi-projective over S. 
Finally, Z is strongly projective because the valuative criterion is satisfied by [EGA 
IV2 ],2.8.1. D 

Thereby we have finished part II. Finally we come to part III. We begin by 
recalling some definitions on equivalence relations in categories. Let C be a category 
such that direct products xl X Xz and fibred products xl Xy Xz exist in c. A 
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C-equivalence relation on an object X of Cis a representable subfunctor R of X x X 
such that, for each object T of C, the subset 

R(T) c X(T) x X(T) 

is the graph of an equivalence relation on X(T). Denote by Pi: R---+ X the projec­
tion onto the i-th factor, i = 1, 2. A categorical quotient of X with respect to the 
equivalence relation R is a pair (Z, u) consisting of an object Z of C and a morphism 
u: X---+ Z satisfying up1 = up2 such that, for any morphism v: X---+ Y satisfying 
vp 1 = vp2 , there exists a unique morphism v: Z---+ Y suchthat v = vu. Ifit exists, 
it is uniquely determined, and we will usually denote it by X/R. Furthermore, due 
to the definition of a fibred product, there is a canonical morphism 

i:R---+X Xx;RX. 

R is called an effective equivalence relation on X ifthe categorical quotient X/R exists 
and if the canonical morphism i is an isomorphism. In this case, X IR is called an 
effective quotient. Quite often, the canonical morphism i is not an isomorphism; this 
means that the equivalence relation given by the fibred product X x x;R X over the 
categorical quotient X/R, is usually larger than the given relation R. 

In the following, we consider the category of S-schemes. Then one can Iook at 
quotients also from the sheaf-theoretical point of view. Due to Proposition 8.1/1, 
any S-scheme Xis a sheafwith respect to the fppf-topology (or the fpqc-topology). 
So, one can ask for the quotient of X with respect to R in the category of sheaves 
for the fppf-topology. Using the procedure of sheafification, one easily shows that 
such a quotient exists and that it is effective. Let us denote it by (X/R). Furthermore 
Iet us assume that the categorical quotient (in the category of S-schemes) X/R exists. 
So, viewing X and X/R as sheaves for the fppf-topology, one obtains canonical 
morphisms 

X ---+(X/R)---+X/R. 

If(X/R) is represented by a scheme, (X/R) is the effective quotient of X with respect 
to R (for the category of S-schemes), and the canonical morphism (X/R)---+ X/R 
is an isomorphism. 

Example 11. Let f: X---+ Y be an fppf-morphism of S-schemes. Denote by R(f) 
the subscheme X x y X of X x s X. Then R(f) is an effective equivalence relation on 
X and (Y,f) is the effective quotient of X with respect to R(f) in the category of 
S-schemes as well as in the category of sheaves for the fppf-topology. 

Proof Since f is an fppf-morphism, Y is the quotient (in the category of sheaves 
for the fppf-topology) of X with respect to R(f). Hence the assertion follows from 
what has been said before. D 

For any property P applicable to morphisms, an equivalence relation R on an 
S-scheme Xis said to satisfy the property P if P holds for the projections Pi : R ---+ X. 



220 8. The Picard Functor 

We need the following general theorem on the existence of effective quotients with 
respect to proper flat equivalence relations. 

Theorem 12. Let f: X ----. S be strongly quasi-projective, and let R be a proper flat 
equivalence relation on X which is finitely presented. Assurne that the fibres of the 
projection p2 : R----. X have only afinite number of Hilbert polynomials with respect 
to an embedding of X into IP(t&'), where t&' is a locally free {!}s-module of constant finite 
rank. Then R is effective, the quotient map q: X----. X/R is strongly projective and 
faithfully flat, and X/R is strongly quasi-projective over S. 

In particular, X/R is the effective quotient of X with respect to R in the category 
of sheaves for the fppf-topology. 

The proofis easily done by using the existence ofthe Hilbert scheme; cf. Altman 
and Kleiman [1], §2. Namely, set H = ilHilb~1s where <I> ranges over the finitely 
many Hilbert polynomials of p2 ; then H exists as a scheme and is strongly quasi­
projective over S; cf. Corollary 9. Let D be the universal subscheme of X Xs H. The 
projection p: D----. H is proper, flat, and finitely presented, and the equivalence 
relation R is a subscheme of X Xs X which is proper, flat, and finitely presented 
with respect to the second projection p2 • So, using the universal property of the 
Hilbert scheme, there is a unique morphism g : X ----. H such that 

R = (idx x g)*D. 

Now the idea is to realize the quotient as the image of g. 
For an S-scheme T and for points x 1 , x 2 E X(T), write x 1 "'x 2 whenever 

(xu x2) E R(T). Then one shows 

Namely, set R; = (idx, x;)* R for i = 1, 2. Due to the definition of Hilbx1s, we have 
gx 1 = gx2 ifand only iffor all T-schemes T', the set R 1 (T') coincides with R2 (T') 
viewing both as subsets of (X Xs T)(T'). Since R is an equivalence relation, the 
latter is equivalent to (xuidy) E R2(T) and hence to x 1 ,.._, x 2 . Thus, the first equiv­
alence is clear. Due to the definition of g, the condition (x 1 ,gx2 ) ED(T) is equiv­
alent to (xux2 ) E R(T). Then the second equivalence is also clear. 

Now, denote by rg the graph of g: X----. H. Since H is separated over S, the 
graph rg is closed in X Xs H. Furthermore, because rg is isomorphic to X, it is of 
finite presentation over S. Since r9 is contained in D due to ( * ), it is a closed 
subscheme of D. Moreover, rg is of finite presentation over D, since D is of finite 
presentation over S. We want to show that r9 descends to a closed subscheme Z of 
H which is of finite presentation over H. So Iook at the projection p: D ----. H. Due 
to the definition of Hilbx18 , the map p is faithfully flat, proper, and finitely presented. 
Consider the canonical descent datum on D. In order to show r 9 descends to a 
closed subscheme Z of H which is of finite presentation over H, it suffices to show 
that the closed subschemes rg X H D and D X H rg of D X H D coincide. The latter is 
easily checked by looking at T-valued points and by using the equivalence (*). The 
map g : X ----. H factors through Z and, identifying X with r9 , the map g : X ----. H 
is obtained from p: D----. H by the base change Z----. H. Hence, g :X----. Z is 
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faithfully flat, and strongly projective over Z, since D, being proper and strongly 
quasi-projective over H, is strongly projective over H. Because of (*), we have a 
canonical isomorphism 

R---+XxzX. 

Then (Z, g) is an effective quotient of X with respect to R as explained in Example 
11. Finally, Z ---+ S is strongly quasi-projective because Z is a closed subscheme of 
the strongly quasi-projective S-scheme H. D 

Now we want to explain how the proof of Theorem 5 can be derived from the 
results we have discussed up to now. Let <I> be a polynomial with rational coeffi­
cients. Since the Hilbert polynomial of any lDx-module, which is locally of finite 
presentation over X and flat over S, is locally constant, Pic~;s is an open and closed 
subfunctor of Picx;s· Thus, it remains to show that Pic~;s is representable by a 
strongly quasi-projective S-scheme. 

In order to do this, we need the notion of bounded families of coherent sheaves 
on the fibres of X over S. So, let S be a quasi-compact scheme and let X be an 
S-scheme of finite presentation. Let A be a family of isomorphism classes of coherent 
sheaves on the fibres of X over S; i.e., for each s ES and for each extension field K 
of k(s), we are given a family of coherent sheaves :FK on XK. Two sheaves :FK and 
:#'fc belong to the same class if there exist k(s)-embeddings of K and K' into a field 
L suchthat :FK ®K Land ff!c ®K' L are isomorphic on XL. The family Ais called 
bounded if there exists an S-scheme T of finite presentation and a sheaf :#' on 
X r = X x 8 T which is locally of finite presentation such that A is contained in the 
family (ff,.(t); t E T). There is the following proposition, cf. [SGA 6], Exp. XIII, Thm. 
1.13. 

Proposition 13. Let S be quasi-compact, and let X ---+ S be strongly projective. Let A 
be a family of coherent sheaves on the fibres of X over S. Then the followig conditions 
are equivalent: 

(i) A is bounded. 
(ii) The set of Hilbert polynomials x(:FK)(t) is finite where :FK ranges over the 

elements of the family A, and there exist integers n E 7L and NE N such that A is 
contained in the family of all classes of quotients of lDx(nt. 

Furthermore we need the following result; cf. [SGA 6], Exp. XIII, Lemma 2.11. 

Proposition 14. Under the assumption of Theorem 5, a family A of line bundles fi'K 
on the fibres of X over S is bounded if and only if the set of Hilbert polynomials 
X(fi'K)(t) is finite. 

N ow consider the morphism 

Divx;s---+ Picx;s . 

Fix the polynomial <1>, and denote by D(<l>) the inverse image of Pic~;s in Div x;s· It 
is clear that D(<l>) is a disjoint union of connected components of Divx;s· Then it 
follows from Proposition 14 that there are only finitely many connected components 
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ofDivx1s which are involved. Thus, due to Corollary 9, we see that D(<l>) is strongly 
quasi-projective over S. 

Let us assume for a moment that the following condition on Pic~1s is satisfied: 
for any S-scheme S' and for any line bundle !l" on X'= X x 8 S' which induces an 
element of Pic~18 , we have 

Rif~(.!l''(n)) = 0 for i > 0 and n ~ 0 , and 

f~(.!l''(n)) i= 0 for n ~ 0 . 

Note that such line bundles are cohomologically flat in dimension zero. Further­
more, in this case, the map D(<l>)---+ Pic~1s is an epimorphism (in terms of sheaves 
for the fppf-topology). Let .!l' be the line bundle on X x 8 D(<l>) which corre­
sponds to the universal (relative) Cartier divisor on X x 8 D(<l>). Then the map 
D(<l>)---+ Pic~1s is induced by .!l'. If f(<l>) is the base change of f by D(<l>)---+ S, the 
direct image of .!l' under f(<l>) is locally free of rank <1>(0). Due to Proposition 7, 
the morphism 

D(<l>) X Pie'" D(<l>)---+ D(<l>) 
XIS 

is representable by the flat (even smooth) strongly projective morphism 

IP'(~)---+ D(<l>) ' 

where ~ is the dual ofthe direct image of .!l' under f(<l>), since .!l' is cohomologically 
flat in dimension zero. N ow in order to show the representability of Pic~18 , consider 
the following diagram 

D(<l>) xr,.D(<I>) 

D(<l>) 

D(<l>) 

j 
lt says that Pic~1s is isomorphic to the quotient (as sheaf for the fppf-topology) of 
D(<l>) by a proper and flat equivalence relation. Thus Pic~1s is representable by a 
strongly quasi-projective S-scheme; cf. Theorem 12. 

Now it remains to remove the special assumption on Pic~1s which has been 
made above. If n is an integer, we denote by Pic~/S + ne the functor which associates 
to an S-scheme S' the subset 

{ .!l'' (n) ; .!l'' E Pic~18(S')} 

of Picx1s(S'). Note that this functor is of the form Pic'f1s for a suitable polynomial 
'I' E (JJl [t]. lt suffices to show that there exists an integer n such that Pic~/S + ne 
fulfills the above assumptions. However, since Pic~1s is bounded due to Proposition 
14, the latter follows from Propositions 13 and 10 by base change theory. 

Thus we have finished part III, and thereby we conclude our discussion of 
Theorem 5. 
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8.3 Representability by an Algebraic Space 

The most restrietive assumption in Grothendieek's theorem 8.2/1 on the represent­
ability of Piex1s isthat the geometrie fibres of f: X~ S have to be redueed and 
irredueible. As we have seen in the preceding seetion by looking at Mumford's 
example, even if X is projective and flat over S, there is an obstruction to Piex1s 
being a scheme, whieh is loeated in the fibres of f However, in Mumford's example, 
there exists a surjeetive etale extension S' ~ s such that the funetor PieXIS Xs S' 
is representable by a seheme over S'. Working within the eategory of algebraie 
spaees (the definition is given below), we can say that Picx1s is representable, sinee 
this eategory is stable under quotients by etale equivalenee relations. This example 
suggests that, in comparison with Grothendieek's theorem, the assumptions on the 
S-seheme X ean be weakened if one wants to represent Piex1s by an algebraic space. 

Theorem 1 (M. Artin [5], Thm. 7.3). Let f: X~ S be a morphism of algebraic spaces 
which is proper, flat, and finitely presented. Then, if f is cohomologically flat in 
dimension zero, the relative Picard functor Piex1s is represented by an algebraic space 
over S. 

A proper and flat morphism f is eohomologieally flat in dimension zero if, 
for example, the geometrie fibres of f are redueed; cf. [EGA III 2], 7.8.6. Further­
more, Iet us mention that there is a eonverse of Theorem 1 when the base S is 
redueed. 

Remark 2. Let f: X ~ S be a morphism of schemes which is proper, flat, and finitely 
presented. Assurne that S is reduced. Then Piex1s is an algebraic space if and only if 
f is cohomologically flat in dimension zero. 

Namely, in order to show the eohomologieal flatness of f when Picx1s is an 
algebraie spaee, one has only to verify that the dimension of H 0 (X" mxJ is locally 
eonstant on S; cf. [EGA III2 ], 7.8.4. Then one ean assume that S is a discrete 
valuation ring. Henee, the assertion follows from Raynaud [6], Prop. 5.2. 

As we will see below, the method for the proof of Theorem 1 is eompletely 
different from the one used in the last seetion. It does not involve projeetive methods 
nor does it make use of the representability of the Hilbert funetor or of the funetor 
of relative Cartier divisors. Also we want to mention that the theorem does not 
contain 8.2/1. Only for the case where the base scheme S is a field, 8.2/1 and 8.2/3 
are corollaries ofTheorem 1, sinee a group objeet in the eategory of algebraie spaees 
over a field is represented by a seheme. 

If, in the situation of Theorem 1, fisnot eohomologieally flat in dimension zero, 
the only option whieh is left is to work with rigidifieators (cf. 8.1/5), and one ean 
Iook for the representability of rigidified relative Pieard funetors; ef. Seetion 8.1. 

Theorem 3 (Raynaud [1], Thm. 2.3.1). Let f: X~ S be a proper, flat, and finitely 
presented morphism of algebraic spaces, and let Y be a rigidificator for Picx1s. Then 
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the rigidified Picard functor (Picx1s, Y) is representable by an algebraic space over S, 
and there exists a universal rigidified line bundle on (Picx1s, Y). 

The proofs of these theorems make use of a general principle for the construction 
of algebraic spaces which is due to M. Artin; cf. [5], Thm. 3.4. Namely, there is a 
criterion describing a necessary and sufficient condition for the representability of 
contravariant functors from (Sch/S) to (Sets) by algebraic spaces. It is for this 
criterion that the category of algebraic spaces yields a natural environment for 
questions on the representability of contravariant functors from (Sch/S) to (Sets). 
Within the category of algebraic spaces one can carry out many ofthe fundamental 
constructions, as contained in [FGA], under more general conditions, and one 
achieves results on the representability of certain functors under quite general 
assumptions. 

Before we explain the criterion, let us briefly mention the basic definitions 
concerning algebraic spaces. As an introduction to the theory of algebraic spaces, 
we refer to M. Artin [3]. A detailed treatment can be found in Knutson [1]. 

In the following, let S be a scheme. Sometimes, for technical reasons, when 
we want to apply the approximation theorem 3.6/16, we have to assume that the 
base scheme S is locally of finite type over a field or over an excellent Dedekind 
ring. 

Definition 4. A (locally separated) algebraic space X over S is a functor 

X: (Sch/S)0 ---+ (Sets) 

with the following properties: 
(i) X is a sheaf with respect to the etale topology. 

(ii) There exists a morphism t: V---+ X of an S-scheme V, which is locally of 
finite presentation, to X such that t is relatively representable by etale surjective 
morphisms of schemes. 

(iii) The product V x x V is represented by a subscheme of V x s V such that the 
immersion V x x V ---+ V x s V is quasi-compact. 

Condition (ii) means that, for every S-scheme V and every morphism V---+ X, 
the product V x x V is represented by a scheme and that the projection V x x V---+ 
V is etale and surjective. Furthermore, it follows from (iii) that V X X V---+ V X s V 
is a quasi-compact immersion. The algebraic space X is called separated over S if 
V Xx V is representable by a closed subscheme of V Xs V. 

Keeping the notations of Definition 4, the algebraic space X is the quotient of 
V by the equivalence relation R = V x x V (in terms of sheaves with respect to the 
etale topology). Conversely, given an S-scheme V of locally finite presentation and 
a finitely presented subscheme R of V Xs V which defines an eta]e equivalence 
relation, one can show that the quotient of V by R (in terms of sheaves with respect 
to the etale topology) is an algebraic space. Thus we also could have defined 
algebraic spaces over S as quotients of S-schemes by etale equivalence relations. 

A morphism of algebraic spaces over S is a morphism of functors. Viewing an 
algebraic space as a quotient of a scheme with respect to an etale equivalence 
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relation, one can describe morphisms between algebraic spaces in terms of mor­
phisms between schemes. 

Proposition 5. Let f: X 1 ---+ X 2 be a morphism of algebraic spaces over S. Then, for 
each i, there exists a representation of X; as a quotient of an S-scheme U; by an etale 
equivalence relation (as above), and there is an S-morphism g: U1 ---+ U2 such that 
one has the following commutative diagram 

Furthermore, any morphism g : U1 ---+ U2 inducing a commutative square as on the 
left-hand side gives rise to a morphism f : X 1 ---+ X 2 . 

Associating to an S-scheme its functor of points, one gets a canonical map from 
the category of S-schemes to the category of algebraic spaces over S. This map gives 
rise to a fully faithfulleft exact embedding of categories. In the following, we will 
usually identify an S-scheme with its associated algebraic space over S. 

Clearly, any property of S-schemes which is local for the etale topology, carries 
over to the context of algebraic spaces. One just requires that the property under 
consideration holds for the scheme U in Definition 4. This applies to the properties 
of being reduced, normal, regular, locally noetherian, etc .. Similarly, any property 
of morphisms of schemes which is local for the etale topology (on the source and 
on the target) carries over to the category of algebraic spaces. Thus, the properties 
ofbeing flat, etale, locally of finite type, locally offinite presentation, etc. are defined. 
In particular, an algebraic space is provided with an etale topology in a natural 
way; a basis for this topology is given by the family of S-schemes U which are etale 
over X. The structure sheaves (l)u, where U is a scheme mapping etale to X, induce 
a sheaf (with respect to the etale topology) (l)x on the algebraic space X. This sheaf 
is called the structure sheaf of X. 

A morphism Y---+ X of algebraic spaces over S is called an immersion (resp. 
open immersion, resp. closed immersion) if Y---+ X is relatively representable by 
an immersion (resp. open immersion, resp. closed immersion). Thus, the notions of 
open and of closed subspaces of X are defined in the obvious way as equivalence 
classes of immersions. In particular, X carries a Zariski topology. 

An algebraic space X over S is called quasi-compact if there exists a surjective 
etale morphism U ---+X where U is a quasi-compact scheme. A morphism X ---+ Y 
of algebraic spaces is called quasi-compact if for any quasi-compact scheme V over 
Y, the fibre product X x y V is quasi-compact. Then we define a morphism X ---+ Y 
of algebraic spaces to be of finite type if it is quasi-compact and locally of finite type; 
and to be of finite presentation if it is quasi-compact, quasi-separated, and locally 
of finite presentation. 

A morphism X ---+ Y of algebraic spaces is called proper if it is separated, of 
finite type, and universally closed. The latter has to be tested on the scheme level. 
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We mention that there is a valnative criterion for properness; cf. Deligne and 
Mumford [1], Thm. 4.19. 

Now Iet us introduce the notion of points of an algebraic space. 

Definition 6. A point x of an algebraic space X over S is a morphism x: SpecK---+ X 
of algebraic spaces over S, where K is a field and where x is a categorical monomor­
phism. The field K is called the residue field of x, usually denoted by k(x). 

Two points X;: SpecK;---+ X, i = 1, 2, are called cquivalent if thcre is an 
isomorphism a: SpecK 1 ---+ SpecK2 suchthat x 1 = x 2 a. We identify equivalent 
points. Since, in Definition 6, we have required x tobe a monomorphism, it is easily 
seen that this notion of points is equivalent to the usual one when Xis a scheme. 
Furthermore, if U ---+ X is a morphism where U is a scheme, then each point of U 
induces a point of X. So every non-empty algebraic space X over S has a point 
whose residue field is of finite type over S. One can even show that, for each point 
x of X, there exists an ctale map U ---+ X from a scheme U and a point u of U 
mapping to x such that the induced extension of the residue fields k(x)---+ k(u) is 
trivial. Such a pair (U, u) is called an etale neighborhood of (X, x) without residue 
field extension. By using Lemma 2.3/7, one easily sees that the family of all such 
etale neighborhoods is a directed inductive system. So wc get the notion of a local 
ring at a point of an algebraic space. 

Definition 7. The local ring for the etale topology of an algebraic space X at a point 
x of Xis defined by the inductive Iimit 

(i)x x = lim (i)u u 
• --+ ' 

where the Iimit is taken over the family of all etale neighborhoods (U, u) of (X, x) 
without residue field extension. 

As explained in Section 2.3, this ring is henselian. lf x is a point of a scheme X, 
the henselization of the local ring of X at x (in terms of schemes with respect to the 
Zariski topology) serves as the local ring of X at x if X is viewed as an algebraic 
space. 

Let us mention some conditions under which an algebraic space is already a 
scheme. So let us start with an S-scheme U and an etale equivalence relation R on 
U. If R is finite, then the quotient U/R (in terms ofsheaves with respect to the etale 
topology) is represented by a scheme if and only if, for each point u of U, the set of 
points which, under R, are equivalent to u is contained in an affine open subscheme; 
cf. [FGA], D 0 212, Thm. 5.3. For example, if U is affine, then U/R is represented by 
the affine scheme defined by the kerne! of the maps 

(i)u(U) =t {I)R(R) . 

In general, such a quotient is just an algebraic space and not necessarily a scheme, 
even if R is finite. But it can be shown that, for any algebraic space X over S, there 
exists a dense open subspace which is a scheme. lf the base scheme S is a field, 
separated algebraic spaces over S of dimension 1 are schemes. Furthermore, group 
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objects in the category of algebraic spaces over a field are schemes, as one easily 
shows by using the results of Section 6.6. 

Next we want to describe M. Artin's criterion for a functor to be an algebraic 
space. We begirr by reviewing some notions which are needed to state the general 
theorem. In the following, Iet S be a base scheme which is locally of finite type over 
a field or over an excellent Dedekind ring, and Iet 

F: (Sch/S)0 ---+ (Sets) 

be a contravariant functor. If T = Spec B is an affine scheme over S, we will also 
write F(B) instead of F(T). 

The functor Fis said tobe locally of finite presentation over S if, for every filtered 
inverse system of affine S-schemes {Spec B;}, the canonical morphism 

lim F(B;)---+ F(lim B;) 
-+ -+ 

is an isomorphism. Note that, if F is an S-scheme, then F is locally of finite 
presentation as a functor if and only if it is locally of finite presentation as a scheme 
over S; cf. [EGA IV 3 ], 8.14.2. 

Furthermore, we need some definitions concerning deformations. Let s be a 
point in S whose residue field is of finite type over S, Iet k' be a finite extension of 
k(s), and Iet ( 0 be an element of F(k'). An irifinitesimal deformation of ( 0 is a pair 
(A, ~) where Ais an artinian local S-scheme with residue field k', and where ~ is an 
element of F(A) inducing (0 E F(k') by functoriality. A formal deformation of ( 0 is 
a pair (A, { ~n}nE rJ), where Ais a complete noetherian local {98-algebra with residue 
field k', where the elements ~n E F(A/mn+l) are compatible in the sense that ~n 
induces ~n-t by functoriality, and where ~0 coincides with ( 0 . Here m is the maximal 
ideal of A. If the sequence gn}nE N is induced by an element ~ E F(A) via func­
toriality, then (A, gn}nE N) or (A, ~) is called an effective formal deformation of (0. 
A formal deformation (A, { ~n}nE N) of (0 is said to be versal (resp. universal) if it has 
the following property: 

Let (B', IJ') be an infinitesimal deformation of ( 0 and, for an integer n, Iet the 
(n + 1)-st power of the maximal ideal of B' be zero. Let B be a quotient of B', and 
derrote by 1J E F(B) the element induced by IJ'. Then every map 

(Ajmn+l' ~n)---+ (B, IJ) 

sending ~n to 1J can be factored (resp. uniquely factored) through (B', IJ') in the sense 
of morphisms of {98-algebras. 

We mention that, in general, the canonical map 

is not injective. Hence, if (A, ~) is an effective formal deformation of ( 0 , the element 
~ E F(A) does not need tobe uniquely determined by the sequence gn}nEN even if 
(A, ~) is universal. Nevertheless, the ring Ais uniquely determined (up to canonical 
isomorphism) if (A, ~) isauniversal deformation of ( 0 . But, for most ofthe functors 
we are interested in, the map (*) is bijective for any noetherian complete local 
CD8-algebra A. For example, this is the case for the Hilbert functor Hilbx;s or for 
the relative Picard functor Picx;s if X is proper over S, as one can show by using 
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Grothendieck's existence theorem on formal sheaves; cf. [EGA III1 ], § 5. In par­
ticular, in these cases any formal deformation is effective. 

Now let X be an algebraic space over S, and let x be a point of X which is of 
finite type over S. Denote by k(x) the residue field of x and by (0 the inclusion of x 
into X. Let Jfx be the completion of the local ring of X at x with respect to the 
maximal ideal, and let 

~x : Spec Jfx ---+ X 

be the canonical morphism. The pair (Ax, ~x) will serve as an effective formal 
deformation of (0 which is universal. Thus, in order to show that a contravariant 
functor F from (Sch/S) to (Sets) is an algebraic space, one should first look for the 
existence of universal deformations at all points of F which are of finite type over 
S. Therefore, one introduces the following notion. 

A contravariant functor F: (Sch/S)0 ---+ (Sets) is said to be pro-representable if 
the following data are given: 

(a) an index set I, 
(b) for each x EI, an @8-field of finite type kx and an element (0 E F(kx), 
(c) for each x EI, a formal deformation (Ax, { ~:}nE N) of (0 E F(kx), 

satisfying the condition that, for each artinian local S-scheme T of finite type and 
for each 1} E F(T), there is a unique x EI and a unique map T---+ Spec Jfx sending 
{G} to IJ. 

Note that (ifx,g:}nEN) isauniversal formal deformation of (0. Furthermore, 
F is called effectively pro-representable if each sequence { ~:} is induced by an 
element ~x E FC..fx). If Fis effectively pro-representable, then the elements x EI are 
called the points of finite type of F. In the case where F is an algebraic space, the 
notion of points of finite type coincides with the one given in Definition 6; one 
associates to x EI the point of F given by the map (0: Spec kx---+ F. The universal 
deformations (Ax, ~x) of (0, x E I, are called the formal moduli of F. 

A morphism ~ : X ---+ F from an S-scheme X to the functor F is said to be 
formally smooth (resp. formally etale) at a point x EX if ~ fulfills the following Iifting 
property: For every commutative diagram ofmorphisms 

X Z0 

j j 
F z 

where Z is an artinian S-scheme, where Z 0 is a closed subscheme of Z defined by a 
nilpotent ideal, and where Z0 ---+X is a map sending Z0 to x, there exists a 
factorization (resp. a unique factorization) Z---+ X making the diagram commuta­
tive. One easily shows that, if ~ : X ---+ F is relatively representable by morphisms 
which are locally of finite presentation, ~ is formally etale at a point x of X if and 
only if, after any base change Y---+ F by an S-scheme Y, the projection X x F Y---+ Y 
is etale at every point of X xF Y above x; use [EGA IV4 ], 17.14.2. 

Theorem 8 (M. Artin [5], Thm. 3.4). LetS be a scheme which is locally of finite type 
over a field or over an excellent Dedekind ring. Let F be a functor from (Sch/S)0 to 
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(Sets). Then F is an algebraic space (resp. a separated algebraic space) over S if and 
only if the following conditions hold: 

[0] (sheaf axiom) Fis a sheaffor the etale topology. 
[1] (finiteness) F is locally of finite presentation. 
[2] (pro-representability) F is effectively pro-representable. 
[3] (relative representability) Let T be an S-scheme of finite type, and let ~' 

17 E F(T). Then the condition ~ = 17 is representable by a subscheme (resp. a closed 
subscheme) ofTx8 T. 

[4] (openness ofversality)Let X be an S-scheme offinite type, and let ~:X---+ F 
be a morphism. If ~ is formally etale at a point X E X, then it is formally etale in a 
neighborhood of x. 

The necessity is not difficult to show and has already been discussed when 
introducing the above notions. For the sufficiency which is the more interesting 
part, one needs an approximation argument for algebraic structures over complete 
local rings; cf. M. Artin [ 5], Thm. 1.6. The rough idea for the proof of the sufficiency 
is the following. 

One has to find a morphism U---+ F from an S-scheme which is locally offinite 
presentation to F such that U ---+ F is relatively representable by etale surjective 
morphisms. We will first construct an etale neighborhood for each point of F which 
is of finite type over S. Consider such a point x of F, and let (Ä\ lx) be the formal 
deformation pro-representing F at x. Then one constructs an algebraization of 
(A\ lx); i.e., an S-scheme X of finite type, a closed point x E X with residue field 
k(x) = P, and an element ~ E F(X), suchthat the triple (X, x, ~) gives rise to a versal 
formal deformation of(0. More precisely, there is an isomorphism @x,x ~ _...[x such 
that ~ induces ~:in F(Ax /mn+l) for each n E ~- The existence of such an algebraiza­
tion follows easily from the approximation theorem 3.6/16 if the ring _...[x of the 
formal modulus is isomorphic to a formal power series ring @8,.[[t1 , ... , tnJJ, 
where @8 •• is the completion of a local ring of S.-For example, this holds for the 
Picard functor of a relative curve.-In this case, _...[x is the completion of an S-scheme 
X of finite type at a point x of finite type. Namely, write _...[x as a union of @8-

subalgebras B of finite type. Since F is assumed to be locally of finite presentation, 
the element lx is represented by an element ~ E F(B) for some @8-subalgebra B of 
finite type. The inclusion B ~ _...[x yields a map F(B) ---+ F(Ax) sending ~ to lx. Due 
to the approximation theorem, there is an etale neighborhood (X', x') of (X, x) 
without residue field extension such that there is a commutative diagram 

SpecAx SpecAx/m2 Ax 

1 j 
SpecB X' 

sending the closed point of SpecAx/m2Ax to x'. The completion @x',x' is still 
isomorphic to the ring Ax. Denote by ~' E F(X') the image of ~ under the functorial 
map F(B) ---+ F(X'). Due to the versality of (A, lx), there is an automorphism 
qJ : _.4x---+ _.4x, which is the identity modulo m2 _.4x, and which sends ~: to ~~ for each 
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n E N where ~~ is induced by ~, via functoriality. Thus (X', x', O is the required 
algebraization. 

Now, let I be the set ofpoints of F which are offinite type over Sand, for x E /, 

denote by (UX, uX, ~x) an algebraization of the formal modulus (A\ ~x). One easily 
shows that ~X: ux ~Fis formally etale at ux. Due to condition [ 4], after shrinking 
ux we may assume that ~x is etale at every point. Hence, since ux ~Fis relatively 
representable by condition [3], it is representable by etale maps. If we denote by u 
the disjoint union of the UX, x E /, the map 

is representable by etale surjective maps. Furthermore, due to condition [3], the 
equivalence relation U x F U ~ U x s U is relatively representable by a subscheme 
(resp. by a closed subscheme) of U Xs U. Thereby we see that Fis an algebraic space 
as asserted in Theorem 8. D 

Conditions [0] and [1] are natural, and they are satisfied quite often. For 
conditions [2] and [3], it is convenient to suppose that there is a deformation theory 
for the functor F so that one can rewrite the conditions in terms of deformation 
theory. Then it is often possible to decide whether a functor is pro-representable or 
relatively representable. Condition [ 4] is the one which is most difficult to verify, 
but it can also be interpreted by infinitesimal methods. We mention that there is a 
general theorem by M. Artin which relates the representability of a functor admit­
ting a deformation theory to a list of conditions which can be checked in specific 
situations; for instance for the Hilbert functor or the relative Picard functor; cf. 
M. Artin [5], Thm. 5.4. Since many technical details are involved, we omit precise 
statements here. 

To end our discussion, we want to indicate the procedure of prooffor Theorem 
1. Details can be found in M. Artin [5], Section 7; seealso the appendix ofM. Artin 
[7]. Since X is assumed to be of finite presentation over S, one can reduce to the 
case where the base scheme S is of finite type over the integers 7!... Then one applies 
the general criterion for a functor to be an algebraic space. The deformation theory 
for Picx;s is given by the exponential map. If f: X ~ S is cohomologically flat in 
dimension zero, the deformation theory for Picx;s fulfills all conditions which are 
required in the list of the general statement. Thus Picx;s is pro-representable. Due 
to Grothendieck's existence theorem on formal sheaves, [EGA 111 1 ], § 5, one obtains 
formal moduli for Picx1s, i.e., Picx;s is effectively pro-representable. Then, due to 
M. Artin's approximation theorem, the formal moduli are algebraizable, and hence 
one gets local models for the space which will represent Picx;s· Since these local 
models are unique up to etale morphism, they can be glued together to form an 
algebraic space over S. 

Finally let us mention that the definition of algebraic spaces is not generalized 
by allowing flat equivalence relations of finite type in place of etale ones. This 
is due to the following fact; cf. M. Artin [7], Cor. 6.3. 
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If U is an S-scheme of finite type over a noetherian base scheme S, and if R is a 
flat equivalence relation of finite type on U, then the quotient U /R in terms of 
sheaves for the fppf-topology is represented by an algebraic space. 

As a corollary, one obtains the following useful assertion. 

Proposition 9. Let H and G be group objects in the category of algebraic spaces 
over S and let H ---+ G be an irnrnersion. Assurne that H is flat over S. Then the 
quotient G/H in terrns of sheaves for the fppf-topology is represented by an alge­
braic space. 

8.4 Properties 

In this section we want to collect some results concerning the smoothness and 
certain finiteness properties ofPicx;s· Let us start with a theorem which is contained 
in [FGA], na236, Thm. 2.10, for the case where Picx;s is a scheme; but it is immedi­
ately clear that it remains true if Picx;s is an algebraic space. 

Theorem 1. Let f: X ---+ S be a proper and flat rnorphisrn which is locally of finite 
presentation. Assurne that f is cohornologically flat in dirnension zero so that Picx;s 
is an algebraic space. Then the following assertions hold. 

(a) There is a canonical isornorphisrn 

Lie(Picx;s) ~ R 1f*(!)x 

where Lie(Picx;s) is the Lie algebra of Picx;s· 
(b) If S is the spectrurn of a field K, then 

dimKPiCx;K :s;; dimKH1 (X, (!)x), 

and equality holds if and only if Picx;K is srnooth over K. In particular, the latter is 
the case if the characteristic of K is zero. 

Proof (a) Write @5 [~>] for the {!}5-algebra of the dual numbers over (!)5 , and set 
S[~>] = Spec(@5 [~>]). Then one can interpret Lie(Picx;s) as the subfunctor of 
Hom5(S[~>]), Picx;s) consisting of all morphisms which, modulo ~>, reduce to the unit 
section of Picx;s· Setting X[~>] =X x 5 S[~>], one obtains the exact sequence 

0 ---+ (!}X ---+ (!}I[<] ---+ (!}I ---+ 0 

h ~ 1 + h·B 

Since f is cohomologically flat in dimension zero, the canonical map f*(!)x1,1 ---+ 

f*(!)x is surjective. Therefore the sequence of sheaves with respect to the etale­
topology 
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is exact. Since Lie(Picx;s) corresponds to the kernel of the map R 1f*(!%,1 ---+ 

R 1f*(!)J, it can be identified with R 1f*(!)x· 
(b) follows from (a) and 2.2/15. D 

Proposition 2. Let f: X-----+ S be a proper and flat morphism which is locally of finite 
presentation. Let s be a point of S such that H 2 (X., mx) = 0. Then there exists an 
open neighborhood U of s such that Picx;sl u is formally smooth over U. 

In particular, in the case of a relative curve X over S, both Picx;s and (Picx1s, Y), 
where Y is a rigidificator for Picx1s, are formally smooth over S. 

Proof Due to the semicontinuity theorem [EGA 1112 ], 7.7.5, there exists an open 
neighborhood U of s suchthat H 2 (X., mxJ = 0 for all s E U. We may assume U = S. 
In order to prove that Picx;s is formally smooth over S, we have to establish the 
Iifting property for Picx;s· So consider an affine S-scheme Z and a subscheme Z0 of 
Z which is defined by an ideal JV of (!)z satisfying % 2 = 0. Then we have to show 
that the map 

R 1{f Xs Z)*(!)kxsz-----+ R 1{f Xs Zo)*(!)kx 8Z0 

is surjective. The cokernel of this map is a subsheaf of the mz-module 
R 2(f Xs Z)*(JV ®(1Js (!)x). The latter vanishes, since H 2 (X., (!)x) = 0 for all s ES; 
use [EGA III 2], 7.7.10 and 7.7.5 (II). Thus we see that Picx;s satisfies the Iifting 
property and, hence, is formally smooth over S. 

In the case of a relative curve X over S, the assumption H 2 (X., mx) = 0 is 
satisfied at all s E S, so Picx;s is formally smooth over S. Furthermore, since there 
is no obstruction to Iifting a rigidification, we see that (Picx;s, Y) is formally smooth 
over S, too. D 

Now we will concentrate on finiteness assertions for Picx;s· When proving 
Grothendieck's theorem 8.2/1, we had seen in 8.2/5 that Pic~;s is quasi-projective 
over S. But ifwe impose stronger conditions on the fibres of X, we can expect better 
results. 

Theorem 3 ([FGA], no236, Thm. 2.1). Let f: X-----+ S be a proper (resp. projective) 
morphism which is locally of finite presentation. Assurne that the geometric fibres of 
X are reduced and irreducible. Then Picx;s is a separated algebraic space (resp. 
separated scheme) over S. 

If, in addition, f: X -----+ S is smooth, then each closed subspace Z of Picx;s which 
is of finite type over S is proper (resp. projective) over S. In particular, if S consists of 
a field K, the identity component Pic~;K of Picx;K is a proper scheme over K. 

Proof Picx;s is an algebraic space over S, due to 8.3/1. lf Xis projective over S, we 
know from 8.2/1 that Picx;s is a scheme over S and from 8.2/5 that each closed 
subspace Z which is of finite type over S is quasi-projective over S. The remaining 
assertions follow by using the valuative criteria for separatedness and properness. 

Indeed, we may assume that S is the spectrum of a discrete valuation ring R, 
and that X admits a section over S. For showing the separatedness, we have to 
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verify that a line bundle !l' on X which is trivial on the generic fibre is trivial. There 
exists a global section f E r(X, .!l') which generates !l' on the generic fibre. Since 
the local ring (r)x," of X at the generic point '1 ofthe special fibre is a discrete valuation 
ring suchthat the extension R--+ (r)x," is of ramification index 1, we may assume 
that f generates !l' at '7· Then it is clear that f generates !l' on X and that !l' is 
trivial. Next assume that Xis smooth over S. For the properness, we have to show 
that each line bundle on the generic fibre of X extends to a line bundle on X. Since 
the local rings of X are regular, the notions of Cartier divisor and Weil divisor 
coincide. Obviously, Weildivisors on the generic fibre of X extend to Weildivisors 
on X. So, each line bundle on the generic fibre extends to a line bundle on X. 

If S consists of a field K, then Picx1K is a scheme by 8.2/3. Since any connected 
K-group scheme is of finite type as soon as it is locally of finite type, we see that 
Pic~1K is of finite type and, thus, proper over K. D 

Next we want to discuss finiteness assertions for Picx1s under more general 
assumptions. Since, in general, Picx1s will have infinitely many connected com­
ponents, it cannot be of finite type over S. So the best one can expect is that there 
exists an open and closed subgroup Pic~1s of Picx1s which is of finite type over S 
and which has the property that the quotient of Picx1s by Picx1s has geometric fibres 
which are finitely generatedas abstract groups. We want to introduce the subgroup 
Pic~1s. 

If S consists of a field, we know that the relative Picard functor Picx1s is a group 
scheme. Let Pic~1s be its identity component. Then we set 

Pic~1s = U n-1 (Pic~1s) 
n>O 

where n : Picx1s--+ Picx1s is the multiplication by n. Due to continuity, Pic~1s is an 
open subscheme of Picx1s. 

Forageneralbase S, we introduce Pic~1s (resp. Pic~1s) as the subfunctor ofPicx1s 
which consists of all elements whose restrictions to all fibres X., s E S, belong to 
Pictlk<•l (resp. Pic~.lk<•>). If Picx1s is an algebraic space (resp. a scheme), and if it is 
smooth over S along the unit section, then Pic~1s is represented by an open subspace 
(resp. an open subscheme) of Picx1s, cf. [EGA IV 3 ], 15.6.5. 

Theorem 4 ([SGA 6], Exp. XIII, Thm. 4.7). Let f: X--+ S be a proper morphism 
which is locally of finite presentation, and let S be quasi-compact. Then 

(a) The canonical inclusion Pic~1s c..... Picx1s is relatively representable by an open 
and quasi-compact immersion. 

(b) If X --+ S is projective and if its geometric fibres are reduced and irreducible, 
the immersion Pic~1s c..... Picx1s is open and closed. 

(c) Pic~1s is of finite type over S in thesensethat the family of isomorphism classes 
of line bundles on the fibres of X which belong to Pic~1s is bounded. 

The harrlest part of the theorem is assertion (c). One can reduce it to the case 
where Xis a closed subscheme of a projective space P.S. In this case, one shows that 
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all elements ofPic~;s have the same Hilbert polynomial (with respect to the S-ample 
line bundle belonging to the embedding of X into IP.S), and then the assertion can 
be deduced from 8.2/5. 

Next, we want to Iook at the special case where X is an abelian S-scheme, i.e., 
a smooth and proper S-group scheme with connected fibres. 

Theorem 5. Let A be a projective abelian S-scheme. 
(a) Then Pic~;s is a projective abelian S-scheme. It is denoted by A* and is called 

the dual abelian scheme of A. In particular, A* coincides with the identity component 
ofPicAfS· 

(b) The Poincare bundle on A x 8 A* gives rise to a canonical isomorphism 
1: A ~ A** where A** is the dual abelian scheme of A*. 

A proof of(a) can be found in Mumford [1], Corollary 6.8. For (b), since A and 
A ** are flat over S, it suffices to treat the case where S consists of an algebraically 
closed field. In this case, the assertion follows from Mumford [3], Section 13, p. 132. 

In 1.2/8 we have seen that an abelian scheme over a Dedekind scheme is the 
Neron model of its generic fibre. Now, using the above theorem, one can show a 
much stronger mapping property for abelian schemes than the one required for 
Neron models. 

Corollary 6. Let A be an abelian S-scheme. Then any rational S-morphism cp : T ----? A 
from an S-scheme T to A is defined everywhere if T is regular. 

Proof. We may assume T = S. Then A is projective over S; cf. Murre [2], p. 16. 
Due to Theorem 5, we can identify A and A**. So the map cp corresponds to a line 
bundle on A* x 8 S' where S' is a dense open subscheme of S. Since S = Tis regular 
and since A * ~ S is smooth, the scheme A * is regular. So the line bundle extends 
to a line bundle on A* and, thus, gives rise to an extension S ~ A** of cp 18 •• D 

Now Iet us return to the general situation of a proper morphism X~ S of 
schemes. We want to discuss the group of connected components of Picx;s over a 
geometric point of S. Let s be a point of S and Iet s be a geometric point of S such 
that k(s) is an algebraic closure of the residue field k(s) at s. The group of connected 
components of Picx,;k(SJ is called the Neron-Severi group of the geometric fibre 
X 8 =X x 8 k(s) of X over s. It is denoted by NSx;s(s) so that 

NSx18(s) = Picx,;k<s>(k(s)) I Pic~,!k<SJ(k(s)) . 

Theorem 7. ([SGA 6], Exp. XIII, Thm. 5.1). Let f: X~ S be a proper morphism 
which is locally of finite presentation, and assume that S is quasi-compact. Then 
the Neron-Severi groups NSx;s(s) of the geometric fibres of X are finitely 
generated. Their ranks as well as the orders of their torsion subgroups are bounded 
simultaneously. 

Remark 8. The Neron-Severi group is of arithmetical nature; i.e., the set of points 
where the Neron-Severi group is of a fixed typeisnot necessarily constructible. 
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For example, let E ~ S be an elliptic curve with a non-constant j-invariant 
over an irreducible base S which is of finite type over a field. Then there are infinitely 
many geometric points s of S such that the geometric fibre E, has complex multi­
plication, and there are infinitely many geometric points such that the geometric 
fibre E8 has no complex multiplication. Now consider the product X= E x 5 E. If 
E8 has no complex multiplication, the rank of the Neron-Severi group of X 8 is 3. 
If E8 has complex multiplication, the rank of the Neron-Severi group of X 8 is at 
least 4. 



Chapter 9. Jacobians of Relative Curves 

The chapter consists of two parts. In the first four sections we study the represent­
ability and structure of Picx1s for a relative curve X over a base S. Then, in the last 
three sections, we work over a base S consisting of a discrete valuation ring R with 
field of fractions K and, applying these results, we investigate the relationship 
between Picx1s and the Neron model ofthe Jacobian JK ofthe generic fibre XK. 

The chapter begins with a discussion of the degree of divisors on relative curves. 
Then we give a detailed analysis of the Jacobian JK of a proper curve XK over a 
field, showing that the structure of JK is closely related to geometric properties of 
XK. The next two sections deal with the representability of Jacobians over a more 
general base. First, imposing strong conditions on the fibres of the curve and 
working over a strictly henselian base, we prove the representability by a scheme, 
using a method which was originally employed by Weil [2] and Rosenlicht [1]; see 
also Serre [1]. Then we explain results due to Deligne [1] and Raynaud [6], which 
are valid under far weaker conditions. 

In the second half of the chapter, we follow Raynaud [6] and consider a proper 
and flat curve X over a discrete valuation ring R, assuming in most cases that X is 
regular at each of its points and that the generic fibre X K is geometrically irreducible. 
Let P be the open subfunctor of Picx1R consisting of allline bundles of total degree 
0 and Iet Q be the biggest separated quotient of P. We show that Q is a smooth 
R-group scheme whose generic fibre coincides with the Jacobian JK of the generic 
fibre XK. Thus if J is a Neron model of JK, there is a canonical R-morphism Q---+ J. 
Without assuming the existence of J, we can prove under quite general conditions 
that, for example, ifthe residue field of R is perfect, then Q is already a Neron model 
of JK. Thereby it is seen that the relative Picard functor Ieads to a second possibility 
of constructing Neron models. Also there are important situations where the 
identity component of Pie~ IRis already a separated scheme and where the canonical 
morphism Pic~/R ---+ J 0 is an isomorphism. More precisely, we will see that the 
coincidence of Pie~ IR and J0 is related to the fact that X has rational singularities. 

In the above cases where Q is already a Neron model of JK, it is possible to 
compute explicitly the group of components (ofthe special fibre) ofthis model, using 
the intersection form on X. In Section 9.6, we explain the general approach and 
carry out some computations in particular cases. 

9.1 The Degree ofDivisors 

Let X be a proper curve over a field K. If x is a closed point of X and if f is a regular 
element of (!)x,x• we define the vanishing order of f at x by 
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ordx{f) := l(l)x)r9x,xf(f)) 

where l(l)x.x denotes the length of mx,x-modules. If, for example, x is a regular point 
of X, the local ring mx,x is a discrete valuation ring and ordx{f) corresponds to the 
order of f in mx,x (with respect to the canonical valuation on mx,x). Since we have 

ordx(f · g) = ordx{f) + ordx(g) 

for a product of regular elements f, g E mx,x• we can define 

ordx(fjg) = ordx{f) - ordx(g) 

for any element ffg of the total ring of fractions of mx,x· 
Now let D be a Cartier divisor on X. Fora closed point x EX, we set 

where fxfgx is a local representation of D in a neighborhood of x. We can associate 
to D the Weildivisor 

I ordx{D) · x . 
XEX 

The degree of a Cartier divisor D is defined by 

deg(D) = I ordx{D) · [k(x): K] . 
XEX 

The degree function is additive, i.e., 

deg(D1 + D2 ) = deg(D1 ) + deg(D2 ) . 

If Dis effective, we can write 

deg(D) = dimKH0 (X, r9v) 

where mv denotes the structure sheaf of the subscheme associated to D. Thus we see 
that the degree of a Cartier divisor on X is not altered by a base change with a field 
extension K'/K. 

Assuming for a moment that X is reduced, we can consider the normalization 
X ---+ X of X. Then one can pull back Cartier divisors D on X to Cartier divisors 
15 on X. We claim that 

deg(D) = deg(D) . 

Indeed, it suffices to justify the following assertion. Let U = Spec(A) be an affine 
open subscheme of X and let A be the normalization of A. Then, for each regular 
element f of A, one has 

dimK(Aj(f)) = dimK(Aj(f)) . 

In order to prove this, look at the commutative diagram 

0 

0 A ---+ A C--~ 0 
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with exact rows, where the vertical maps are given by the multiplication with f 
Since f is a regular element of both A and Ä. there is a Iom! exact seauence 

0---+ ker(fc)---+ A/(f)---+ Äf(f)---+ C/f · C---+ 0 . 

U sing dimK( C) < oo, it follows that dimK(ker(fc)) = dimK( C /! · C). Hence, the asser­
tion is evident. 

A Cartier divisor D on an arbitrary proper curve X is called principal if there 
exists a meromorphic function f on X suchthat D = div(f). Fora principal divisor 
D, we have deg(D) = 0. Two Cartier divisors D1 and D2 are said to be linearly 
equivalent if the difference D1 - D2 is principal. So we see that the degree of a Cartier 
divisor D is not altered if we replace D by a divisor which is linearly equivalent to 
D. Since each line bundle !l' on X corresponds to a Cartier divisor D which is unique 
up to linear equivalence, one can define the degree of a line bundle !l' by setting 
deg(!l') := deg(D). The degree plays an important role in the Riemann-Roch 
formula. 

Theorem 1. Let X be a proper curve over a field K, and let !l' be a line bundle on X. 
Then the Euler-Poincare characteristic 

X(!l') = dimKH0 (X, !l')- dimKH1 (X, !l') 

of !l' is related to the Euler-Poincare characteristic of &x by the formula 

x(!l') = deg(!l') + x(&x) . 

Proof One proceeds as in the case of a smooth curve by looking at an exact sequence 

0---+ $ ---+ !l' ®mx &x(D)---+ &n---+ 0 

where D is an effective Cartier divisor on X such that !l' ®mx &x(D) is isomorphic 
to &x(E) with an effective Cartier divisor E on X. Furthermore, one has the exact 
sequence 

0---+ &x---+ &x(E)---+ @E---+ 0. 

Calculating the Euler-Poincare characteristic of both sequences, the assertion 
follows immediately from !l' ®mx &x(D) ~ &x(E) and deg !l' = deg E - deg D. D 

lf H 0 (X, &x) = K, for example, if X is geometrically reduced and connected, 
the Euler-Poincare characteristic of &x is given by x(&x) = 1 - p., where Pa= 
dimKH1(X, &x) is the arithmetic genus of the curve X. 

lf X---+ S is a relative curve and if !l' is a line bundle on X, one can restriet !l' 
to th~ fibres of X over S. So, for each s E S, we get a line bundle .P. on the fibre x., 
and the degree deg(.P,) of .P, on the fibre x. gives rise to a Z-valued function on S. 

Proposition 2. Let X ---+ S be a flat proper S-curve of finite presentation and let !l' 
be a line bundle on X. For s ES, denote by .P. the restriction of !l' to the curve x •. 
Then the degree function 

deg: S---+ Z , s 1---+ deg(.P,) 

is locally constant on S. 
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Proof The Euler-Poincare characteristic of a flat family of coherent sheaves is 
locally constant on the base; cf. [EGA 111 2 ], 7.9.4. Thus, using the Riemann-Roch 
formula, one sees that the degree function must be locally constant on S. D 

Now Jet us return to the situation we started with. Let X be a proper curve over 
a field with (reduced) irreducible components X I' ... ' xr. If 2? is a line bundle on 
X, we can restriet 2? to each component X;, i = 1, ... , r, and we define the partial 
degree of 2? on X; by 

degx.(.!L') = deg(.!L'Ix) · 

In order to explain the relationship between the total degree and the partial degrees, 
we need the notion of multiplicities of irreducible components. 

Definition 3. Let X be a scheme of finite type over a field K, Iet K be an algebraic 
closure of K, and set X = X ®K K. Denote by X I' ... ' xr the (reduced) irreducible 
components of X and, for i = 1, ... , r, Iet I]; EX be the generic point corresponding 
to X;. The multiplicity of X; in X is the length of the artinian local ring @x,q,· We 
denote it by d;; so 

d; = l(@x,q) . 

The geometric mul~plicity of X; in X is the length of the artinian local ring (r)x.~, 
where IJ; is a point of X lying above '1;· We denote it by b;; so 

b; = l(@x.~) 

If X is irreducible, we talk about the multiplicity (resp. the geometric multipicity) 
of X, thereby meaning the multiplicity (resp. the geometric multiplicity) of X in X. 
Furthermore, we denote by 

the geometric multiplicity of X;. 

Note that the definition is independent of the choice of r{;, since all points of X 
above IJ; are conjugated under the action of the Galois group of K over K. There 
are some elementary relations between the different notions of multiplicities which 
areeasy to verify. 

Lemma 4. Keeping the notations of Definition 3, one has 
(a) b; = e;·dJor i = 1, ... , r. 
(b) b; = e; if and only if Xis reduced at the point '1;· 
(c) e; = 1 if the characteristic of K is zero; otherwise it isapower of the character­

istic of K. 

Using the notion of multiplicity of components, one can state a relationship 
between the (total) degree and the partial degrees of a line bundle. 

Proposition 5. Let X be a proper curve over a field K with (reduced) irreducible 
components X 1 , ... , Xr. Denote by d; the multiplicity of X; in X, i = 1, ... , r. Then 
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r 

deg(2") = L d;·deg(2"1x) 
i=1 

for each line bundle 2" on X. 

Proof 1t suffices to establish the formula for Cartier divisors D whose support does 
not contain any intersection point of the different components. Since both sides of 
the formula are additive for divisors, we have only to consider effective Cartier 
divisors. Then the assertion follows from the lemma below. 0 

Lemma 6. Let A be a one-dimensional noetherian local ring and Iet p 1 , ... , p, be the 
minimal prime ideals of A. Let M be a finitely generated A-module, and Iet a be an 
element of A which is not contained in any P;· Denote by aM the multiplication by a 
on M and define 

Then 
r 

eA(a,M) = L lA0 .(Mp)"eA(a,A/p). 
i=l I 

Proof Note that both sides are additive for exact sequences of A-modules. So we 
may assume M = A/p foraprimeideal p of A; cf. Bourbaki [2], Chap. IV,§ 1, na4, 
Thm. 1. If p is maximal, both sides are zero. If p is minimal, then lA (Mp) = 1 and 
the localizations of M at the other minimal primes are zero. Thus, the formula is 
also clear in this case. 0 

The results about the degree ofline bundles which are presented in the following 
will be used in Section 9.4 to establish the representability ofPicx1s if Xis a relative 
curve over a discrete valuation ring. Furthermore, they will be of interest in Section 
9.5 where we will discuss the relationship between the Picard functor and Neron 
models of Jacobians. 

Lemma 7. Let K be a separably closed field. Let X be an irreducible K-scheme of 
finite type of dimension r and let b be the geometric multiplicity of X. Then, for each 
closed point x EX and for each system of parameters f = (/1 , ... ,/,.) of the local ring 
(!)X.x> the following assertions hold: 

(a) dimK(!)x,x/(f) ~ b. 
(b) Jf f is a regular sequence, dimK(!)x,x/U) isamultiple of b. 
(c) lf dimK(!)x,x/(f) = b, then f is a regular sequence. 

Furthermore, there exist x and f suchthat dimK(!)x,x/(f) = b. 

Proof After shrinking X, we may assume that f gives rise to a quasi-finite morphism 

cp : X .....-..+ Y := A~ . 

Denote by K the algebraic closure of K and by ifi the morphism cp @K K Since K 
is assumed to be separably closed, there exists a unique point x of X = X @K K 
above x. Consider now the henselization Y' of Y := Aic at the origin. Let X' be the 
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local component of X xy Y' above .X. Then the map 

ql :X'--+ Y' 

obtained from fii via base change is finite. Furthermore, ql is flat if and only if f is 
a regular sequence; cf. [EGA 01v], 15.1.14 and 15.1.21. The local rings of X' at 
generic points are artinian of length (j and the generic points of X' lie above the 
generic point of Y'. Hence, the degree of X' over Y' isanon-zeromultiple of ().So, 
by Nakayama's Iemma, the degree of the closed fibre of q/ is greater or equal to (). 
Since the degree of the closed fibre is equal to dimKlDx,xf(f), we see that assertion 
(a) is true. 

If f is a regular sequence, X' is flat over Y'. Then the degree of the special fibre 
of ql is equal to the degree of X' over Y'. Thus, assertion (b) is clear. 

Ifthe degree ofthe special fibre is (), it is equal to the degree of X' over Y'; then 
lDx.(X') is free over lDr(Y') and, hence, flat. This shows that f is a regular sequence; 
so assertion (c) is true. 

Next we want to show that the value (j can be attained. Mter replacing X by a 
dense open subset, we may assume that xred is smooth over K. So the module nt./K 
is locally free. Furthermore, since nt.lK is a quotient of nj,lK• we may assume that 
there exist elements a 1 , ... , a, e r(X, lDx) such that the images of the differentials 
da 1 , ... , da, in nt./K' give rise to a basisoftbis module. Consider now the morphism 

a := (a1, .. . ,a,): X--+ Y :=AR: 

given by the functions a 1 , ... , a,. The restriction of the induced map a: X --+ Y to 
Xred is etale. After replacing X and Y by dense open subsets, we may assume that 
aisfinite and flat. Let x be a point of X suchthat a(x) isarational point of Y. We 
may assume that a(x) is the origin. Then f := (a1 , ... , a,) is as required. Namely, 
using notations as above, we have to show that the degree of the finite and flat 
morphism q/ : X' --+ Y' is (). Since the induced morphism 

<P~ed : X~ed ....::::+ Y' 

is an isomorphism, the degree of ql coincides with the length ofthe local ring lDx·."· 
at the generic point r( of X', which is equal to (). D 

As a corollary of Lemma 7, we get a relation between the geometric multiplicity 
of a component Xi of X and the partial degree degxJP) of a line bundle !l' on X. 

Corollary 8. Let X be a proper curve over a field K and let X 1 , ... , X, be its (reduced) 
irreducible components. Let !l' be a line bundle on X. Denote by ei the geometric 
multiplicity of Xi, i = 1, ... , r. Then the partial degree degx,(!l') of !l' on Xi is a 
multiple of ei for i = 1, ... , r. 

Proof We may assume that X= Xi is reduced and irreducible, and we may assume 
that !l' = lDx(D) is associated to an effective Cartier divisor D on X which is 
concentrated at a single point x. Let f be a regular element of lDx,x which represents 
D at x, so we have 
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dimxmx,x/(f) = deg(2) = degx,(2) . 

Due to Lemma 7, if K is separably closed, the geometric multiplicity J; = e; of 
X = X; divides dimxmx.xf(f) = deg(2). In the general case, consider a separable 
closure K' of K. The irreducible component X = X; decomposes into the irreducible 
components Xii of X' =X ®K K', but the geometric multiplicities eii of Xii coincide 
with e;. Thus we see that e; divides degx~ (2 ®x K'), for all j. Now it follows 
from Proposition 5 that e; divides deg(2) ;;_ degx.(2), since the degree function is 
compatible with extensions of the base field. D 

If X is a scheme of finite presentation over a strictly henselian base S, Lemma 7 
can be used to show the existence of subschemes of X which are finite and flat over 
Sand which have small degrees over S. 

Corollary 9. Let S be a strictly henselian local scheme, let s be its closed point, and 
let X be a flat S-scheme which is locally of finite presentation. Let X 0 be an irreducible 
component of the special fibre Xs of X and let () be the geometric multiplicity of X 0 

in Xs. Then there exists an S-immersion a : Z ~X, where Z is finite and flat over 
S of rank () and where a8(Z8 ) is a point of X 0 not lying on any other irreducible 
component of Xs. 

Proof Let U be an open subscheme of X such that Us = U x s k(s) is non-empty 
and contained in X 0 . Due to Lemma 7, there exist a closed point x of Us and a 
regular system of parameters l of mu •. x = mu,x ®es .• k(s) such that 

dimk(s)mu •. xf(J) = (j · 

After restricting U, one can lift J to a sequence f of elements of r(U, l1Ju). Then f is 
a regular sequence of mu,x; cf. [EGA 01y], 15.1.16. After restricting U, a local 
component Z of V(f) which contains x is finite and flat over S, so Z fulfills the 
assertion; cf. [EGA 01v], 15.1.16. D 

Corollary 10. LetS be a strictly henselian local scheme with closed point s, and let X 
be a flat curve over S which is locally of finite presentation. Let X 0 be an irreducible 
component of the special fibre Xs with geometric multiplicity ()in X 8 • Then there exists 
an ejfective Cartier divisor Z of degree () on X such that Z meets X 0 , but no other 
irreducible component of X 8 • Furthermore, degx0 (Z) = e where e is the geometric 
multiplicity of X 0 . 

Corollary 9 implies the following criterion for the representability of elements 
of Picx1s by line bundles. 

Proposition 11. Let f: X~ S be a quasi-separated morphism of finite presentation 
such that f* mx = (!)8 . Consider S-morphisms Z; ~ X, i = 1, ... , r, where Z; is finite 
and flat over S of degree n;. Set n = gcd(n 1, ... , n,). Then, for each f7at S-scheme T 
and for each element ~ E Picx1s(T), the multiple n · ~ is induced by a line bundle on 
Xr=Xx 8 T. 
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Proof Since n isalinear combination of n1 , ... , n, with integer coefficients, it suffices 
to prove that each ni · ~ is induced by a line bundle. Due to [EGA III 1 ], 1.4.15, and 
[EGA IV 1 ], 1.7.21, the assumption f*C9x = (95 remains true after flat base change. 
So we may assume S = T. The morphism Zi ~ X gives rise to a Zi-section of 
X x s Zi. So the pull-back of ~in Picx15(ZJ is induced by a line bundle !e on X x s Zi; 
cf. 8.1/4. Then the norm of !e with respect to the finite flat morphism X x 5 Zi ~X 
gives rise to the element ni ·~in Picx15(S); cf. [EGA IV 4 ], 21.5.6. D 

As an application of Corollary 9 and Proposition 11, one obtains the following 
result. 

Corollary 12. Let S be a strictly henselian local scheme, Iet s be its closed point, and 
Iet f: X~ S be a flat morphism of finite presentation suchthat f*C9x = @5 . Denote 
by b the greatest common divisor of the geometric multiplicities in Xs of the irreducible 
components X 1 , ... , X, of X 8 • Then, for each flat S-scheme T, and each element ~ of 
Picx15(T), the multiple b · ~ is induced by a line bundle on X x 5 T. 

9.2 The Structure of Jacobians 

In the following let X be a proper curve over a field K. Then, due to 8.2/3 and 8.4/2, 
Pic~/K is a smooth scheme; we will also refer to it as the Jacobian of X. In the 
present section, we want to discuss the structure of Pic~/K as an algebraic group 
depending on data furnished by the given curve X. To start with, let us mention 
some general results on the structure of commutative algebraic groups. 

Theorem 1 (Chevalley [1] or Rosenlicht [2]). Let K be a field and let G be a 
smooth and connected algebraic K -group. Then there exists a smallest (not necessarily 
smooth) connected linear subgroup L of G such that the quotient G/L is an abelian 
variety. 

If K is peifect, L is smooth and its formation is compatible with extension of the 
base field. 

Chevalley has treated the case where K is algebraically closed and has shown 
that there exists a smooth connected linear subgroup L of G such that the quotient 
G/L is an abelian variety. Ifthe base field is perfect, the existence ofsuch a subgroup 
follows by Galois descent from the case of algebraically closed fields. It is clear that 
such a group is the smallest connected linear subgroup of G with abelian cokernel, 
and that its formation is compatible with extension of the base field. 

If the base field is not perfect, there exist a finite radicial extension K' of K and 
a connected smooth linear K'-subgroup H' of G' = G ®K K' suchthat the quotient 
G'/H' is an abelian variety. Let us first show that there exists a connected linear 
subgroup Hof G suchthat H ®K K' contains H'. Let n be the exponent ofthe radicial 
extension K'/K. Then consider the n-fold Frobenius 
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Fn: G'---+ G'(P") = G' Xx· K'(l/p") 

(cf. [SGA 31], Exp. VIIA, 4.1); the second projection is induced by the inclusion 
K'---+ K'(l/p"l. Now let H~ be the pull-back of the subgroup H'(P"l of G'(P"l. If §' is 
the sheaf of ideals of @G, associated to H', the sheaf of ideals associated to H~ is 
generated by the pn-th powers ofthe local sections of ß'. Since K'/K is of exponent 
n, we see that .§' is generated by local sections of @G and, hence, that H~ is defined 
over K. Now it remains to show that there exists a smallest connected linear 
subgroup L of G having abelian cokernel. This follows immediately from the fact 
that an intersection of two linear subgroups of G is linear again and has abelian 
cokernel if each of them has abelian cokernel. D 

For an arbitrary base field K, the connected linear subgroup L does not 
need to be compatible with field extensions. If the base field K is perfect and 
the group G is commutative, one has further information on the structure of the 
group L. 

Theorem 2 ([SGA 3nJ, Exp. XVII, Thm. 7.2.1). Let K be afield and Iet G be a smooth 
and connected algebraic K-group of finite type. Assurne that G is commutative and 
linear. Then G is canonically an extension of a unipotent algebraic group by a torus. 

If, in addition, the base field K is perfect, this extension splits canonically; i.e., G 
is isomorphic to a product of a unipotent group and a torus. 

Now we come to the discussion ofthe structure of Pic~;x· Westart with a result 
which is a direct consequence of 8.4/2 and 8.4/3. 

Proposition 3. Let X be a proper and smooth curve over a field K. Then the J acobian 
Pic~;x is an abelian variety. 

If the base field K is perfect, the curve X is smooth over K if and only if it is 
normal. The two notions arenot equivalent over arbitrary fields, so it may happen 
that Pic~;x is not proper although X is normal. 

Proposition 4. Let X be a proper curve over a field K. Assurne that X is normal, 
geometrically reduced, and geometrically irreducible. Then Pic~;x contains neither a 
subgroup of type Ga nor a subgroup of type Gm. 

Proof Since, for any separable field extension K' / K, the K'-curve X ®x K' is normal, 
we may assume that K is separably closed. Then there exists a rational point on X 
because Xis geometrically reduced. So, for any K-scheme T, elements of Picx1x(T) 
can be represented by line bundles on X Xx T; cf. 8.1/4. Now, Iet us assume that 
thereis a subgroup G ofPicx;x whichis oftype Ga or Gm. Theinclusion G ~ Picx;x 
corresponds to a line bundle !l? on X x K G. Since X is normal, the line bundle !l? 
is isomorphic to the pull-back of a line bundle on X; cf. Bourbaki [2], Chap. VII, 
§ 1, ll 0 10, Prop. 17 and 18. Hence, the map G---+ Picx;x which is induced by !l? must 
be constant. So we get a contradiction and the assertion is proved. D 
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Now we turn to more general cases. Let us denote by Xred the largest reduced 
subscheme of X. By functoriality, we get a canonical map 

P . 0 p· 0 1CxtK --+ 1Cx,..tK . 

So we can look at the kernel and at the image of this map. The algebraic group 
corresponding to the kernel can easily be described by the nilradical of (!Jx· 

Proposition 5. Let X be a proper curve over a field K. Then the canonical map 

PicxtK --+ Picx,..tK 

is an epimorphism of sheaves for the etale topology. Its kerne[ is a smooth and con­
nected unipotent group which is a successive extension of additive groups of type Ga. 

Proof Let X' --+ X be a closed subscheme which is defined by a sheaf of ideals .;V 
of (!Jx satisfying % 2 = 0. It suffices to show that the canonical map 

PicxtK--+ Picx'tK 

is an epimorphism of sheaves for the etale topology and that its kernel is of the 
type described above. Let f: X--+ SpecK be the structural morphism. The exact 
sequence given by the exponential map 

0--+%--+(!)1--+(!Jl--+0 

n r--d+n 

gives rise to the exact sequence 

Rlf*JV--+ Rlj*(!J1--+ Rlj*(!Jl--+ R2f*JV 

which has to be read as a sequence of sheaves for the etale topology. Because X is 
a curve, we have R 2f*JV = 0. Hence the canonical map 

Picx1K = R 1j*(!J1--+ Picx'tK = R 1f*(!Jl 

is an epimorphism. Since, for any K -scheme T, there is a canonical isomorphism 

H 1 (X, %) ®K (!JT(T) = R 1f*JV(T), 

the group functor R 1f*JV is represented by the vector group H1(X,%). Then it 
follows from the exact sequence above that the kernel of the map we are interested 
in is a quotient of the vector group H 1 (X,%). The latter is a successive extension 
of groups of type Ga. So, as can easily be deduced from [SGA 311], Exp. XVII, 
Lemme 2.3, the kernel is as required. D 

lt remains to study Pic~/K for reduced curves. Therefore, let us assume now that 
the curves under consideration are reduced. Before starting the discussion of the 
general case, we want to have a closer look at an example. 

Definition 6. LetS be any scheme, and let g be an integer. A semi-stable curve of genus 
g over S isaproper and flat morphism f: X--+ S whose fibres X 8 over geometric 



246 9. Jacobians of Relative Curves 

points s of S are reduced, connected, one-dimensional, and satisfy the following 
conditions: 

(i) X 8 has only ordinary double points as singularities, 
(ii) dimk(S)H1(X8, (l)x,) = g. 

A point x of a curve X over an algebraically closed field K is an ordinary double 
point if the completion mx,x of the local ring (l)X,x of X at X is isomorphic to the 
quotient K[[(, ~]] /((~) ofthe formal power series ring K[[(, ~]]in two variables. 
Fora curve X over a field K, one can formulate the condition of X being semi-stable, 
without performing the base extension by an algebraic closure K of K. Namely, a 
geometrically connected curve X over a field K is semi-stable if and only if for each 
non-smooth point of X there exists an etale neighborhood which is etale over the 
union of the coordinate axes in Ai:. 

The interest in semi-stable curves comes from the semi-stable reduction theorem, 
see Deligne and Mumford [1] or Artin and Winters [1], which we want to mention 
without proof. 

Theorem 7 (Semi-Stable Reduction Theorem). Let R be a discrete valuation ring with 
fraction field K. Let XK be a proper, smooth, and geometrically connected curve over 
K. Then there exist a finite separable field extension K' of K and a semi-stable curve 
X' over the integral closure R' of R in K' with generic fibre x;... ~ XK ®K K'. 
Furthermore, X' can be chosen to be regular. 

If Xis a semi-stable curve over an algebraically closed field K, one can associate 
a graph r = r(X) to it: the vertices of r are the irreducible components of X, say 
X 1 , ... , X., and the edges are given by the singular points of X; namely, each singular 
point lyillg Oll X; alldOll xj defines an edge joilling the vertices X; and xj. Note 
that X; = Xi is allowed. 

Example 8. Let X be a semi-stable curve over a field K. Then Pic~1K is canonically 
an extension of an abelian variety by a torus T. 

More precisely, let X 1 , ... ,X, be the irreducible components of X, and let X; be 
the normalization of X;, i = 1, ... , r. Then the canonical extension associated to Pic~1K 
is given by the exact sequence 

1 ~ T ~ Pic~/K ~ D Pic~;/K ~ 1 
•=1 

where n* is induced via functoriality by the morphisms n; : X;~ X, i = 1, ... , r. The 
rank of the torus part T is equal to the rank of the cohomology group H 1 (r(X ®K K), Z). 

Proof Let n : X ~X be the normalization of X. The collnected componellts of X 
are the llOrmalizatiolls X; of the irreducible components X;. They are proper alld 
smooth over K, hellce Pic~;/K is an abelian variety over K. Furthermore, the map 
n* is compatible with field extellsions. So we may assume that K is algebraically 
closed. Now look at the exact sequence 
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The quotient f2 = n*(!Ji/(!Ji is concentrated at the singular points x1 , ... , xN of X. 
The associated long exact sequence 

1-H0 (X, (!Ii)- H 0 (X, n*(!J·i)- H0 (X, f2) 

- H 1(X, (!Ii)- H 1(X, n*(!Jj)- 1 

can be written in the following way 
r N 

(**) 1-K*- ll Kt- ll Kf-Pic(X)-Pic(X)-1 
i=l j=l 

where 

Kt = H 0 (X;,(!Ji.} ~ K* and Ki* = (K(xid x K(.Xi2 )*)/K* ~ K* 
' 

if :Xi1 and xi2 are the points of X lying above the double point xi. Using the long 
exact sequence of sheaves with respect to the etale topology which is associated to 
(*), one sees that n* is an epimorphism, since R 1f*f2 = 0 where f: X- SpecK is 
the structural morphism. Furthermore, the kernel of n* is given by the quotient of 
the map R 0f*(n*(!Jj)- R 0f*(f2). The latter is a quotient of a torus and, hence a 
torus. The assertion concerning the rank of the torus follows from the exact sequence 
(**). D 

Now let us return to the general situation of a reduced curve over a field K. As 
in the theorem of Chevalley, one can expect to describe the torus part and the 
unipotent part of Pic~/K in geometric terms, at least if the base field is perfect. 
So, in the following, let K be a perfect field and let X be a proper curve over K 
which is reduced and geometrically connected. Denote by X -X the normal­
ization of X. We want to introduce an intermediate curve X' lying between X 
andX. 

Since there is a dense open part of X which is smooth, there exist only finitely 
many non-smooth points of X. We will define X' by identifying all the points of X 
lying above such a non-smooth point of X. In order to explain this procedure, we 
can work locally. So consider a non-smooth point x of X, and let U = Spec A be 
an affine open neighborhood of x suchthat x is the only non-smooth point of U. 
Let .X 1 , .•• , Xn be the points of X lying above x, and let Ü = SpecAbe the inverse 
image of U in X. Then we define the openaffine subscheme U' = Spec A' of X' lying 
over U by taking for A' the amalgamated sum of the maps 

n n x-n k(x;) and k(x)- n k(.X;) . 
i=l i=l 

So A' consists of all elements f E A which take the same value r E k(x) at all points 
.X 1 , ..• , xn. These local constructions fit together to build a proper curve X', and we 
get canonical morphisms 

X ___!_,. X' __!!__,. X . 

The map f maps the points .X1 , ••• , xn to a single point x' of X' with residue field 
k(x). So g does not change the residue field. Let m; c A be the ideal of the point .X;, 
i = 1, ... , n. Then we obtain the exact sequences 
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n n n 

0 ---+ nm; n (l)i.x, n k(x;) 
i=l i=l i=l 

0 

1 1 1 
0 ---+ m' (I)X',x' k(x') 0 

where m' is the maximal ideal of (I)X',x'· The first vertical map is bijective, and 
the last one corresponds to the embedding of k(x') = k(x) into the product of the 
residue fields k(x;), i = 1, ... , n. Due to the construction, it is clear that the map 
X' -----+ X is a universal homeomorphism. Moreover, X' is the largest curve between 
X and X which is universally homeomorphic to X. One shows easily that the 
construction of X' is compatible with field extensions, since K is perfect. The 
singularities of X' are as mild as possible. Namely, after base extension by an 
algebraic closure K of K, the singularities of X' ®K K are transversal crossings of 
a set of smooth branches (i.e., analytically isomorphic to the crossing of the coordi­
nate axes in A" for some n). 

Proposition 9. Let X be a proper reduced curve over a perfect field K. Let g : X' -----+ X 
be the largest curve between the normalization X of X and X which is universally 
homeomorphic to X. Then the canonical map 

1/1: Picx1K-----+ Picx'tK 

is an epimorphism of sheaves for the etale topology. The kerne[ of 1/1 is a connected 
unipotent algebraic group which is trivial if and only if the canonical map X' -----+X 
is an isomorphism. 

Proof Let f!JJ c (l)x (resp. fl c (l)x,) be the sheaf of (reduced) ideals defining the 
non-smooth locus of X (resp. of X'). There exists an integer e e f'\1 such that 
g*fle c f!JJ. Consider the exact sequence 

0-----+ (1)1-----+ g*(l)t,-----+ (1 + g*fl)/(1 + f!JJ)-----+ 0, 

and set rc := (1 + g*fl)/(1 + f!JJ). lt is a sheaf which is concentrated on the finitely 
many points of X which are not smooth; more precisely, its support consists of the 
points of X which arenot ordinary multiple points. Let f: X-----+ SpecK be the 
structural morphism. Since R 1f* rc = 0 and f*(l)t = f*g*(l)!-, the exact sequence of 
above gives rise to an exact sequence 

1-----+ R0f* rc-----+ R 1j*(l)t-----+ R 1f*(g*(l)!-)-----+ 1 

of sheaves for the etale topology. Thus, we see that 

PicxtK = Rlj*(l)t ..!._. Picx'/K = Rl(f o g)*(l)l = Rlf*(g*(l)t.) 

is an epimorphism. Due to Serre [1], Chap. V, n°15, Lemma 20, the group R0 f* rc 
and, hence, the kernel of 1/J is represented by a unipotent group. For a further 
description oftbis group see Serre [1], Chap. V, n°16 and n°17. Moreover, the kernel 
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of t/1 is trivial if and only if the group H 0 (X, ~ vanishes; i.e., if and only if g*.fl = &I 
or, equivalently, if and only if X' ---+X is an isomorphism. D 

Proposition 10. Let X be a proper reduced curve over a perfect field K, and Iet K be 
an algebraic closure of K. Let X' ---+ X be the Zargest curve between the normalization 
X of X and X which is universally homeomorphic to X. Then the canonical map 

<p: Picx'tK---+ Picx1K 

is an epimorphism of sheaves for the etale topology. The kerne/ of <p is a torus. The 
latter is trivial if and only if each irreducible component of X ®K K is homeomorphic 
to its normalization and the configuration of the irreducible components of X ®K K 
is tree-like; i.e., H 1 (X ®K K, Z) = 0. 

Proof. The proof can be done similarly as in Example 8. We may assume X= X'. 
Let n : X ---+ X be the normalization of X. The connected components of X are the 
normalizations xi of the irreducible components xi. Let Xj, i = 1, ... ' N, be the 
singular points of X, and let iii' j = 1, ... , ni> be the points of X lying above ii. 
Consider the exact sequence 

1---+ l!J1---+ n*l!Ji---+ n*l!Ji/l!J1---+ 1 . 

The quotient .Pt = n*l!Jifl!J1 is concentrated at the points xi, i = 1, ... , N. The 
associated long exact sequence 

1---+ H0 (X, l!J1)---+ H0 (X, n*l!Jj)---+ H0 (X,.fl) 

---+ H 1 (X, l!J1)---+ H 1 (X, n*l!Jj)---+ 1 

can be written in the following way 

1 ---+ r* ---+ }] ri* ---+ fi Ca K:J) I Kt ---+ Pie( X)---+ Pic(X)---+ 1 

where r* = H0 (X, l!J1), ri* = H0 (Xi, l!Ji), Kt = k(xi), and K:J = k(iii). As in Ex­
ample 8, one shows that <p is an epimorphism for the etale topology and, moreover, 
that the kernel of <p is the quotient of the map R0f*(n*l!Ji)---+ R0f*(.fl) where 
f: X---+ SpecK is the structural morphism. The latter is a quotient ofa torus and, 
hence, a torus. 

It remains to show the last assertion. We may assume that K is algebraically 
closed. The kernel of <p is trivial if and only if the canonical map 

is surjective. If the map is surjective, it is clear that, for any singular point xi of X, 
the points iu, j = 1, ... , ni, lie on pairwise different components of X. Hence, 
each irreducible component of X is homeomorphic to its normalization. Further­
more, the surjectivity implies H 1(X,K*) = 0 which is equivalent to H 1(X,Z) = 0. 
The converse implication follows by similar arguments. D 
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Now we can deduce from Propositions 9 and 10 the structure of the linear part 
of Pic~;K· 

Corollary 11. Let X be a proper curve over a perfect field K and denote by X the 
normalization of the Zargest reduced subscheme Xred of X. Then the canonical map 

Picx;K ---+ Picx;K 

is an epimorphism of sheaves for the etale topology. Its kerne/ consists of a smooth 
connected linear algebraic group L. The quotient of Pic~/K by L is isomorphic to Pic~/K 
which is an abelian variety. 

Next we want to look at a reduced curve X over a perfect field K. As before, let 
X' derrote the largest curve between X and its normalization X. Via functoriality, 
we get the following sequence of algebraic groups 

Picx;K---+ PicX'/K---+ Picx;K , 

where each map is an epimorphism of sheaves for the etale toplogy. Due to continu­
ity, we obtain epimorphisms between the identity components 

P. 0 ·p· 0 p· 0 
lCx;K---+ lCX'/K---+ lCX/K . 

Furthermore, ifPic~;K does not contain a torus, Pic~'!K does not either; for example, 
this can be deduced from Theorem 2. So, we obtain the following corollary. 

Corollary 12. Let X be a reduced proper curve over a perfect field K and Iet K be an 
algebraic closure of K. 

(a) IfPic~1K contains no unipotent connected subgroup, the singularities of X ®K K 
are analytically isomorphic to the crossing of the coordinate axes in rs.n. 

(b) If Pic~1K contains no torus, each irreducible component of X ®K K ishomeo­
morphic to its normalization and the configuration of the irreducible components of 
X ®K K is tree-like. 

(c) If Pic~/K is an abelian variety, the irreducible components of X are smooth and 
the configuration of the irreducible components of X ®K K is tree-like. 

Finally we want to discuss the degree of line bundles belanging to Pic~;K· For 
example, if X is a connected proper and smooth curve over an algebraically closed 
field K, the elements of Pic~1K(K) correspond to the line bundles of degree zero. 
Indeed, consider the universal line bundle St' on X x K Picx;K· Due to 9.1/2, the 
degree of the restriction se~ of se to the fibre over a point ~ E Pic~1K is zero. 
Conversely, a line bundle of degree zero is isomorphic to a line bundle (!)x(D) where 
D is a Cartier divisor which can be written as 

D = (x 1 - x 0 ) + ... + (xn - x 0 ) , 

where x 0 , ... , xn are closed points of X. Since Xis connected, the image of the map 
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is contained in Pic~;K· Thus we see that each line bundle of degree zero gives rise 
to an element of Pic~;K· For arbitrary curves over fields, one has to look at the 
partial degrees on the irreducible components. 

Corollary 13. Let X be a proper curve over a field K and Iet K be an algebraic closure 
of K. Then Pic~1K consists of all elements of Picx;K whose partial degree on each 
irreducible component of X ®K K is zero. 

Proof We may assume that K is algebraically closed. Let X 1 , .•. , X, be the (reduced) 
irreducible components of X. For i = 1, ... , r, let X; be the normalization of X;. 
Then consider the canonical morphism 

Picx;K - Picx,;K 

which is defined by functoriality. Due to continuity, the identity components are 
mapped into each other, so we have morphisms 

P. 0 p· 0 
lCx;K - lCx,;K . 

Since the degree of a Cartier divisor on X; and the degree of its pull-back on X; 
coincide, we see that the partial degrees of elements of Pic~;K(K) are zero. Due to 
Corollary 11, the canonical morphism 

r 

Picx;K - TI Picx,;K 
i=1 

is an epimorphism and its kernel is a connected subgroup of Picx;K· So the kernel 
is contained in Pic~;K· Since the canonical map induces an epimorphism on the 
identity components, we see that line bundles on X whose partial degrees are zero 
belong to Pic~;K· D 

Corollary 14. Let X be a proper curve over an algebraically closed field K with r 
irreducible components X 1, ... , X,. Then the N eron-Severi group of X is a free group 
ofrank r. 

More precisely, the map given by the partial degrees 

Picx;K/Pic~/K- ?..' , 

is injective and has finite index. 

2 ~ (degx,(2), ... ,degxJ2)) 

9.3 Construction via Birational Group Laws 

We want to explain how the proof of Grothendieck's theorem 8.2/1 can be modified 
in the case ofrelative curves in order to recover the Jacobian variety as constructed 
by Serre [1] and Weil [2]. Webegin by repeating what Grothendieck's approach 
to the representability of Picx;s yields in the case of a relative curve X over a 
scheme S. 



252 9. Jacobians of Relative Curves 

Theorem 1. Let X ----+ S be a projective and flat curve which is locally of finite 
presentation. If the geometric fibres of X over S are reduced and irreducible, Picx;s 
is a smooth and separated S-scheme. 

More precisely, there is a decomposition 

Picx;s = U (Picx;s)n 
neZ 

where (Picx;st denotes the open and closed subscheme of Picx;s consisting of allline 
bundles of degree n; the scheme (Picx;s)0 coincides with the identity component Pic~;s 
of Picx;s· Moreover, (Picx;st is quasi-projective over Sandis a torsorunder Pic~;s 
for all n E 7L. 

Proof The representability of Picx;s is due to 8.2/1; see also 8.2/5. The smoothness 
follows from 8.4/2. Due to 9.1/2, the degree of line bundles belonging to a fixed 
connected component of Picx;s is constant, thus Picx;s breaks up into the disjoint 
union of the (Picx;st, n E 7L. In order to show that (Picx;st isatorsorunder Pic~18 , 
it remains to show that (Picx;st and Pic~;s become isomorphic after faithfully flat 
base extension. So we may assume that X has a section over S. Then it suffices to see 
that (Picx;s)0 is isomorphic to Pic~;s· Since the geometric fibres of X over S are 
irreducible and reduced, the latter follows immediately from 9.2/13. D 

Let us mention some conditions under which X is projective over S. 

Remark 2. Let X be a proper flat curve over S which is locally offinite presentation 
and whose geometric fibres are reduced and irreducible curves of genus g. Assurne 
that Xis a relative complete intersection over S. Then the relative dualizing sheaf 
is a line bundle. If g ~ 2, it is S-ample and, hence, X ----+ S is projective. Likewise, 
if g = 0, the dual of the relative dualizing sheaf is S-ample and, hence, X ----+ S is 
projective; moreover it is smooth. If g = 1, it follows that X ----+ S is projective 
locally for the etale topology on S, since X ----+ S admits a section through the 
smooth locus after etale surjective base change, and since the line bundle of all 
meromorphic functions having only simple poles along the given section is relatively 
ample. 

Now we turn to a more general situation where we can construct Pic~;s via 
birationallaws. In the following let f: X----+ S be a quasi-projective morphism of 
schemes which is of finite presentation. We want to explain some basic facts on the 
relationship between the n-fold symmetric product (X/SlnJ and the Hilbert functor 
Hilb~18 , where Hilb~;s is the Hilbert functor associated to the constant polynomial 
n. We can say that, for any S-scheme T, the set Hilb~18(T) consists of all subschemes 
D of X x s T which arefinite and locally free of rank n over T. The n-fold symmetric 
product (X/S)<nJ is defined as the quotient of the n-fold product of X over S 
by the canonical action of the symmetric group. Let us start by discussing the 
representability of (X/S)<nJ. 

For any commutative ring A and for any A-module M, define the symmetric 
n-fold tensor product of M by 

TS~(M) := (M®n)6 " c M®n 
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where M®n is the n-fold tensor product of M over A and where 6n is the symmetric 
group acting on M®n by permuting factors. If M is a free A-module, TS':!_(M) is also 
free and there is a canonical way to choose a basis ofTS':!_(M) after fixing a basis of 
M. Thus, we see that TS':!_(M) is compatible with any base change if M is a free 
A-module. Since any flat A-module is a Iimit of finitely generated free A-modules, 
TS':!_(M) is a flat A-module and compatible with any base change if M is flat over 
A. If B is an A-algebra, TS':!_(B) is a subalgebra of ß®n. If X and S are affine, 
say S = SpecA and X= SpecB, the symmetric product (XjS)<n> is represented by 
Spec(TS':!_(B)). If Xis quasi-projective over S, one can establish the representability 
ofthe symmetric product (X/S)<nl as an S-scheme by gluing such local pieces, since 
any finite set of points lying on a single fibre of X jS is contained in an open affine 
subscheme of X. Furthermore, as we have seen above, the symmetric product 
(X/S)<nl of a flat S-scheme Xis flat over Sand compatible with any base change. 

A polynomiallaw f from an A-module M to an A-module N consists of the 
following data: for any commutative A-algebra A', there is a map 

fA': M ®A A'--- N ®A A' 

such that, for any morphism u: A'---+ A" of commutative A-algebras, the diagram 

N®AA' 

lN®• 
M ®A A" __ f ... _"_ N ®A A" 

is commutative. A polynomiallaw fromM to N is called homogeneous of degree n if, 
in addition, for any a' E A' and for any m' E M ®A A', the equation 

fA.(a' · m') = (a't · fA.(m') . 

holds. For example, the map 

yn: M---+ TS':!_(M) , m f--+ m ® · · · ® m (n times) 

gives rise to a homogeneous polynomiallaw of degree n. Furthermore, if M is a free 
A-module offinite rank, the map yn is universal; i.e., any homogeneous polynomial 
law !fromM to N ofdegree nis induced by a unique A-linearmap cp: TS':!_(M)---+ N. 
The latter means 

fA' = ( qJ ® A') o (yn ® A') ; 

cf. [SGA 4m], Exp. XVII, 5.5.2. Since a flat A-module is a Iimit of free A-modules, 
the map yn is universal if M is a flat A-module. 

Let us fix S = Spec A, X = Spec Band f: X---+ S. For any B-module L which 
is free of rank n over A, there is a canonical morphism 

detL: TS':!_(B)---+ A 

which is compatible with any base change A---+ A'. Indeed, viewing the multiplica­
tion on L by an element bEB as an A-linear map, the determinant yields a 
homogeneous polynomiallaw of degree n from B to A and, hence, a map ofTSÄ_(B) 
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to A. Furthermore, one can show that detL is a morphism of A-algebras; cf. [SGA 
4mJ, Exp. XVII, 6.3.1. 

If f: X~ S is affine and if fE is an mx-module suchthat f* fE is locally free over 
S of rank n, one can construct a morphism 

a!!': S ~ (X/S)<nl 

by gluing the local morphisms constructed above. 
Now let f: X~ S be quasi-projective and consider an element D E Hilb~18(T) 

for an S-scheme T, i.e., a subscheme D of X x 8 T which is finite and locally free of 
rank n over T. Then Ur)*(!JD is a locally free {!Jr-module of rank n. So the above 
construction gives rise to a section 

a(9D: T ~ (D/T)<nl ~ (X/S)<nl. 

Thus we get a canonical morphism 

a: Hilb~;s ~ (X/S)<nJ . 

On the other hand, if f: X~ S is a separated smooth curve, each section s of 
f gives rise to a relative Cartier divisor s(S) of X over S of degree 1. Namely, due 
to 2.2/7 the vanishing ideal of a(S) is locally principal. So we get a morphism 

xn ~ Hilb~/S ' 
from the n-fold product of X over S to the Hilbert functor which is symmetric. 
Hence it factors through (X/S)<n>. Note that, in this case, Hilb~;s coincides with the 
subfunctor of Div~;s consisting of all divisors with proper support. So it induces a 
morphism 

IX: (X/S)(n) ~ Hilb~;s. 

Proposition 3 ([SGA 4m], Exp. XVII, 6.3.9). If X~ S is a smooth and quasi­
projective morphism of relative dimension 1, then, for each n E N, the canonical 
morphisms 

a: Hilb~;s ~ (X/S)<nl and IX: (X/S)(n) ~ Hilb~;s 

are isomorphisms and inverse to each other. 

Now let us consider the case where f: X~ S is a faithfully flat projective curve 
of genus g whose geometric fibres are reduced and connected. Denote by X' the 
smooth locus of X. Note that X' is S-dense in X and that, moreover, the canonical 
map 

(X'/S)<9> ~ (X/S)<9> 

is an open immersion with S-dense image, as one can easily verify by using the fact 
that (X/S)<Yl commutes with any base change. Since Xis proper over S, the functor 
Hilb~·;s is an open subfunctor ofHilb~18 , and since X' is smooth over S, it is already 
an open subfunctor ofDiv~18 ; cf. 8.2/6. Furthermore, since Xis proper and flat over 
S, the functor Div~;s is a subfunctor of Hilb~;s· Hence, we have a commutative 
diagram of canonical maps 
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--~ (X' /S)<9> 

l 
Div~;s (X/S)<9> 

The S-scheme (X'/S)<Yl is smooth. Indeed, by etale localization it is enough to treat 
the case X' = A.J. But then the smoothness of (X' jS)<Y> follows from the theorem on 
symmetric functions. Now, let D c X x 8 (X'jS)<9l be the effective relative Cartier 
divisor of degree gwhich is induced by the map (X'/S)<Yl---+ Div~;s· We will refer 
to Das the universal Cartier divisor of degree g. Let W c (X' /S)<Yl be the subscheme 
of all points w E (X'/S)<Yl suchthat H 1(Xw, lDx)Dw)) vanishes; so 

W = {w E (X'/S)<Yl;H 1 (Xw,(Dx)Dw)) = 0}. 

Then, due to the semicontinuity theorem [EGA 1112 ], 7.7.5, W is an open subscheme 
of(X'/S)<9>, and the following lemma shows that W---+ S is surjective. 

Lemma 4. Let X be a proper curve over a separably closed field K. Assurne that X 
is geometrically reduced and connected. Then there exists an effective Cartier divisor 
D0 of degree g = dimKH1 (X, lDx) on X whose support is contained in the smooth locus 
of X and which satisfies H 0 (X, lDx(D0 )) = K and H 1 (X, lDx(D0 )) = 0. 

In particular, keeping the notations of above, the map W---+ S is surjective. 

Proo.f. The Riemann-Roch theorem implies H 0 (X, lDx(D0 )) =Kif H 1 (X, lDx(D0 )) = 
0. So it suffices to show the existence of an effective Cartier divisor D0 of degree g 
satisfying H 1 (X,lDx(D0 )) = 0. Let w be a dualizing sheaf on X; cf. [FGA], n°149, 
Sect. 6, Thm. 3 bis. Then, for any Cartier divisor E of X, there is a canonical 
isomorphism 

H 1 (X, lDx(E)) ~ H 0 (X,w( -E)), 

where w(- E) is the lDx-module w ® lDx(- E). In particular, dimKH0 (X, w) = g. 
Proceeding by induction, we will show that there exist points xt> ... , x 9 of the 
smooth locus of X such that 

for i = 1, ... , g . 

Since the lDx-module w has no embedded components, the support of a non­
zero section of w cannot consist of finitely many points. So one can choose a 
rational point xi+1 of the smooth locus of X such that there is an element of 
H 0 (X, w( -x1 - ... - x;)) which does not vanish at xi+t· Then, 

D0 = x 1 + ... + x9 

is an effective Cartier divisor as required. 0 

Due to [EGA 1112 ], 7.9.9, the direct image Uw)*lDx x8 w(D) is locally free of rank 
1, and the canonical morphism 

((fw)*lDxx 8 w(D))w ®lYw.w k(w) ~ H 0 (Xw, lDx)Dw)) 
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is bijective; cf. Mumford [3], Sect. 5, Cor. 3. 
The universal Cartier divisor D gives rise to a canonical map 

p : W----+ Pic~Js 

where Pic~Js is the open subfunctor of Picx;s consisting of line bundles of (total) 
degree g; cf. Section. 9.1. Next we want to prove that p is an open immersion. 

Lemma 5. Keeping the notations of above, the canonical map 

p : W ----+ PicWs 

is an open immersion. 

Proof First of all let us show that p is a monomorphism. So, let L 1 and L 2 be 
elements of W(T) for an S-scheme T giving rise to the same element in Pic~Js(T). 
Let us denote by L 1 (resp. L 2 ) the associated divisors of X x 8 T, too. Due to 8.1/3, 
we may assume that the associated line bundles (()xT(L 1) and (()xT(L 2) are isomorphic. 
Since the direct images (fT)*(()xT(L;) are locally free of rank 1, it follows that L 1 
and L 2 are equal and, hence, that p is a monomorphism. Now we prove 
that p is relatively representable by an open immersion. It has to be shown 
that, for any S-scheme T and for any morphism A. : T----+ Pic~J8 , the induced 
morphism 

is an open immersion. Since it suffices to check this after etale surjective base change, 
we may assume that the morphism A. is induced by a line bundle !l' on X x 8 T. The 
image of PT is contained in the subset T' ofT consisting of all points t E T satisfying 
H 1(X0 ~) = 0. Since T' is open in T by [EGA 1112 ], 7.7.5, we may replace T by 
T'. In this case, H0(X0~) is a k(t)-vector space of rank 1 for each t E T. Moreover 
(JT )* !l' is locally free of rank 1 and a local generator of (fT )*!l' gives rise to a 
generator of H0(X0 ~) on any fibre X1. Therefore, a local generator of(fT)*!l' is 
uniquely determined up to a unit of the base. Hence, the local generators of (fT )* !l' 
give rise to a closed subscheme L of X x s T whose defining ideal is locally generated 
by one element. Due to 8.2/6, there exists a largest open subscheme T" of T such 
that the restriction of L to X x 8 T" is an effective relative Cartier divisor. It is clear 
that PT factors through T". So we may replace T by T" and we may assume that L 
is an effective relative Cartier divisor. Thus we can view A. as a section ofDiv~;s and, 
hence, of (X/S)<0 >. Since W is an open subscheme of (X/S)<o>, the map PT can be 
represented by the open immersion of the inverse image A. -l (W) into T. D 

Lemma 6. Keeping the notations of above, there exist a surjective etale extension 
S'----+ S, an open subscheme W' of W x 8 S' with geometrically connected fibres, and 
a section s' : S' ----+ W' such that 

W l p· 0 ----+ lCx x 8S' ;s· ' w' r--+ p(w')- p o s' o p'(w) 

is an open immersion, where p' : W' ----+ S' is the structural morphism. 
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Proof. If there is a section B: S-----> W, we can assume that the geometric fibres of W 
are connected after replacing W by an open subscheme; cf. [EGA IV 3 ], 15.6.5. Then 
we can transform the morphism 

p : W-----> Pic~)s 

by a translation into an open immersion 

W-----> Picx;s , w f----+ p(w) - p oB o p(w) , 

where p : W _____. S is the structural morphism. Since the fibres of W over S are 
geometrically connected, the image of the above map is contained in Pic~15 • In the 
general case, one can perform a surjective etale extension S' -----> S in order to get a 
section S' _____. W, because W _____. S is smooth and surjective. Since the g-fold sym­
metric product (X /S)<9> commutes with the extension S'-----> S, one is reduced to 
the case discussed before. D 

In the following, keep the notations of Lemma 6. Assurne S = S' and W = W' 
and that there is a section B: S-----> W. The group law of Picx;s induces an 
S-birational group law on W. We want to describe this S-birational group law on 
W in terms of divisors. So consider the projections 

p;: W x 5 W----> W 

for i = I, 2, and Iet p be the structural morphism p: W _____. S. Since a morphism from 
an S-scheme T to W corresponds to an effective relative Cartier divisor of degree g 
on X x 5 T, namely, to the pull-back of the universal divisor D on X x 5 W, the 
projections p 1 and p2 give rise to divisors D 1 and D2 on X x 5 W x 5 W. Furthermore, 
Iet D0 be the divisor on X x 5 W x 5 W induced by s. Then consider the locally free 
sheaf 

!l' = (i\x 5wx 5 w(Di- Do + Dz). 

on X Xs W x 5 W. The pull-back of !l' via 

(idw,ß o p): W-----> W x 5 W 

is isomorphic to (l'x x5 w(D). Since the fibres of Ware geometrically irreducible, there 
is a p1-dense open subscheme W1 of W x 5 W such that, for each point t of W1 , the 
restriction !l', of !l' to the fibre X x 5 t satisfies H 1 (X,, !l',) = 0. As before, we 
conclude that Uw)*!l' is locally free ofrank 1 over W1 and that, for any t E W1 , a 
generator of H 0 (X,, !l',) Iifts to a local generator of Uw ,)* !l' at t. A local generator 
of (.f~ ,)* !l' is uniquely determined up to a unit of the base. Hence, the local 
generators of Uw)*!l' give rise to a subscheme D12 of X x 5 W1 whose defining 
ideal can locally be generated by one element. Since the pull-back of D12 by 
(idw, c: o p) coincides with D which is an effective relative Cartier divisor, we see by 
Lemma 8.2/6 that thcre exists a p1-dense open subscheme V1 of W1 such that D12 l v, 
is an effective relative Cartier divisor of degree g. Since W is an open subfunctor of 
Div~15 , we see, after replacing V1 by a smaller p1-dense open subscheme of V1 , that 
Ddv, gives rise to a V1-valued point of W. Proceeding similarly with the other 
projection, it is easy to show that the mapping 
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W Xs W ___ _. W, 

gives rise to a strict S-birational group law; cf. 5.2/1. 
In analogy to the classical case where the base S consists of a field, we call the 

S-group scheme associated to this S-birational group law the J acobian of X over S 
if it exists. In the case where S consists of a field, it can easily be shown that the 
existence of the Jacobian implies the representability of Picx1s; namely the latter is 
a disjoint sum of "translates" of the Jacobian. Furthermore, it is clear that the 
Jacobian coincides with Pic~;s· So, even for a general base, the Jacobian represents 
the subfunctot Pic~1s as defined in Section 8.4. For example, if S is a local scheme 
which is normal and strictly henselian, the results of Section 5.3 can be used to show 
that the Jacobian is represented by a separated and smooth S-scherne. Summarizing 
our discussion, we can state the following result. 

Theorem 7. LetS be anormal strictly henselian local scheme and let f: X----+ S be a 
flat projective morphism whose geometric fibres are reduced and connected curves. 
Then the Jacobian of Xis a smooth and separated S-scheme. It coincides with Pic~1s 
as defined in Section 8.4. 

If one admits Theorem 8.3/1, namely that Picx;s is an algebraic space over S, 
one can drop the assumption of S being normal in Theorem 7. Indeed, due to 8.4/2, 
Picx;s is smooth over S, since X is a relative curve. Hence, Pic~1s is represented by 
an open subspace of Picx;s· So in order to prove that Pic~1s is a scheme, it suffices 
to show that Pic~1s can be covered by the translates A. W', where W' is the open 
subscheme ofPic~1s constructed in Lemma 6, and where A. ranges over W'(S). Since 
W' is smooth and faithfully flat over S, we have enough sections A. to cover Pic~1s 
by translates A. W'; cf. 5.3/7. So every point of Pic~1s has a scheme-like neighborhood. 
Hence Pic~1s is a scheme. 

If the geometric fibres of X over S are irreducible and reduced, and if there is a 
section (J: S----+ X contained in the smooth locus of X, one can construct the whole 
Picard scheme Picx;s from Pic~1s by translations. Namely, 

Picx;s = il (Pic~1s + n · [(J(S)]) , 
nE?l. 

where [(J(S)] is the element of Picx;s associated to the Cartier divisor (J(S); due to 
2.2/7 the vanishing ideal of (J(S) is an effective relative Cartier divisor of degree 1. 
It is not hard to show directly that the right-hand side represents the relative Picard 
functor in this case. So, for a normal and strictly henselian base, one obtains a 
different approach to the representability of Picx;s in the case of a flat projective 
curve X over S whose geometric fibres are reduced and irreducible. 

In the case where the base S consists of a field, one has to perform a finite 
separable field extension S' ----+ S in order to get enough sections. Then the preceding 
construction yields the representability of Pic~1s x s S' over the base S' and the 
representability over the given base is reduced to a problern of descent. lf S consists 
of a field, this problern is not a serious one and can be overcome easily as was 
demonstrated by Serre and Weil. In Section 9.4, we will dicuss the representability 
of Pic~1s by a separated S-scheme in the case of a more general base. 
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9.4 Construction via Algebraic Spaces 

In the following, let f: X----+ S be a proper and flat eurve whieh is loeally of finite 
presentation over the seheme S. So far we have diseussed the ease where the 
geometrie fibres of X are redueed and eonneeted. Now we want to study more 
general eases. Due to the general result 8.3/1, we know that Picx1s is an algebraie 
spaee if f is eohomologieally flat in dimension zero. Reeall that f is said to be 
eohomologieally flat in dimension zero if, for every S-seheme S', the eanonieal 
morphism 

(j*(9x) (8} (9S' ~ ~~(9X' 

is an isomorphism, where X' =X Xs S'. For example, the eondition is satisfied if 
the geometrie fibres of X/S are redueed; ef. [EGA III2 ], 7.8.6. The eohomologieal 
flatness of f is closely related to the eondition that the arithmetie genus of the fibres 
of X is l<;>eally eonstant on S. 

Indeed, if f is eohomologieally flat in dimension zero, f* mx is a loeally free 
{9s-module by 8.1/7 and dimk<•>H0 (X., mxJ is loeally eonstant on S. Moreover, sinee 
the Euler-Poineare eharaeteristie of the fibres of X is loeally eonstant on S by 
[EGA III2 ], 7.9.4, the dimension dimk<•>H1 (X., (9x) must be loeally eonstant on S. 
Conversely, if the arithmetie genus of the fibres of X is loeally eonstant on S, the 
same arguments as above show that dimk<•>H0 (X., mxJ is loeally eonstant on S. Then 
it follows from [EGA III2 ], 7.8.4 that f is eohomologieally flat in dimension zero 
at least if S is redueed. 

If Xis eohomologically flat over S in dimension zero, Piex1s is an algebraie spaee 
over S, but, in general, we eannot expeet Piex1s to be a seheme, as Mumford's 
example shows; ef. Seetion 8.2. Sinee Piex1s is smooth over S by 8.4/2, Pie~1s is 
represented by an open subspaee of Piex1s whieh may be a seheme, even if Piex1s is 
not. The main task of this seetion will be to present eonditions under whieh Pie~1s 
is a seheme. We remind the reader that by Theorem 9.3/7 this is the ease if the fibres 
of X arenot too bad and if X admits many seetions over S. Now let us first state 
the main results on the representability of Piex1s and of Pie~1s in the ease of relative 
eurves, afterwards we will sketeh their proofs. 

Theorem 1 (Deligne [1], Prop. 4.3). Let X----+ S be a semi-stable curve which is locally 
of finite presentation. Then Piex1s is a smooth algebraic space over S. The identity 
component Pie~1s is a smooth separated S-scheme and there is a canonical S-ample 
line bundle .P(X/S) on Pie~1s. Furthermore, Pie~1s is semi-abelian. 

If the base seheme S is the speetrum of a diserete valuation ring, one ean prove 
the representability of Piex1s by an algebraie spaee and the representability of Pie~1s 
by a separated S-seheme under far weaker assumptions on the fibres of X than in 
Theorem 1. 

Theorem 2 (Raynaud [6], Thm. 8.2.1). LetS be the spectrum of a discrete valuation 
ring. Let f: X----+ S be a proper flat curve such that f*(9x = (98 and let X be 
normal. If the greatest common divisor of the geometric multiplicities of the irreducible 
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components of x. in X. is 1 where s is the closed point of S, then 
(a) Picx1s is an algebraic space over S, 
(b) Pic~1s is represented by a separated S-scheme. 

Corollary 3. LetS be the spectrum of a discrete valuation ring. Let f: X- S be a 
proper flat curve with connected generic fibre. Assurne that X is regular and that there 
is a rational point on the generic fibre of X. Then Picx1s is an algebraic space over S 
and Pic~1s is a separated S-scheme. 

Corollary 3 is easily deduced from Theorem 2. Indeed, due to the valuative 
criterion of properness, the given rational point on the generic fibre extends to a 
section a of X over S. Due to 3.1/2, the image of a is contained in the smooth locus 
of X. So there exists an irreducible component of the special fibre x. of X having 
geometric multiplicity 1 in x •. Therefore Theorem 2 applies and the assertion is 
clear. D 

Now Iet us turn to the proofs. For the proof of Theorem 1, we need further 
information on Pic~1s in the case of smooth relative curves. 

Proposition 4. Let f: X- S be a proper smooth morphism of schemes whose geo­
metric fibres are connected curves. Then Pic~1s is an abelian S-scheme and there is a 
canonical S-ample rigidified line bundle .!f'(X/S) on Pic~1s. 

The construction of .!!'(X /S) is canonical in such a way that, for any base change 
S' - S, there is a canonical isomorphism of rigidified line bundles 

.!f'(X/S) ®(1). fYs, ~ .!f'(X'/S') , 

where X' denotes the S'-scheme X x s S'. One will use this fact to show the represent­
ability of Pic~1s by an S-scheme in the more general case of semi-stable curves. 

Proof of Proposition 4. In order to keep notations simple, Iet us write P instead of 
Pic~1s in the following. Due to 6.1/7, it suffices to prove the assertion after etale 
surjective base change S' - S. So we may assume that X- S is projective; cf. 
9.3/2. Then Picx1s is a separated smooth S-scheme by 9.3/1 and the identity compo­
nent P is quasi-projective over S. Since P is proper over S by 8.4/3, it is even 
projective over S. So it remains to explain the construction ofthe canonical S-ample 
sheaf .!f'(X/S) on P. 

It is enough to Iook at the universal case. So, since the base of the versal 
deformations of a smooth curve is smooth over 7l. (cf. Deligne and Mumford [1], 
Cor. 1.7), we may assume that S consists of a regular noetherian ring. Due to 8.2/1, 
the Picard functor Picp1s is a separated S-scheme and, due to 8.4/5, the identity 
component Pic~1s is represented by an abelian S-scheme. Denote it by P* and call 
it the dual of P. There is a universalline bundle r!J> on P Xs P*, the Poincare bundle, 
which is rigidified along the unit sections of P and P* over S; cf. 8.2/4. For the 
construction ofthe canonical S-ample sheaf .!f'(X/S) on P/S, we need the existence 
of the canonical isomorphism 
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cp:P~P* 

which is given by the 0-divisor. To define the 0-divisor, assume first that X ----+ S 
has a section a: S----+ X. Then one has a morphism 

(X/S)<g-1>----+ P = Pic~1s, Dr 1---+ [Dr] - (g- 1) [ar] , 

where, for any S-scheme T and for any T-valued point Dr of (X/S)<g-1> (i.e., for any 
effective Cartier divisor on X x 8 T of degree g- 1), we denote by [Dr] the element 
of Picx1s(T) corresponding to Dr and where ar denotes the relative Cartier divisor 
of X x 8 T associated to the section ar = a x 8 T. Let W 9 - 1 be the schematic image 
of this morphism; note that it depends on the section a. It is not hard to see that 
the induced map 

(X/S)<9 - 1>----+ W 9- 1 

is S-birational; cf. Lemma 9.3/5. Furthermore, W 9 - 1 is an effective relative Cartier 
divisor on P, usually denoted by 0a. If one replaces a by a second section, 0a has 
tobe replaced by a translate. Now let us consider the morphism 

cp9 .: P----+ P* , t 1---+ (/)p/r:(0a)) ® ((l)pr(0aW 1 

where, for an S-scheme T, we denote by Pr the T-scheme P x 8 T and where 
r1 : Pr----+ PT is the translation by the T-valued point t E P(T). This map is indepen­
dent of the choice of a; so we can drop the a. If we do not have a section, we may 
perform an etale surjective base change in order to get a section and, hence, to 
obtain cp9 . Because cp9 is independent of the chosen section, it is already defined 
over the given base S by descent theory. 

In order to check that the above map is an isomorphism, one can assume that 
the base scheme S consists of an algebraically closed field. In this case, the assertion 
is classical; cf. Weil [2], n°62, Cor. 2. Now we set 

2(0) = m*(l)p(0) ® pf((l)p(0)fl ® P!((l)p(0)f1 

where m: P x 8 P----+ Pis the group law of P and where P;: P x 8 P----+ P are the 
projections for i = 1, 2. Note that, a priori, this definition depends on the chosen 
section a, but that in fact, due to the theorem of the square, 2(0) is independent 
of a. Again, by descent theory, it is already defined over S. The morphism cp9 gives 
rise to an isomorphism 

idp x 8 cp9 :P x 8 P~P x 8 P* 

such that there is an isomorphism of rigidified line bundles 

2(0) ~ (idp Xs cp9 )*&>. 

Consider now the pull-back of &> by the map 

(idp, cp9 ): P----+ P x 8 P* 

and denote this line bundle on P by 

2(X/S) = (idp, cp9 )*&> = (idp, idp)* 2(0) 

which is isomorphic to (l)p(0 + ( -1)*0). Then 2(X/S) is rigidified along tbe unit 
section and one can show that 2(X/S) is S-ample on P. D 
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For the proof of Theorem 1, we will use the canonical S-ample sheaf !l!(X/S) 
which was constructed in Proposition 4 for smooth curves X over S. Namely, due 
to Theorem 9.3/7 and the explanation following it, we know already that Pic~;s is 
a scheme locally for the etale topology on S. Thus, we are concerned with a problern 
of descent. It suffices to verify the assertion concerning the canonical S-ample 
invertible sheaf !l!(X/S). Due to 6.1/7, it is enough to give the definition of !l!(X/S) 
after etale surjective base extension. Moreover, it suffices to look at the universal 
case. Since the base of the versal deformations of a fibre of Xis smooth over 7l.. (cf. 
Deligne and Mumford [1], Cor. 1.7), we may assume that S is regular. In this 
situation, we have to construct !l!(X/S). Denote by S0 the open subscheme of S 
where Xis smooth over S; note that S0 is densein S. Due to Proposition 4, there 
is a canonicalline bundle !l!(X0 jS0 ) on Pict1so· Since S is regular, we can extend 
!l!(X0 /S0 ) to a line bundle !l!(X/S) on Pic~;s suchthat the pull-back of !l!(X/S) 
under the unit section is trivial on S. Since the geometric fibres of Pic~;s are 
connected, the extension is unique. Then it follows from Raynaud [4], Thm. XI.1.13, 
page 170, that !l!(X/S) is S-ample, since the restriction of !l!(X/S) to S0 is S0 -ample 
and since, for all points s ES of codimension 1, the restriction of Pic~;s to Spec(@s,J 
is the identity component of the Neron model of its generic fibre; cf. 7.4/3 and 9.2/8. 

D 

Finally we want to sketch the proof of Theorem 2. Denote the generic point of 
S by 11 and the closed point of S by s. Let P be the open subfunctor ofPicx;s consisting 
of allline bundles of total degree zero. 

Let Y ~X be a rigidificator for Picx1s; cf. 8.1/6. Then, due to 8.3/3, the functor 
(Picx1s, Y) is an algebraic space over S. Denote by (P, Y) the open subfunctor of 
(Picx1s, Y) consisting of allline bundles of total degree zero. Due to 8.4/2, (P, Y) is 
smooth over S. Let 

r:(P, Y)~P 

be the canonical morphism. There is a largest separated quotient Q of P (in the sense 
of sheaves for the fppf-topology), and one knows that Q is a smooth and separated 
S-group scheme; cf. 9.5/3. Let 

be the canonical morphism. lt is clear that r and q are epimorphisms of sheaves 
with respect to the fppf-topology. 

We want to show that q induces an isomorphism of P 0 to Q0 . Note that qq is 
an isomorphism. First we want to see that q x s S' admits a section over Q0 where 
S' is a strict henselization of S. We may assume S = S'. Due to 9.1/12, there exists 
a universal line bundle !l!q on (X x 8 Picx;s)q. Let (.ß, a) be the universal line 
bundle of (P, Y). Since !l!q induces the universalline bundle of Pq, the line bundles 
(idx x q o r)* !l!q and ~ define the same homomorphism to Pw So, due to 8.1/4, 
there exists a line bundle JV;, on (P, Y)q such that 

(idx x q o r)* !l!q ~ ~ ® f*(.h';,) 

Since (P, Y) is smooth over S and since S is regular, JV;, extends to a line bundle .Al 
on (P, Y). After replacing .ß by .ß ® f* .Al, we may assume that .ß extends 
(idx x q o r)* !l!q. By computing the associated divisor, one can show that, over the 
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identity component (P, Y)0 , the line bundle Alx xs(P,no descends to a line bundle .!l' 
on X x 8 Q0 . Namely, as X is normal, A is determined by a Weil divisor D on 
X x (P, Y)0 . Since Aq descends to .!l'q, we may assume that Dq descends, too. So it 
suffices to look at "vertical" Weildivisors on X x (P, Y)0 with support contained 
in the special fibre. To treat the latter we remark that the sets ofvertical Weildivisors 
(with support contained in special fibres) on X, on X x (P, Y)0 , or, on X x Q0 are 
in one-to-one correspondence under the pull-back maps. Then .!l' gives rise to a 
morphism lt: Q0 -----+ P 0 . Since Q is separated and since (q o lt)q = idQ~· it follows 
that q o lt = idQo· Moreover, one shows easily that lt is a group homomorphism. 

Next we claim that Pis an algebraic space over S. Due to 8.3/1, it remains to 
see that f is cohomologically flat in dimension zero. By what we have said at the 
beginning of this section, it suffices to show that 

dimk(s)H1(X" lPx.) = dimk(q)H1 (Xq, lPx.) . 

Due to 8.4/1, we know that dimk(s)H1 (X" lPx) is equal to the dimension of Picxs/k(s) = 
(Picx;s)s. Moreover we have dim Pq = dim Qq = dim Qs. The latter holds, since Q is 
flat over S. So it remains to see that the canonical map qs : Ps -----+ Qs is locally 
quasi-finite or, that the kernel of qsiP~ is finitely generated as an abstract group. 
lndeed, a group scheme of finite type over a field whose group of geometric points 
is finitely generated is finite; so the morphism qsiPo is quasi-finite, since P~ is offinite 
type over k(s). The kernel of q.lpo is smooth ove; k(s) since, due to the existence of 
the section lt" it is a quotient of the smooth group P~. So, assuming that S is strictly 
henselian, it remains to see that the set of k(s)-rational points ofthe kernel is finitely 
generated. Since the map (P, Y)s -----+ Ps is smooth, the rational points of P. are 
induced by rational points of (P, Y)s. Since (P, Y) is smooth over S, the rational 
points of (P, Y)s are induced by S-valued points of (P, Y); in particular, by line 
bundles on X. Due to the existence ofthe section lt which is defined by a line bundle, 
we see that the k(s)-rational points ofthe kernel of qsiP~ are induced by line bundles 
on X which are trivial on the generic fibre. Due to the assumption on X, such a line 
bundle .!l' is associated to a Cartier divisor D having support on the special fibre 
only; hence .!l' ~ lPx(D). Thus we see that the kernel ofthe morphism qsiP~ is finitely 
generatedas an abstract group; namely, the group ofCartier divisors having support 
only on the special fibre is a subgroup ofthe free group generated by the irreducible 
components of the special fibre of X. 

Now it is easy to complete the proof. In order to show that q: P0 -----+ Q0 is an 
isomorphism, we may assume that S is strictly henselian. Recall that q is unramified 
and an isomorphism on generic fibres. Now look at the commutative diagram 

lt follows from 2.2/9 that lt is etale. Then it is clear that lt and, hence, q are 
isomorphisms. 0 
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Finally we want to mention that, in the case where Xis regular, there is a direct 
proof of the cohomological flatness in Artirr and Winters [1] which uses the 
intersection form. 

9.5 Picard Functor and Neron Models of Jacobians 

Let S = Spec R be a base scheme consisting of a discrete valuation ring R. As usual 
we derrote by K the field of fractions of R and by k the residue field of R. In the 
following we will fix a proper and flat curve X over S; its generic fibre X K is assumed 
tobe normal as weil as geometrically irreducible. Let lx = Pict1x be the Jacobian 
of Xx. It is a smooth and connected K-group scheme offinite type and we can ask 
if there is a Neron model J of lx. The purpose of the present section is to describe 
J, if it exists, in terms of the relative Picard functor Picx;s· Thereby we will obtain 
a second method to construct Neron models, which is largely independent of the 
original method involving the smoothening process. 

The key point of the whole construction is the fact that the relative Picard 
functor Picx;s satisfies a mapping property which is similar to the one enjoyed 
by Neron models. To explain this point, assume that X is regular and that Xx 
admits a section. Furthermore, consider a smooth S-scheme T and a K-morphism 
Ux: Tx-----+ PicxK;x· Then, using 8.1/4, Ux corresponds to a line bundle ~K on X K x K Tx, 
and the latter extends to a line bundle ~ on X x s T since X x s T is regular; see 2.3/9. 
Thus it follows that ux extends to an S-morphism u: T-----+ Picx18 , where u is unique 
ifPicx;s is separated. The same mapping property holds for Pic~;s ifthe special fibre 
Xk is geometrically irreducible; use 9.1/2 and 9.2/13. So if, in addition, we know 
that Pic~;s is a smooth and separated S-group scheme, for example if we are in the 
situation of Grothendieck's theorem 9.3/1, it follows that Pic~;s is a Neron model of 
lx = Pict;x· In the latter case the assumption on X to have a section is not really 
necessary. Namely, ifthe special fibre of Xis geometrically reduced (as is required in 
9.3/1), then the smooth locus of Xis faithfully flat over S by 2.2/16. Working over a 
strict henselization Rsh of R, it follows from 2.3/5 that X ®R Rsh admits a section. So, 
due to the fact that Neron models descend from Rsh to R by 6.5/3, we can state the 
following result. 

Theorem 1. Let X be a flat projective curve over S which is regular and which has 
geometrically reduced and irreducible fibres. Then Pic~;s is a N eron model of its 
generic fibre; i.e., of the Jacobian lx of Xx. In particular, the special fibre of the 
Neron model of lx is connected. 

Before we construct Neron models of Jacobians lx of a more general type, 
Iet us state the mapping property of the relative Picard functor Picx;s in the 
form we will need it later. The curve X is as mentioned at the beginning of this 
section. 
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Lemma 2. Assurne either that XK admits a section orthat K is the field of fractions 
of a henselian discrete valuation ring R with algebraically closed residue field k. Then 
each element of Picx1s(K) is represented by a line bundle on XK. In particular, if X 
is regular, the canonical map Picx;s(R) --+ Picx;s(K) is surjective. 

Proof Let K' be the direct image of {!)xK with respect to the structural morphism 
X K --+ SpecK. Since X K is geometrically irreducible, K' is a field and the extension 
K'/K is finite and purely inseparable. If XK admits a section, K' coincides with K 
and the first assertion of the Iemma follows from 8.1/4. On the other hand, if R is 
henselian and k is algebraically closed, there is a classical result of Lang saying that 
the cohomological Brauer group Br(K) vanishes (see Grothendieck [3], 1.1, or 
Milne [1], Chap. III, 2.22). In the same way we can show that Br(K') vanishes. 
Namely, K' can be viewed as the field of fractions of the integral closure R' of R in 
K' and R' is a discrete henselian valuation ring with algebraically closed residue 
field k; use 2.3/1' or 2.3/4 (d) to show that R' is henselian. Thereby we see that there 
are no obstructions to representing elements of Picx;s(K) by line bundles on X K; cf. 
8.1/4. 

If Xis regular, each line bundle on XK extends to a line bundle on X and the 
second assertion is clear also. 0 

If X is more general than in Theorem 1, but say, still regular, Pic~;s might not 
be representable by a scheme or by an algebraic space. Moreover, even if Pic~1s 
exists as a scheme and, thus, is a smooth scheme by 8.4/2 (for example, if X admits 
a section), the canonical map Pic~1s--+ J to a possible Neron model J of JK is not 
necessarily surjective. To remedy this, we replace Pic~;s by the open and closed 
subsheaf P c Picx;s consisting of allline bundles of total degree 0 and pass to the 
biggest separated quotient Q of P. As we will see, the latter is a good candidate for 
a Neron model of lx. 

The subfunctor P c Picx;s may be viewed as the kernel of the degree morphism 
deg : Picx;s --+ 71. and is formally smooth since the same is true for Picx18 ; cf. 8.4/2. 
Furthermore, the fibres of P over S are representable by smooth schemes (8.2/3 and 
8.4/2) and, on the generic fibre, P coincides with Pic~;s so that Px = JK. 

In order to pass to the biggest separated quotient of P, we extend the notion of 
separatedness from S-schemes to contravariant functors (Sch/S)0 --+(Sets) by using 
the valuative criterion as a definition; thus a contravariant functor F: (Sch/S)0 --+ 
(Sets) is called separated if, for any discrete valuation ring R' over R with field 
of fractions K', the canonical map F(Spec R')--+ F(Spec K') is injective. If F is 
representable by a scheme or by an algebraic space and if the latter are locally of 
finite type over S (which, for algebraic spaces, is automatically the case by our 
definition), then the separatedness in terms of functors coincides with the usual 
notion of separatedness for schemes or algebraic spaces. 

Now consider the quotient Q = P/E (say, in the sense of fppf-sheaves) where E 
is the schematic closure in P ofthe unit section SK--+ PicxK;K; then Eisa subgroup 
functor of P. Todefine E if Picx;s is not necessarily representable by a scheme (or 
by an algebraic space), consider the sub-fppf-sheaf of Picx;s which is generated 
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by all morphisms Z ----+ Picx;s in Picx;s(Z) where Z is flat over S and where 
ZK----+ (Picx;s)K = PicxK;K factors through the unit section of PicxK;K· Since the 
latter is a closed immersion, one recovers the usual notion of schematic closure if 
Picx;s exists as a scheme or as an algebraic space. Likewise, one can extend the 
notion of schematic closure in Picx;s to any closed subscheme of the generic fibre 
of Picx;s· For example, we can view P as the schematic closure in Picx;s of the 
Jacobian Pict;K = JK. 

Proposition 3. As before, let X be a flat proper curve over S such that XK is normal 
and geometrically irreducible. Then the quotient Q = P/E is representable by a smooth 
and separated S-group scheme; it is the biggest separated quotient of P. Furthermore, 
the projection P ----+ Q is an isomorphism on generic fibres and, thus, the generic fibre 
of Q coincides with the Jacobian JK of XK. 

Proof. Instead of just dealing with the most general case, we will explain how to 
proceed depending on what is known about Picx;s· That P ----+ Q is an isomorphism 
on generic fibres is due to the fact that, by the definition of E, the generic fibre EK 
coincides with the generic fibre of the unit section S ----+ P since the generic fibre of 
P is separated. Furthermore, it is clear that Q is the biggest separated quotient of 
P if Q is representable by a separated scheme. 

Ist case: Picx;s is a scheme. In this situation Pisa smooth group scheme whose 
identity component P0 is separated by [SGA 31], Exp. Vl8 , 5.5. So the intersection 
of E with P0 is trivial and it follows that E is etale over S. More precisely, E ----+ S 
is a local isomorphism with respect to the Zariski topology. Then it is easily seen 
that the quotient Q = P/E is representable by a smooth scheme and that the 
projection P----+ Q is a local isomorphism with respect to the Zariski topology. 

2nd case: Picx;s is an algebraic space. Since the unit section of Pis locally closed, 
Eis still etale over S, and it is clear that the quotient Q = P/E exists as an algebraic 
S-group space which is smooth and separated. Furthermore, it follows from 6.6/3 
that Q is an S-group scheme. 

3rd case: Picx;s is not necessarily representable by a scheme or by an algebraic 
space. Then we can apply 8.1/6 and choose a rigidificator Y c X of the structural 
morphism f: X----+ S. Associated to it is a sequence 

0 ----+ V} <=--+ Vr* ----+ (Picx18, Y) ----+ Picx;s ----+ 0 

which is exact with respect to the etale topology; cf. 8.1/11. Considering only line 
bundles of total degree 0, this sequence restricts to a sequence 

0----+ V} <=--+ Vr*----+ (P, Y)----+ P----+ 0 

which, again, is exact with respect to the etale topology. One knows from 8.3/3 and 
8.4/2 that (Picx18 , Y) and, hence, (P, Y) is an algebraic space which is smooth over S. 

Consider the exact sequence 

Vr* ----+ (P, Y) ~ P ----+ 0 , 

and let H be the schematic closure of the kernel of rK. Then H is an algebraic 
subgroup space of (P, Y); it contains the kernel of r, as is easily seen by using the 
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fact that Vy* is flat over S. Furthermore, the quotient (P, Y)/H exists as an algebraic 
space by 8.3/9 since His flat over S; it is separated due to the definition of H. We 
claim that (P, Y)/H is canonically isomorphic to Q = P/E. To see this, we mention 
that, by continuity, r maps H into E. So r induces a morphism r: (P, Y)/H ----4 P jE. 
On the other hand, one concludes from ker(r) c H that the projection (P, Y) ----4 

(P, Y)/H splits into morphisms 
r q 

(P, Y) ----4 P ~ (P, Y)/H . 

Since (P, Y)/H is separated and, thus, E c kerq, we thereby obtain a morphism 
q: P/E ----4 (P, Y)/H which is an inverse ofr. So Q is isomorphic to (P, Y)/H and 
therefore is an algebraic group space. But then Q is a separated group scheme by 
6.6/3, which is smooth by the analogue of [SGA 31], Exp. VI8 , 9.2, for algebraic 
group spaces. D 

In order to show that the smooth and separated S-group scheme Q of 
Proposition 3 is, in fact, a Neron model of JK, we have to work under conditions 
like the ones given in Lemma 2 assuring that each K-valued point of Q extends 
to an R-valued point of Q (assuming R to be strictly henselian). Also we have to 
show that Q is of finite type over S. 

Theorem 4. Let X be a proper and flat curve over S = Spec R whose generic fibre is 
geometrically irreducible. Assurne that, in addition, X is regular and either that the 
residue field k of R is perfect orthat X admits an etale quasi-section. Then: 

(a) If P denotes the open subfunctor of Picx;s given by line bund/es of total degree 
0 and if E is the schematic closure in P of the unit section SK ~ PK, then Q = P/E 
is a Neron model of the Jacobian JK of XK. 

(b) Let X 1' ... ' xn be the irreducible components of the Special fibre xk and Iet 
c5i be the geometric multiplicity of Xi in Xk; cf 9.1/3. Assurne that the greatest 
common divisor of the c5i is 1. Then Pic~;s is a separated scheme and, consequently, 
the projection P ----4 Q gives rise to an isomorphism Pic~;s ~ Q0 . Thus, in this case, 
Pic~;s coincides with the identity component of the Neron model of JK. 

Remark 5. In the situation of the theorem, the assumption that X admits an 
etale quasi-section is automatically satisfied if the Special fibre Xk is geometrically 
reduced or, more generally, if Xk contains an irreducible component which has 
geometric multiplicity 1 in Xk. Namely, then the smooth part of X must meet such 
a component and, passing to a strict henselization of S, we have a section by 2.3/5. 
On the other hand, if X admits an etale quasi-section over S, say a true section after 
we have replaced S by an etale extension, then, X being regular, this section factors 
through the smooth locus of X; see 3.1/2. In particular, there are irreducible 
components which have geometric multiplicity 1 in Xk so that the condition in 
Theorem 4 (b) is automatically satisfied. 

Now let us start with the proof of Theorem 4. The main partwill be to show 
that Q is of finite type over S. We will use the remainder of the present section to 
establish this fact; see Lemmata 7 and 11 below. But let us first explain how to obtain 
assertions (a) and (b) ifwe know that Q is offinite type. 
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The formation of the schematic closure E is compatible with flat extensions of 
valuation rings. Likewise, the regularity of X remains invariant under etale base 
change by 2.3/9. Thus, in order to show that Q is a Neron model of JK, we may 
assume that R is strictly henselian. 

It is already known from Proposition 3 that Q is a smooth and separated S-group 
scheme with generic fibre JK. Furthermore, it follows from Lemma 2 and 9.1/2 that 
the canonical map P(R) --+ P(K) is surjective. So we see that the canonical map 
Q(R)--+ Q(K) is surjective and, hence, bijective since Q is separated. Thus, if Q is 
offinite type, it is a Neron model of JK by the criterion 7.1/1. This verifies assertion 
(a). Using the representability result 9.4/2 for Pic~18 , assertion (b) is a consequence 
of assertion (a). 

It remains to show that the quotient Q = P/E is of finite type over S. We will 
present two methods to obtain this result. The first one is based on the existence 
theorem for Neron models 10.2/1 and uses the fact that the Neron-Severi group of 
the special fibre of Picx;s is finitely generated. But it works only under the additional 
assumption that the generic fibre XK is geometrically reduced (which is the case if 
X admits an etale quasi-section; see 3.1/2). Relying on the existence of a Neron 
model J of JK, there is a canonical morphism Q--+ J and it is to show that the 
latter is an isomorphism. The second method is independent of the theory of 
Neron models and uses the intersection form which is associated to the irreducible 
components of the special fibre Xk. It works in the generat situation of Theorem 4 
and, as we will see in Section 9.6, provides a means of computing the group of 
connected components (of the special fibre) of the Neron model J of JK. 

Q is of finite type, a first proof via the existence of a Neron model J of JK. We 
start by translating the existence theorem for Neron models 10.2/1 to our situation, 
a result which we will prove in Chapter 10 and which is independent of Chapter 9. 

Proposition 6. Let XK be a proper curve over K which is geometrically reduced and 
irreducible. Let JK be its Jacobian. Then JK admits a Neron model J of finite type 
over S if any of the following conditions is satisfied: 

(a) XK is smooth, 
(b) X K x K K is normal, where K is the completion of K, 
(c) XK is normal and R is excellent. 

Proof If XK is smooth, JK is an abelian variety by 9.2/3. So JK has a Neron model 
J of finite type. 

If only condition (b) is known, JK is not necessarily an abelian variety. However, 
condition (b) is compatible with separable extensions of the field K. So, for any 
separable field extension L over K, we know from 9.2/4 that JL does not contain 
subgroups of type Ga or Gm. Therefore we can conclude from 10.2/1 that JK has a 
Neron model J of finite type. 

Finally, condition (c) implies condition (b) since K is separable over Kin this 
case. D 

Let us apply Proposition 6 in order to show that, in the situation of Theorem 
4 and under the additional assumption of XK being geometrically reduced, the 
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Jacobian Jx of Xx admits a Neron model of fmite type. Since X is proper over S, 
all closed points of X belong to the special fibre Xk. Therefore, if ./{ is the completion 
of R, the local rings at closed points of X R. may be viewed as completions of local 
rings of X and, thus, the hypothesis on the regularity of X remains unchanged ifwe 
replace R by its completion ./{.So, in particular, Xi. is regular and, thus, Jx admits 
a Neron model J offinite type by Proposition 6. Now it is quite easy to prove that 
Q is of finite type. 

Lemma 7. In the situation of Theorem 4, assume that Xx is geometrically reduced. 
Then Q = P/E is of finite type over S. 

Proof As we have just seen, Jx admits a Neron model J. Since the formation of 
Q and of J is compatible with etale base change, we may assume that the base 
ring R is strictly henselian. Furthermore, recall that Q is a smooth and separated 
S-group scheme such that the canonical map Q(R) - Q(K) is bijective. lt is 
enough to show that the canonical morphism v : Q - J restricts to an isomorphism 
Q0 --:::+ J 0 • Namely, using the bijectivity of Q(R)- J(R), this implies that the 
groups Q(R)/Q0 (R) and J(R)jJ0 (R), which by 2.3/5 can be interpreted as the groups 
of connected components of the special fibres of Q and J, coincide and thus are 
finite. Consequently, Q will be of finite type. 

So Iet us show that v induces an isomorphism Q0 - J 0 • The group of connected 
components Q(R)/Q0 (R) = Q(k)/Q0 (k) may be viewed as a quotient of a subgroup 
ofthe Neron-Severi group ofthe special fibre ofPicx1s and, thus, is finitely generated 
(in the sense of abstract groups); see 9.2/14. Since the map v: Q- J is surjective 
on R-valued points and, hence, on k-valued points, it follows that the quotient 
Jk0 jv(Q~) is a connected smooth algebraic group over k whose group of k-valued 
points is finitely generated. However, then Jf jv(Q~) must be of dimension zero and, 
thus, is trivial as is easily seen by considering the multiplication with an integer n 
not divisible by char k. Therefore Q0 - J 0 is surjective and quasi-finite. But then, 
being an isomorphism on generic fibres, it must be an isomorphism by Zariski's 
Main Theorem 2.3/2' so that the desired assertion on Q follows. D 

Q is of finite type, a second proof via the intersection form associated to the special 
fibre Xk. This approach requires a detailed analysis of divisors on X which have 
SUpport On the Special fibre Xk only. 

Lemma 8. Let X be a proper flat curve over S = Spec R such that X is normal and 
suchthat Xx is geometrically irreducible. Assurne that R is a strictly henselian discrete 
valuation ring. Let D be the group of Cartier divisors on X which have support on the 
special fibre Xk> Iet D0 be the subgroup of all divisors in D which are principal, and 
Iet E be as in Theorem 4. Then the canonical map D/D0 - E(R) is bijective. 

Proof The injectivity of the map follows from 8.1/3. To show the surjectivity, we 
consider the Stein factorization 
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of the structural morphism f: X~ S, where g*(l1Jx) = l1Jy and where h: Y ~ S is 
finite. Then Y is the spectrum of anormal ring R' which is finite over R. Since XK 
is geometrically irreducible and since X is normal, it follows that K' = R' ®R K is 
a finite purely inseparable field extension of K and that R' is the integral closure of 
R in K'. So, similarly as in the proof of Lemma 2, it is seen that R' is a strictly 
henselian discrete valuation ring and that each a E E(R) is represented by a line 
bundle 2? on X. 

Now fix a point a E E(R) and a representing line bundle 2? on X. Since the 
restriction of 2 to the generic fibre XK is trivial, 2 is of the form l1Jx(.Ll) where Ll is 
a Cartier divisor on X having support on the special fibre of X. Thus a is represented 
by Ll E D. D 

Let (XJiei be the family of reduced irreducible components of the special fibre 
Xk. As in 9.1/3, we write d; for the multiplicity of X; in Xk and e; for the geometric 
multiplicity of X;. Then e; is a power of the characteristic of k and b; = d;e; is the 
geometric multiplicity of X; in Xk; cf. 9.1/4. 

For any line bundle 2? on X, one can consider its degree deg;(!l?) on the 
component X;; it is a multiple of the geometric multiplicity e; of X;; cf. 9.1/8. In 
particular, we can consider the map 

p: Pic(X) ~ 7L1 , 

which, composed with the canonical map D ~ Pic(X) yields a map r:x: D ~ 7L1, 

where D is as in Lemma 8. 

Lemma 9. Let R, X, D, D0 , and E be as in Lemma 8. Then there is a canonical 
complex 

~ I ß 
o~D0 ~D~7L ~7L~O 

where ß is given by ß(a 1 , •.• , a,) :=I a;b;. The latter gives rise to a surjection 

a: ker ß/im r:x ~ Q(S)/Q0 (S) 

which is bijective if P ~ Q = P/E induces a surjection 

Pic~18(S) ~ Q0 (S) 

between S-valued points of the identity components of Picx1s and Q. Furthermore, if 
im r:x has rank card(J) - 1, then ker ß/im r:x and, thus, also Q(S)/Q0 (S) is finite. 

Proof Tobegin with, recall that divisorsinD have total degree 0 and that therefore 
ß o r:x = 0 by 9.1/4 and 9.1/5. So the sequence in question is a complex. Furthermore, 
the map p: Pic(X) ~ 7LI is surjective by 9.1/10. Since R is strictly henselian and 
since PieXIS can be defined by using the etale topology in place ofthe fppf-topology, 
we can interpret Pic(X) as Picx1s(S). So P(S) is mapped surjectively onto ker ß and, 
due to 9.2/13, we have the exact sequence 

0 ~ Pic~18(S) ~ P(S) ~ ker ß ~ 0 . 
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Using Lemma 8 we can interpret im a as the image of E(S) under the map p: 
Pic(X) ~ "ff_l. Therefore we have a canonical isomorphism 

P(S)j(Pic~1s(S) + E(S)) ~ ker ß/im a . 

Taking the above isomorphism as an identification, we define a as the canonical 
map 

P(S)/(Pic~1s(S) + E(S)) ~ Q(S)jQ0 (S) . 

To show that it is surjective, it is enough to show that the canonical map 

(**) 

is surjective. We will prove the latter fact by relating (**) to the canonical map 

The map (***) is surjective. Namely, k is separably closed, and Pk is smooth, as 
follows from the formal smoothness of P. Thus, (***) may be interpreted as mapping 
connected components of Pk to connected components of Qk. So it is surjective, due 
to the surjectivity of Pk ~ Qk. 

Since we know already from Proposition 3 that Q is a smooth group scheme 
and since the base S is strictly henselian, it follows from 2.3/5 that the restriction map 

Q(S)/Q0 (S) ~ Qk(k)/Q~(k) 

is bijective. The same is true for 

if Pisa scheme or an algebraic space whichis locally offinite type over S. Namely, 
then the formal smoothness of P says that P is, in fact, smooth. So ( **) will be 
surjective in this case. 

In the general case, we must work with a rigidificator Y and consider the 
associated exact sequence 

0 ~ Vf ~ Vy* --> (P, Y) ~ P ~ 0 

of 8.1/11. It is enough to show that 

P(S)/P0 (S) ~ Pk(k)/Pk0 (k) 

is surjective, or, that the composition 

(P, Y)(S) --+ (P, YMk) ~ Pk(k) 

is surjective. The first map (P, Y)(S) ~ (P, YMk) is surjective by 2.3/5 since (P, Y) 
is smooth (8.4/2). Furthermore, (P, Y)k is an extension of the smooth group scheme 
Pk by the quotient (Vy*)kj(Vf)k· The latter is smooth since Vy* is smooth; cf. [SGA 
31], Exp. Vls, 9.2. Thus, by the same reference, we see that the morphism (P, Y)k --+ 

Pk is smooth and it follows, again from 2.3/5, that (P, YMk) ~ Pk(k) is surjective. 
This shows that the map (**) is surjective. 

The injectivity of a under the assumption that Pic~1s(S) ~ Q0 (S) is surjective 
is easily derived from the exact sequence 
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0 ~ E(S) ~ P(S) ~ Q(S) . 

Finally, the submodule ker ß c Z1 has rank card(J)- 1. If the same is true for 
im~. it follows that ker ß/im ~ and, thus, also Q(S)/Q0 (S) is finite. D 

Let us assume now that X is regular. Under this assumption we can give an 
explicit description of the Z-submodule im~ c Z 1 considered in the preceding 
Iemma. To do so we introduce the intersection matrix ((Xi · Xi))i,jei where the 
intersection number (Xi · Xi) is defined as the degree on Xi of the line bundle which 
is associated to Xi as a Cartier divisor on X. Thereby we obtain a symmetric bilinear 
intersection pairing D x D ~ Z on the group D ~ Z 1 of divisors on X which have 
support on the special fibre Xk; seealso [SGA 7u], Exp. X, 1.6. The map ~ is closely 
related to the intersection pairing; namely, ~: D ~ Z1 ~ Z1, as a Z-linear map, is 
described by the matrix (ej1(Xi · X))i.iEI which is called the modified intersection 
matrix. 

Lemma 10. Let R, X, and D be as in Lemmata 8 and 9 and assume that, in addition, 
X is regular. Let di be the multiplicity of Xi in Xk, i.e., the multiplicity of Xi in the 
divisor (n) = "special fibre of X", and let d be the greatest common divisor of the di, 
i E J. Then, for any divisor L niXi E D, we have 

1 (L niX;)2 = - ?:. -d d (nidi - nA)2 (Xi · Xi) . 
•<J i j 

Therefore the intersection form D x D ~ Z is negative semi-definite and its kernel 
is generated by the divisor d = L did-l xi E D. Furthermore, the Z-module im~ of 
Lemma 9 is isomorphic to DjZd and thus has rank card(J)- 1. 

Proof Tensoring with (JJ, we can extend the bilinear pairing D x D ~ Z to a 
bilinear pairing D ® (JJ x D ® (JJ ~ (JJ. Therefore we may work with rational 
coefficients. Set Y; = diXi and mi = nid;-1• Since (n) = L diXi = L Jj and since 
(Y; · (n)) = (X;· (n)) = 0 for all i, we can write 

( ~ nixiy = ( ~ m; Y; Y = ~ mi ( Y; · ~ mi 1j) 
= L mi(r;· L milj- mi L l)) 

i j j 

= ~ m;( Y;· i~i (mi- m;)lj) 

= L m;(mi- mi)(Y; · }j) 
i#j 

= L (m;- mi)(mi- m;)(Y; ·lj) 
i<j 

=- L (m;- mY(Y;·lj) 
i<j 
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All assertions of the Iemma follow easily from this computation since the special 
fibre of X is connected. The lauer is due to the fact that Xis proper over Sand that 
the generic fibre of X is connected. D 

Now it is easy to complete the proof ofTheorem 4 and to show that the group 
scheme Q is of finite type over R. 

Lemma 11. Assurne that X is a flat proper curve over R which is regular and 
which has geometrically irreducible generic fibre XK. Then the smooth and separated 
S-group scheme Q = P/E is of finite type. 

Proof We may assume that R is strictly henselian. Then it follows from Lemmata 
9 and 10 that ker ß/im IX and thus Q(S)/Q0 (S) are finite. The lauer implies that Q is 
of finite type since it is locally of finite type; cf. [SGA 31], Exp. VI8 , 3.6. D 

Remark 12. In the assertion of Theorem 4, we may replace the condition that X be 
regular by the condition that all local rings of X x R Spec(R•h) are factorial (Rsh 
being a strict henselization of R); only this is needed for the proof of Lemma 2. In 
particular, it is enough to require the strict henselizations of alllocal rings of X to 
be factorial. 

Remark 13. The above approach to the proof of Theorem 4 via the relative Picard 
functor and via the intersection form provides a second method of constructing 
Neron models, which is fairly independent of the one presented in earlier chapters. 
However, if one starts with a proper and smooth curve XK over K, say under the 
assumption that R is excellent and that its residue field k is perfect, then in order to 
apply Theorem 4 to the Jacobian JK of XK, one first has to construct a proper 
R-model X of XK which is regular; i.e., one has to use the process ofdesingularization 
for curves over R; see Abhyankar [1] or Lipman [1]. Alternatively, for a smooth 
curve XK, one can apply the semi-stable reduction theorem and thereby construct 
a semi-abelian Neron model of JK, after replacing R by its integral closure in a finite 
extension of K. Then the technique of Weil restriction Ieads to a Neron model of 
JK over R; cf. 7.2/4. Proceeding either way, one constructs Neron models for 
Jacobians of smooth curves and eventually for general abelian varieties. But it 
should be kept in mind that the original construction of Neron models which we 
have given in Chapters 3 and 4 is more elementary in the sensethat it uses just the 
smoothening process and not the theory of Picard functors as weil as the existence 
of desingularizations or semi-stable reductions. 

9.6 The Group of Connected Components of a Neron Model 

In the following we assume that the base scheme S = Spec R consists of a strictly 
henselian discrete valuation ring R. Then, if J is an R-group scheme which is a Neron 
model of its generic fibre JK, we can talk about the group J(R)/J0 (R) of connected 
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components of J or, more precisely, of the special fibre of J. The purpose of the 
present section is to give explicit computations for this group in the situation of 
Theorem 9.5/4, where we deal with Neron models J of Jacobians and where J can 
be described in terms of the relative Picard functor of a proper and flat S-curve X. 
As a key ingredient, we will use Lemma 9.5/9 of the previous section. 

The notations will be as in 9.5/4. So X is a flat proper curve over S which is 
regular and whose generic fibre is geometrically irreducible. Furthermore, let (XJiei 
be the family of reduced irreducible components of the special fibre Xk, and let d; 
(resp. e;, resp. 15; = d;eJ be the multiplicity of X; in Xk (resp. the geometric multi­
plicity of X;, resp. the geometric multiplicity of X; in Xk); cf. 9.1/3. Usually we will 
set I= {1, ... , r}. Also recall that the intersection number (X;· Xi) between irredu­
cible components of Xk has beendefinedas the degree on X; ofthe line bundle given 
by Xi as a Cartier divisor on X; it is divisible by the multiplicity e;. 

Theorem 1. LetS be the spectrum of a strictly henselian discrete valuation ring R and, 
as in 9.5/4, Iet X be a flat proper curve over S which is regular and whose generic fibre 
is geometrically irreducible. Furthermore, assume either that the residue field k of R 
is perfect (and, thus, algebraically closed) orthat X admits an etale quasi-section (and, 
thus, a true section). 

Let JK be the J acobian of X K• and Iet (XJ; e 1 be the family of (reduced) irreducible 
components of Xk. Then, considering the maps 

D :::::::: 7l.I ~ 7l.I ~ 7l. 

of 9.5/9, where a is given by the modified intersection matrix (ei 1(X; · Xi))i.jei and 
where ß(a1 , ••• , a,) = L a;l5;, the group of connected components J(R)jJ0 (R) of the 
Neron model J of JK is canonically isomorphic to the quotient ker ß/im oc. 

Proof It follows from 9.5/4 that the Neron model J of JK exists and coincides 
with the quotient Q = P/E, where Pis the kernel of the degree morphism deg: 
Picx1s -----+ 7L and where E is the schematic closure of the generic fibre of the unit 
section S -----+ Picx18 • Furthermore, Lemma 9.5/9 provides a canonical surjection 

ker ß/im a-----+ Q(S)/Q0 (S) = J(S)jJ0 (S) 

which we have to show is bijective. As stated in 9.5/9, the bijectivity will follow if 
the canonical map 

is surjective. So let us prove the latter fact. 
The easiest case is the one where X admits a section or, more generally (see 

9.5/5), where the gcd of the geometric multiplicities 15; of the components X; in Xk 
is 1. Then it follows from 9.5/4 (b) that Pic~1s is a separated scheme and that the 
canonical morphism Pic~1s -----+ Q0 is an isomorphism. So the bijectivity of ( *) is 
trivial in this case. 

It remains to treat the case where the residue field k is algebraically closed. To 
do this, we may assume that, in addition to our assumptions, the base ring R is 
complete. Namely, the assumptions ofthe theoremarenot changed if R is replaced 
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by its completion; for the regularity of X this has been explained after 9.516. 
Furthermore, note that the special fibre Xk remains the same if R is replaced by its 
completion and that the formation of Q is compatible with such a base change since 
it commutes with flat extensions of discrete valuation rings. 

The canonical morphism P -- Q is an isomorphism on generic fibres. Further­
more, the map P(S) -- P(K) is surjective by 9.512 and Q(S) -- Q(K) is bijective 
since Q is a Neron model of its generic fibre. So the canonical map 

P(S)-- Q(S) 

is seen to be surjective. In order to derive the surjectivity of (*) from this fact, 
we will use the Greenberg functor; see Greenberg [1]. Having no information on 
the representability of P at band, it is necessary to work within the context of 
rigidificators. 

Therefore, choose a rigidificator Y c X, and let (P, Y) be the open and closed 
subfunctor of the Picard functor of rigidified line bundles (Picx18, Y) which equals 
the kernel of the degree morphism. We claim that the canonical map (P, Y)(S)-­
P(S) is surjective. Namely, each element of P(S) is given by a line bundle !l' on X 
and the pull-back of !l' to Y is trivial. The latter is true because Y is finite over S 
and because S is a local scheme. Hence, the composite map (P, Y)(S)-- Q(S) is 
surjective. For our purposes, it is enough to show that it restricts to a surjection 
(P, Y)0 (S) -- Q0 (S). Then, a fortiori, P 0 (S)-- Q0 (S) will be surjective. Therefore, 
using the fact that (P, Y) is a smooth algebraic space (see 8.313 and 8.412) and that 
(P, Y)(S)I(P, Y)0 (S) can be viewed as a quotient of a subgroup of the Neron-Severi 
group ofthe special fibre of X and, thus, is offinite type by 9.2114, we have reduced 
the problern to showing the following assertion: 

Lemma 2. Let R be a complete discrete valuation ring with algebraically closed residue 
field k. Let G-- H be an R-morphism of smooth commutative algebraic R-group 
spaces with the property that G(R)IG0 (R) is finitely generated (in the sense of abstract 
groups). Then, if G(R)-- H(R) is surjective, the same is true for G0 (R)-- H 0 (R). 

By means of the Greenberg functor, we will be able to reduce the assertion to 
the corresponding one where R is replaced by the algebraically closed field k and 
where we consider a k-morphism G --Hof smooth commutative k-group schemes 
of finite type such that G(k)IG0 (k) is finitely generated. Then, if G(k)-- H(k) is 
surjective, it is easy to see that the map G0(k)-- H 0 (k) is surjective. Namely, 
proceeding indirectly, assume that G0(k)-- H 0 (k) is not surjective. Then G0 -- H 0 

cannot be an epimorphism since we are working over an algebraically closed field 
k. So the image of G0 in H0 is a closed subgroup M such that H0 IM is of positive 
dimension. lts group of k-valued points may be viewed as a quotient of a subgroup 
of G(k)IG0 (k) and thus, by our assumption on G(k)IG0 (k), is finitely generated. 
However, then H 0IM cannot have positive dimension as is easily seen by consider­
ing the multiplication on H0 IM by an integer which is not divisible by char k. Hence 
we have derived a contradiction and it follows that G0 (k)-- H 0 (k) is surjective as 
claimed. 
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Next let us recall some basic facts on the Greenberg functor from Greenberg 
[1]; seealso Serre [3], § 1. Let n be a uniformizing element of Randset Rn:= R/(nn). 
Then the Greenberg functor Grn oflevel n associates to each Rn-scheme Y" oflocally 
finite type a k-scheme IDn = Grn(Y") of locally finite type in such a way that, 
functorially in Y", we have Y"(Rn) = IDn(k). For example, in the equal characteristic 
case, Rn may be viewed as a finite-dimensional k-algebra and the Greenberg functor 
Grn associated to Rn is just the Weil restriction functor (see 7.6) with respect to the 
morphism SpecRn ~Speck. Weil restrictions are always representable by schemes 
in this case, due to the fact that Rn is an artinian local ring with residue field k. 

In the unequal characteristic case, Rn cannot be viewed as a k-algebra and the 
notion of Weil restriction has tobe generalized. Then, k being perfect, R is canon­
ically an algebra of module-finite type over the ring of Witt vectors W(k) and W(k) 
is a complete discrete valuation ring of mixed characteristic, just as R is; see 
Bourbaki [2], Chap. 9, §§ 1 and 2, in particular, § 1, n°7, Prop. 8, and § 2, n°5, 
Thm. 3. So, in terms of W(k)-modules, Rn is a direct sum of rings of Witt vectors 
offinite length over k. Using the definition ofWitt vectors, we can identify the set of 
Rn with a product km in such a way that the ring structure of Rn corresponds 
to a ring structure on km which is given by polynomial maps. Thereby it is immedi­
ately clear that we may interpret Rn as the set of k-valued points of a ring scheme 
Bln over k where, as a k-scheme, Bln is isomorphic to A.'f:. 

Similarly as in the case of Weil restrictions, one defines Grn(Y") for any 
Rn-scheme Y" on a functoriallevel before one tries to prove its representability by a 
k-scheme. Namely, consider the functor h* which associates to any k-scheme T the 
locally ringed space h*(T) consisting of Tas a topological space and of ff.tNmk(T, Bln) 
as structure sheaf. Then 

h*(Spec A) = Spec(Rn ®w(kJ W(A)) 

for any k-algebra A. In particular, taking A = k, we see that h*(T) is a locally ringed 
space over SpecRn. lt is shown in Greenberg [1] that, for Rn-schemes Y" oflocally 
finite type, the contravariant functor 

Grn(Y"): (Sch/k) ~(Sets) , 

is representable by a k-scheme IDn which, again, is locally of finite type. So IDn = 
Grn(Y") is characterized by the equation 

Homk(T, IDn) = HomRJh*(T), Y") 

and, in particular, setting T := Speck, we obtain IDn(k) = Y"(Rn), the property of the 
Greenberg functor Grn we have mentioned at the beginning. 

The canonical projection Rn+l ~ Rn gives rise to a functorial transition mor­
phism Grn+l ~ Grn. Furthermore, the Greenberg functor Grn respects closed 
immersions, open immersions, and fibred products. In fact, by establishing the first 
two of these compatibility properties, the representability of I!) n = Gr n( Y") is reduced 
to the trivial case where Y" = AJL and where IDn = (Blnr· Furthermore, it can be 
shown that the Greenberg functor respects smooth and etale morphisms. So this 
functor extends in a natural way from schemes to algebraic spaces. Working with 
group objects in the sense of algebraic spaces, we see that IDn will be an algebraic 
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group space and, thus, by 8.3, a group scheme over k if Y is an algebraic group space 
over Rn- Moreover, for smooth group objects, the Greenberg functor respects 
identity components. 

After this digression, let us turn to the proof of Lemma 2. Let Rn= R/(nn) be as 
above. Applying the base change R ---+ Rn and then the Greenberg functor of level 
n, we can associate to G ---+ H a morphism of k-group schemes oflocally finite type 
GJn ---+ f)n such that the maps 

can be identified. Since G(R)---+ H(R) is surjective by our assumption and since 
H(R)---+ H(Rn) is surjective by the lifting property 2.2/6 characterizing smoothness, 
we see that G(Rn)---+ H(Rn) and, thus, GJn(k)---+ f)n(k) is surjective. Furthermore, it 
follows that GJn(k)/GJ~(k), as a quotient of G(R)/G0 (R), is finitely generated. Thus, as 
we have explained before, GJ~(k)---+ f)~(k) and therefore also G0 (Rn)---+ H0 (Rn) 
must be surjective. 

The map G0 (R)---+ H 0 (R) can be interpreted as the projective limit of the 
surjective maps GJ~(k)---+ f)~(k), n E N. In order to show the surjectivity of 

lim GJ~(k)---+ lim f)~(k) , 
+-- +--

it is enough to show that the system (9ln), where mn is the kernel of the morphism 
GJ~---+ f)~, satisfies the Mittag-Leffier condition. However, this is clear since each 
GJ~ is a k-scheme of finite type and, thus, satisfies the noetherian chain condition. 
So we have finished the proof of Lemma 2 and thereby also the proof of Theorem 1. 

D 

The assertion of Theorem 1 reduces the computation of the group of connected 
components J(R)jJ0 (R) to a problern of linear algebra. In the remainder of the 
present section, we want to give some formulas for the order of J(R)jJ0 (R) as well 
as determine this group explicitly in some special cases. Let us start with some easy 
consequences of Theorem 1. 

Corollary 3. Assurne that the conditions of Theorem 1 are satisfied. Set I = { 1, ... , r} 
and let n1 , ... , n,_1 , 0 be the elementary divisors of the modified intersection matrix 
A = (ei1 (Xi· Xi))i,jei· Then the group of connected components J(R)jJ0 (R) of the 
N eron model J of JK is isomorphic to 7l..jn 1 7l.. EB ... EB 7l../n,_1 7l... Its order is the greatest 
common divisor of all (r-1) x (r-1)-minors of A. 

Proof Since the image of ß : 7!..' ---+ 7l.. has no torsion and, thus, is free of rank 1, it 
follows that ker ß is a direct factor in 7!..', free of rank r- 1. We know from 9.5/10 
that the submodule im CL c ker ß is of rank r - 1 also and, thus, can be described 
by non-zero elementary divisors n1 , ... , n,_1 . But then n1 , ... , n,_1 , 0 are the elemen­
tary divisors of im CL viewed as a submodule of 7!..' and the assertions of the corollary 
are clear. D 

lf, in the above situation, all geometric multiplicities ei are trivial, i.e., if ei = 1 
for all i, then the modified intersection matrix A coincides with the intersection 
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matrix ((X;· Xi))i,jEI· Considering the associated intersection pairing on the group 
D ~ 7L1 of all Cartier divisors on X which have support on the special fibre Xk, we 
know from 9.5/10 that the pairing is negative semi-definite and has a kernel Ll · 7L 
of rank 1, where Ll =I d;r1 X;, as a divisor in D; the element d is the gcd of the 
multiplicities d;. Dividing out the kernel, we get a quadratic form on D/Ll7L ~ 
7L1 jkero: whose discriminant yields the order of the group of connected components 
J(R)jJ0 (R). 

Corollary 4 (Lorenzini [1], 2.1.2). Assurne that the conditions of Theorem 1 are 
satisfied and that, in addition, all geometric multplicities e;, i E J, are equal to L Let 
I = { 1, ... , r}. Then, for all indices i, j E I, the absolute value of 

at (gcd(dl'," 'd,)) 2 d;-l aj-l ' 

where a0 is the (r-1) x (r-1)-minor of index (i, j) of the intersection matrix 
A = ((X;· Xi) ), is independent of i and j. I t equals the order of the group of connected 
components J(R)/JÜ(R). 

The proof is by establishing a lemma from linear algebra (see Lemma 5 below) 
which allows to compute the gcd of the (r-1) x (r-1)-minors of the intersec­
tion matrix A. To apply it, set a; := d;d- 1 . Then the assertion ofCorollary 4 follows 
from Corollary 3. For the purposes of the lemma, we will use an exponent "t" to 
denote transposition of matrices. 

Lemma 5. Let A = (au) E 71_rxr define a semi-definite quadratic form of rank r- L 
Let its kerne[ be generated over 7L by the vector d' = (d;, ... , a;y E 7L' and let A * = (au) 
be the adjoint matrix of A. Then there exists a positive integer v such that 

A* = ±v·d'·d''. 

Furthermore, v is the gcd of all (r-1) x (r-1)-minors of A. 

Proof. Since gcd(d~, ... , d;) = 1, the assertion on the greatest common divisor of 
the (r-1) x (r-1)-minors of A follows from the formula for A*. So it is enough 
to establish this formula. To do this, note that the kernel of A as a semi-definite 
quadratic form on 7L' coincides with the kernel of A as a 7L-linear map 7L'-----* 7L'. 
Then, using the equation 

A · A * = det(A) · unit matrix = 0 , 

we see that all columns of A * belong to the kernel of A. So there is a vector 
c = (c1 , ... , c,)l E 7L' satisfying A * = d · c1. Since A * is symmetric, we have c · d 11 = 
d' · c1 and, thus, A · c · d 11 = 0. This implies A · c = 0 since d' #- 0 so that c belongs to 
the kernel of A. Hence there is an element v E 7L satisfying c = v · d'. Replacing v by 
its absolute value if it is negative, we have A * = ± v · d' · d'1 as required. 0 

If one wants to prove more specific assertions on the group of connected 
components J(R)jJ0 (R), it is important to have information on the configuration 
of the components X; of the special fibre Xk. The latter can be described using 
graphs. There are several possibilities to associate a graph to Xk depending on how 
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multiple intersections of components as well as multiplicities of intersection points 
are treated. We will deal with two cases, the one where the graph of Xk, in the 
weakest possible sense, is a tree and the one where X is a semi-stable curve. As a 
general assumption, we require that we are in the situation of Theorem 1 and that, 
in addition, the multiplicities e;, i E I, are equal to 1. For example, the latter is the 
case if k is algebraically closed. The index set I will always be the set { 1, ... , r }. 

The case where the graph of Xk is a tree (cf. Lorenzini [1]). The graph r we 
want to associate to Xk is constructed in the following way: the vertices of r are the 
components X; of Xk, and a vertex X; is joined to a vertex Xi different from X; if 
the intersection number (X;· X) is non-zero. In particular, the precise number of 
intersection points in X; n Xi is not reflected in the graph r. We define the multi­
plicity S; of X;, as a vertex of r, as the number of edges joining X;; so 

s;=card{jEI;i#j and (X;·Xi)#O}. 

Furthermore, we need the multiplicity d; of X; in the special fibre Xk (which coincides 
with the geometric multiplicity J; of X; in Xk since e; = 1), the number d = 

gcd(d1 , ... , d,), and the quotients a; = d;d- 1 which are relatively prime. 

Proposition 6. In the situation of Theorem 1, assume that the graph r is a tree and 
that the geometric multiplicities e; are equal to 1. Then, writing au = (X;· Xi), the group 
of connected components J(R)!J0 (R) has order 

Furthermore, if all d; are equal to 1, we have 

J(R)jJ0 (R)::: n 71./a;/l . 
aii:f=O,i<j 

The assertion will be reduced to Corollary 3 by means of the following result: 

Lemma 7. Let A = (a;) E 71.' x' be a symmetric matrix, which is negative semi-definite 
of rank r - 1, and let the vector (d~, .. . , d;y E 71.' with positive entries d; generate the 
kernel of A. Furthermore, let r be the graph associated to A in the manner we have 
described for intersection matrices above. Then, if r is a tree, the greatest common 
divisor of all (r- 1) x (r- 1)-minors of Ais given by the product 

Furthermore, if a; = 1 for all i, the elementsau occurring in the first factor constitute 
the non-zero elementary divisors of A. 

Proof Let us first assume a; = 1 for all i. Then, since the vector (d~, ... , a;) belongs 
to the kernel of the intersectioü matrix A = (au), it follows that the sum of all 
columns of A is zero. The same is true for the sum of all rows of A since A is 
symmetnc. Consider a termmal edge C ot 1 ; 1.e., an eu0 e with attached vertices, say 



280 9. Jacobians of Relative Curves 

X1 and X 2 , suchthat s1 = 1 and s2 = 2. Then the intersection matrix A has the 
following form where aii = aii and where empty space indicates zeros: 

* 
* * * 

* * * 
Now add the first column to the second column and, likewise, the first row to the 
second row. U sing the fact that the sum of the columns or rows in A vanishes, we 
have a11 = -a12 = -a21 . Thus, we see that this operation kills the entries a12 and 
a21 so that the resulting matrix is of the form 

* 
* * * 

* * * 
where a; 2 = a22 + a21 . Let r' be the graph obtained from r by removing the 
terminal edge C we are considering as weil as the vertex X 1 . Then r' is a tree again 
and it can be viewed as a graph which corresponds to the lower bloc, call it A', of 
the above matrix, where A' has again the property that the sum of its columns or 
rows vanishes. Thus we can proceed with A' and r' in the same way as we have 
done before with A and r. Since r is a tree, the procedure of removing terminal 
edges and vertices stops after finitely many steps with a graph which is reduced to 
a single vertex and with an associated (1 x 1)-matrix which is zero. At the sametime 
we have converted A by means of elementary column and row operations into a 
diagonal matrix; the diagonal elements, except for the last entry which is zero, 
consist of all elements - aii, i < j, such that X; is joined to Xi by an edge of r. This 
verifies the assertion of the proposition in the case where all d; are equal to 1. 

In order to verify the remaining assertion on the greatest common divisor of 
all (r-1) x (r-1)-minors of A in the general case, we consider the matrix 
B = (aiid;dj). It is negative semi-definite of rank r- 1 again and has the property 
that the sum of its columns or rows is zero. So, using the graph r, we can determine 
its elementary divisors as before. In particular, the gcd of all (r-1) x (r-1)-minors 
of B equals the product 

r 

J1 := n aij • n (d;)Si • 
aii=IO,i<j i=l 
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Let v be the gcd of all (r-1) x (r-1)-minors of A. Writing A 11 and B11 for the 
matrices obtained from A and B by removing the first column and the first row, we 
see from Lemma 5 that 

detA 11 = ±v(d~)2 , detB11 = ±J.t. 
Thus 

J.t = ±detB11 = ±(d; ... d;)2 detA 11 = ±(d~ ... d;)2 v, 

and the desired assertion follows from the above equation for JL D 

Remark 8. The graph r associated to the special fibre Xk of a curve X as above is 
a tree ifthe Neron model J ofthe Jacobian Jx of Xx has potential abelian reduction 
or, more generally, ifthe special fibre Jk does not contain a non-trivial torus. Namely, 
using the notation of 9.5/4, we have Jk = PdEk, where E~ is a unipotent group by 
Raynaud [6], 6.3/8. So if Jk does not contain a non-trivial torus, the same is true 
for Pk and, thus, for Picxkfk· Then the configuration of the components X; of Xk is 
"tree-like" by 9.2/12. However, it should be noted that the graph r as we have 
defined it can be a tree also in some cases where the configuration ofthe components 
of Xk is not "tree-like". For example, Xk can be a semi-stable curve consisting of 
two components which intersect each other in several points. In this case, it follows 
from 9.2/10 again that Jk contains a non-trivial torus. 

We want to apply Proposition 6 in order to show that the order of the group 
of connected components J(R)jJ0 (R) is bounded if Jx has potential good reduction. 
See Lorenzini [1] for more precise bounds and McCallum [1] for a generalization 
to abelian varieties. 

Theorem 9. Let R be a strictly henselian discrete valuation ring with algebraically 
closed residue field k and with field of fractions K. Furthermore, Iet Xx be a proper 
smooth curve over K, which is geometrically connected, has a Jacobian JK with 
potential good reduction, and admits a regular minimal model X over R. 

Then, foreachinteger g > 0, there exists abound M(g) such that, for each choice 
of R, K, and k, and for each curve X K of genus g as above, the order of the group of 
connected components J(R)/J0 (R) of the Neron model J of Jx is bounded by M(g). 

Proof. We will use the methods of Artin and Winters [1]; the notation is as before. 
The connected components of Xk are denoted by X;, and d; is the multiplicity of X; 
in Xk. Furthermore, Iet d be the gcd ofthe d; and set d; = d;d-1. Let X~ be the scheme 
given by L, d; X;, the latter being viewed as a Cartier divisor on X. Then 

by Artin and Winters [1], Lemma 2.6, since the gcd of the d; is 1. 
We want to compute the arithmetic genus of X~. Let .R be a relative canonical 

divisor on X. Then we can compute the Euler-Poincare characteristic of (!)x" as 

- x(mxJ =(X~· (Xk + .R))/2 = (Xk · .R)/2 = (Xk · .R)/2d = (g- 1)/d; 

the last equality is due to the fact that the degree of .R is the same on the generic 
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and on the special fibre of X. So, using the equality ( * ), the arithmetic genus g' of 
X~ is given by 

g' = 1- x(lDx;) = 1 + (X~·Sl)/2 = 1 + (g- 1)/d. 

In particular, g' coincides with the abstract genus introduced by Artin and Winters 
[1], 1.3, and we have g' ~ g. If H 0 (Xk, lDxJ # k, which may be the case if d > 1, and 
if we compute the arithmetic genus of Xk, it can happen that the latter is greater 
than g. This is the reason why one has to introduce the curve X~. 

Now, in order to determine the order of the group of connected components 
J(R)/J0 (R), one applies Corollary 3 and determines the greatest common divisor of 
all (r- 1) x (r- 1)-minors of the intersection matrix ((X;· Xi)); let us denote it by 
V. The intersection matrix is the same for xk and for X~. Thus, also the graph r is 
the same for both curves, and it follows from our explanations given in Remark 8 
that r is a tree since JK has potential good reduction. We want to show that the 
integer v remains invariant ifwe contract an exceptional curve C ofthe second kind 
in the sense of Artin and Winters [1], 1.4, in Xk. Such a curve C corresponds to the 
middle edge of a chain 

Xa 

• 
in r such that d~ = d~ = d; and (Xa · Xb) = (Xb ·Xe) = 1 and such that sb = 2; i.e., 
there is no ramification at the vertex Xb. Contracting Xb modifies r to the extent 
that we have to replace the above chain by 

where now d~. = d~, d;. = d;, and (Xa' ·Xe') = 1, all other intersection numbers 
remaining untouched. lt follows from the formula in Lemma 7 that the integer v 
remains unchanged under such a contraction process. In a similar way one shows 
that contractions of exceptional curves of the first kind, as considered in Artin and 
Winters [1], Lemma 1.18, cannot cause v to increase. 

We now use the fact proved in Artin and Winters [1], Thm. 1.6, that, up to 
contraction of exceptional curves of the first and second kind, there are only finitely 
many possible types of graphs and intersection matrices for a given genus g' and, 
thus, for the finitely many genera g' < g. So there are only finitely many possible 
values for the integer v and, hence, for the order of the group of connected compo­
nents J(R)jJ0 (R). D 

The case of semi-stable curves. In the following we will assume that all geometric 
multiplicities b; = d;e; are equal to 1. So, in addition to e; = 1, we have d; = 1 for 
all i E /. We do not require from the beginning that the special fibre Xk ofthe curve 
X is semi-stable; we will restriet ourselves to this case later. The graph we want to 
consider here is the so-called intersection graph r of Xk. lts vertices are given by 
the irreducible components X; of the special fibre Xk as before, whereas, different 
from the graph used above, its edges correspond to the intersection points of such 
components; i.e., X; and Xi, i # j, are joined by as many edges as there are irreducible 
components in the intersection X; n Xi. 
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We want to compute the group J(R)/1°(R) of connected components of the 
Neron model of the Jacobian JK of XK by describing the group ker ß/im IX of 
Theorem 1 in terms of the graph 1. To do this, choose an orientation on 1 and 
consider the (augmented) simplicial homology complex 

81 8o 
0 -----+ C1 (1, Z) -----+ C0 (1, Z) -----+ Z 

of 1 with coefficients in Z. Then im 81 = ker 80 since 1 is connected. Identifying 
C0 (1, &:') with &:'1, the map 80 coincides with ß: &:'1 -----+ &:'. Thus, if M is any 
Z -submodule of C1 (1, Z) Iifting im IX, i.e., whose image under 81 coincides with 
im IX c &:'1 ~ Co(1, &:'), we see that 

J(R)/1°(R) ~ ker ß/im IX~ C1 (1, Z)/(M + H 1 (1, &:')), 

where the first cohomology group H 1 (1, &:') is the kernel of the map 81 . 

A canonicallifting M of im IX can be obtained by choosing canonicalliftings (; 
ofthe generatorsei =((X;. Xj))jEI' i EI, ofim IX. Namely, define (; as a sum LP C;piJip 

where the c;p are integers which will be specified below and where the 1'/;p vary over 
all edges joining the vertex X; with a second vertex Xi. Up to its sign, the multiplicity 
c;p is the local intersection number of X; and Xi at the irreducible component x 

of X; n Xi which corresponds to IJip· The sign of c;p is "+" or "-" depending on 
the orientation of 1'/;p· We use "+" if IJ;p originates at X; and ends at Xi and 
"-" otherwise. Then, since Xk, as a Cartier divisor on X, is principal, we have 
Lie 1 (X;- X)= 0 for all i EI and we see that M := LiEI(;Z is a Iifting of im IX so 
that 

We want to give an explicit example. 

Proposition 10. Let X be a proper and flat curve over S, which is regular and has a 
geometrically irreducible generic fibre XK as well as a geometrically reduced special 
fibre Xk. Assurne that Xk consists of the irreducible components X 1 , ... , X, and that 
the local intersection numbers of the X; are 0 or 1 (the latter is the case if different 
components intersect at ordinary double points). Furthermore, assume that the inter­
section graph 1 is of the type 

I. e., 1 consists of l arcs of edges starting at X 1 and ending at X,. Foreach 2 = 1, ... , l, 
let the 2-th arc consist of the edges 1J ;. 1 , ... , 17 .<m,, where m;. is its length. Then the group 
J(R)/1°(R) has order 
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I 

ul-l(ml, ... ,ml) := L TI mll · 
.l.=l WF.l. 

9. Jacobians ofRelative Curves 

More precisely, J(R)!J0 (R) is trivial if l = 1. For l;;::: 2 it is isomorphic to the group 

where g; is the greatest common divisor of all summands occurring in the i-th elemen­
tary symmetric polynomial 

O";(ml, ... 'ml)' i = 1, .. . ,1- 2. 

Proof We use the formula ( * ). A basis of C1 (r, Z) is given by the elements 

'111 ' ... ' '111 

'112- '111 ' ... , '112 - '111 

'11m,- '11m1-1' ..• , '11m,- '11m1-1 

Next we write down generators for the canonicallifting M of im oc 

I 

L 11 .. 1, 
.l.=l 

'112- '111' •.• , '112- '111 

'11m1 - '11m1 -1 ' • • ·' '11m1 - '11m1-1 

I 

- L l'f.l.m,' 
.l.=l 

mA mt 

L '1.l.i - L '11j ; 
j=l j=l 

A.=2, .... l. 

U sing the above generators for C1 (r, Z), M, and H 1 (r, Z), as weil as the fact 
that 

'1.l.i = '1.l.1 + (17._2 - '7u) + · · · + ('1.l.i- l'f.l.i-1)' 

iffollows that J(R)/J0 (R) ~ C1 (r,Z)/(M + H1 (r,Z)) is isomorphic to the quotient 
ofthe free Z-module generated by 1711 , ... , 1711 , divided by the submodule generated 
by the relations 

I 

L '1u' A. = 2, ... ,1 . 
.l.=l 

The relations are described by the matrix 
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A= 

1 0 0 

Computing the determinant of A by developing it via the first column, we get 

detA = u1_ 1 (m1 , ... ,m1). 

Thus, by the theory of elementary divisors, this is already the group order of 
J(R)jJ0 (R). Todetermine the elementary divisors of A explicitly, we use the criterion 
involving the gcd ofminors; cf. Bourbaki [1], Chap. 7, §4, n°5, Prop. 4. 

The gcd of all coefficients of A is 1; so this is the first elementary divisor. For 
1 < A. < l, the gcd of all (A. x A.)-minors is the gcd of all products occurring as 
summands in the (A.- 1)-st elementary symmetric polynomial 0';._1 (m1 , ... , m1); 

hence it is g ;.-1 • Therefore the elementary divisors of A are 

1, U1, U2u1\ .. ·, U1-2Uz!3, CT1-1(m1, .. ·, m1)g!!2 

and, consequently, J(R)/J0 (R) is as claimed. D 

Corollary 11. Let X be a flat proper curve over S. Assurne that the generic fibre X K 
is smooth and that the special fibre XK is geometrically reduced and consists of two 
irreducible components x1 and x2 which intersect transversally at l rational points 
x1, ... ,x1. Thus, for each A. = 1, ... ,1, the curve Xis, up to etale localization at X;., 

described by an equation of type uv = nm•. If X has no other singularities, then, just 
as in the situation of Proposition 9, the group of connected components of the Neron 
model J of the Jacobian JK of XK is isomorphic to the group 

(7Lfg 11L) EF> (7L/g2g11 7L) EF> • .. EF> (7Lfgl-2gl!3 7L) EF> (7Lful-1 (m1, · · ·, ml)g!!21L) 

where U; is the greatest common divisor of all summands occurring in the i-th elemen­
tary symmetric polynomial 

i = 1, ... ,1- 2. 

The assertion is a direct consequence of the preceding proposition since the 
minimal desingularization of Xis ofthe type considered in Proposition 10. Curves 
of this type occur within the context of modular curves; see the appendix by Mazur 
and Rapoport to the article Mazur [1]. 

Remark 12. If in the Situation of Proposition 10 the graph r of the special fibre of 
Xis oftype 
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i.e., consists of 1loops oflength m1 , ... , m1 starting at X 1 each, the group of connected 
components of J can be computed as exercised in the proof of Proposition 10. One 
shows 

Thereby one obtains an analogue of Corollary 11 for curves X whose special fibre 
is irreducible and has at most ordinary double points as singularities. 

9.7 Rational Singularities 

Let S = Spec R be a base scheme consisting of a discrete valuation ring R. As usual, 
K is the field of fractions and k is the residue field of R. Starting with a proper and 
flat S-curve X which is normal and has geometrically irreducible generic fibre, we 
want to relate the fact that a Neron model J of the Jacobian JK of XK exists and 
that the canonical morphism Pic11s ----+ 1° is an isomorphism to the fact that X has 
singularities of a certain type, namely rational singularities. To explain the latter 
terminology, assume that X admits a desingularization f: X'----+ X (which, by 
Abhyankar [1] or Lipman [1] exists at least in the case where R is excellent). There 
are only finitely many points where X is not regular. X is said to have rational 
singularities if R 1f*((!)x.) = 0. lt can be shown that the latter condition is indepen­
dent of the chosen desingularization. 

Theorem 1. Let X be a flat proper curve over S which is normal and which has 
geometrically irreducible generic fibre XK. Let xl, ... ' xn be the irreducible compo­
nents of the Special fibre xk. Assurne that X admits a desingularization f: X' ----+ X 
and, furthermore, that the following conditions are satisfied: 

(i) The residue field k of R is perfect or X admits an etale quasi-section. 
(ii) The greatest common divisor of the geometric multiplicities bi of Xi in 

xk (cf 9.1/3) is 1. 
Then, by (i), the Jacobian JK of XK admits a Neron model J of finite type and, by 

(ii), the identity component Pic11s of the relative Picard functor is a scheme. Further-
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more, the canonical morphism Pic~;s ~ 1° is an isomorphism if and only if X has 
rational singularities. 

Proof. It is easily seen that conditions (i) and (ii) carry over from X to X'. For 
example, if X admits an etale quasi-section over S, the same is true for X' by the 
valuative criterion of properness since f: X'~ Xis proper. Thus it follows from 
condition (i) and from 9.5/4 that JK, which is also the Jacobian of x;_, has a Neron 
model J of finite type. Furthermore, the canonical morphism v: P' / E' ~ J is an 
isomorphism where P' is the subfunctor of Picx·ts given by line bundles of total 
degree 0 and where E' is the schematic closure ofthe generic fibre ofthe unit section 
of PicX'ts· 

On the other hand, using 9.4/2, condition (ii) implies that Pic~1s and Pic~'/S are 
represented by separated schemes. So we get canonical maps between S-group 
schemes 

P. 0 p· 0 ~ jO lCx;s ~ lCx·ts ~ , 

the latter map being an isomorphism by 9.5/4. So Pic~18 ~ 1° is an isomorphism 
if and only if Pic~1s ~ Pic~·ts is an isomorphism and the latter is the case if 
and only if Lie(Pic~;s) ~ Lie(Pic~.18 ) is an isomorphism. Writing R[e] for the 
algebra of dual numbers over R, we can interpret Lie(Pic~18 ) as the subfunctor of 
Hom8 (Spec R[e], Pic~18 ) consisting of all morphisms which modulo e reduce to the 
unit section of Pic~18 • Then, as we have seen in the proof of 8.4/1, it follows that 
Lie(Pic~18 ) can be identified with the cohomology group H 1 (X, mx). Proceeding in 
the same way with X', we see that Lie(Pic~;s) ~ Lie(Pic~.18 ) is an isomorphism if 
and only ifthe canonical map H 1(X, mx) ~ H 1(X', mx.) is an isomorphism. 

Now let us Iook at the Leray sequence associated to f: X'~ X. It starts as 
follows: 

Since Xis a curve, we have, in fact, a short exact sequence 

0 ~ H 1 (X,mx) ~ H 1 (X', mx.) ~ H 0 (X,R1f*((9x)) ~ 0. 

So H 1(X, mx) ~ H 1(X', mx.) is an isomorphism ifand only if H 0 (X,R 1f*(mx)) = 0. 
Since R 1f*(mx) is concentrated at a finite number of closed points of X, the latter 
is equivalent to R 1f*(mx) = 0; i.e., to the fact that X has rational singularities. This 
establishes the desired equivalence. D 

For semi-stable curves over S (cf. 9.2/6), assumptions (i) and (ii) of Theorem 1 
are automatically satisfied. So, using 9.2/8, we see: 

Corollary 2. Let X be a semi-stable curve over S which is proper, flat, and normal, 
and which has a geometrically irreducible generic fibre XK. Then the Jacobian JK of 
X K has a N eron model J and the canonical morphism Pic~18 ~ 1° is an isomorphism. 
In particular, J has semi-abelian reduction. 



288 9. Jacobians of Relative Curves 

In the situation of the theorem we can say that Pic~1s is independent of the choice 
of the S-model X of XK as lang as we limit ourselves to proper, normal, and flat 
S-curves which have rational singularities. Namely, then Pic~1s coincides with the 
identity component ofthe Neron model J ofthe Jacobian JK of XK. 

We want to give an application to the modular curve X 0 (N). To recall the 
description of this curve, let N be a positive integer and write UN for the open 
subscheme of SpecZ where N is invertible. Then X 0 (N)IuN isaproper and smooth 
curve over UN; it is the compactified coarse moduli space associated to the stack of 
couples (E, C) of the following type: E is an elliptic curve over some UN-scheme S 
and Cis a subgroup scheme of E which is finite, etale, and cyclic of orderN. For 
N = 1 one obtains the projective line P over Z, tobe interpreted as the compactifica­
tion of the affine line where the j-invariant of elliptic curves serves as a parameter. 

Writing X0 (N) for the normalization of P in X 0 (N)IuN' the curve X 0 (N) is proper 
over Z and extends the curve we had already over UN. For example, if p is a prime 
strictly dividing N, the curve X0 (N) has semi-stable reduction at p. More precisely, 
the fibre of X0 (N) over p consists of two smooth components which intersect 
transversally at the Supersingular points; cf. Deligne and Rapapart [1], Chap. VI, 
Thm. 6.9, or the appendix by Mazur and Rapapart to Mazur [1], Thm. 1.1. 

If p2 divides N, the geometry of fibres is more complicated and certain compo­
nents have non-trivial multiplicities. In this case one can use the modular interpreta­
tion a la Drinfeld which yields information on X0 (N), particularly at bad places. 
Namely, X 0 (N) is the coarse moduli space associated to a certain modular stack 
which is relatively representable and regular over Z; cf. Katz and Mazur [1], 5.1.1. 
Then, if x is a closed point of X 0 (N), the henselization at x is a quotient of a regular 
local ring by a finite group whose order divides 12. From this one deduces by means 
of a norm argument that the singularities of the fibres of X0 (N) over any prime 
p > 3 are rational. Furthermore, over each prime p, there are irreducible compo­
nents which have geometric multiplicity 1 in the fibre over p; cf. Katz and Mazur 
[1], 13.4.7. So, using 9.4/2, and Theorem 1, as well as a globalization argument of 
the type provided in 1.2/4, we obtain: 

Proposition 3. The modular curve X 0 (N) is cohomologically flat over Z and Pict<Nl/Z 
is representable by a group scheme. Furthermore, outside p = 2 and 3, it is the identity 
component of the Neron model of the Jacobian of X0 (N) ®z Q. 



Chapter 10. Neron Models of Not Necessarily 
Proper Algebraic Groups 

For this last chapter we introduce a new type of Neron models, so-called Neron 
lft-models. To define them, we modify the definition of Neron models by dropping 
the condition that they are of finite type. Then, due to the smoothness, Neron 
lft-models are locally of finite type. This is the reason why we use the abbreviation 
"1ft". For example, tori do admit Neron lft-models whereas, for non-zero split tori, 
Neron models (in the original sense) do not exist. 

Webegin by collecting basic properties of Neron lft-models and by explaining 
some examples. Then, for the local case, we prove a necessary and sufficient condi­
tion for a smooth algebraic K-group Gx to admit a Neron model (resp. a Neron 
lft-model). In the special case where the valuation ring is strictly henselian and 
excellent, it states that Gx admits a Neron model (resp. a Neron lft-model) if and 
only if Gx does not contain a subgroup of type Ga or Gm (resp. of type Ga)· In the 
last section, we attempt to globalize our results for excellent Dedekind schemes. An 
example of Oesterle shows that one canno.t expect a local-global-principle for the 
existence of Neron models. However, in the case of Neron lft-models, we feel that 
such a principle is true and formulate it as a conjecture: Gx admits a Neron lft-model 
if Gx does not contain a subgroup of type Ga. Finally, admitting the existence of 
desingularizations, we are able to show that the existence of Neron models (in the 
original sense) is related to the fact that Gx does not contain a non-trivial unirational 
subvariety. 

10.1 Generalities 

If R is a discrete valuation ring with field of fractions K, the set of K-valued points 
of the multiplicative group Gm,K is not bounded in Gm,K· Thus Gm,K does not have 
a Neron model offinite type over R. We will see, however, that there exists a unique 
R-model of Gm,K which is a smooth R-group scheme and satisfies the Neron 
mapping property, but which is not offinite type. This is one ofthe reasons why we 
want to generalize the notion of Neron models. 

Definition 1. Let S be a Dedekind scheme with ring of rational functions K. Let X K 

be a smooth K -scheme. A smooth and separated S-model X is called aN eron lft-model 
of Xx if X satisfies the Neron mapping property; cf 1.2/1. 

Since we do not require X tobe of finite type over S, such models are just locally 
of finite type (1ft) over S. As in the case of Neron models, it follows from the Neron 
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mapping property that Neron lft-models are unique and that their formation is 
compatible with localization and etale base change. In particular, the analogue of 
1.2/4 remains valid: an S-scheme X which is locally offinite type is a Neron lft-model 
of X K over S if and only if X ®s (l)s,s is a Neron lft-model of X K over Spec (l)s,s for 
each closed point s ES. The Neron lft-model X of a group scheme XK is a group 
scheme again. In this case the identity component X 0 is of finite type. Namely, 
locally on S, there exists an S-dense open affine subscheme U of X 0 and the map 
U x s U ---+ X 0 induced by the group law is surjective. Furthermore, it follows from 
6.4/1 that any finite set of points of a fibre of X is contained in an affine open 
subscheme of X. 

In the following we want to generalize certain results on Neron models to the 
case ofNeron lft-models. Let us start with the criterion 7.1/1. 

Proposition 2. Let R be a discrete valuation ring and let G be a srnooth and separated 
R-group scherne. Then the following conditions are equivalent: 

(a) Gis a Neron lft-rnodel of its generic fibre. 
(b) Let R---+ R' be a local extension of discrete valuation rings where R' is 

essentially srnooth over R. Then, if K' is the field offractions of R', the canonical rnap 
G(R')---+ G(K') is surjective. (Recall that R' is said to be essentially srnooth over R 
if it is the local ring of a srnooth R-scherne). 

Proof The implication (a) =>(b) is a consequence of the Neron mapping 
property. For the implication (b) =>(a), consider a smooth R-scheme Z and a 
K-morphism ZK---+ GK of the generic fibres. Due to the assumption, this map 
extends to an R-rational map Z ---+ G and, hence, to an R-morphism Z ---+ G by 
Weil's extension theorem 4.4/1. Thus we see that G satisfies the Neron mapping 
property. D 

Note that, in Proposition 2, it is not sufficient to ask the extension property for 
etale integral points, as it is in 7.1/1 in the case ofNeron models. Next we want to 
formulate 7.2/1 (ii) for Neron lft-models; the second proofwe have given in Section 
7.2 carries over without changes. 

Proposition 3. Let R be a discrete valuation ring and Iet R ---+ R' be an extension of 
rarnification index 1 with fields of fractions K and K'. Assurne that GK is a srnooth 
K-group scherne. lf Gis a Neron lft-rnodel of GK over R, then G ®R R' is a Neron 
lft-rnodel of GK ®K K' over R'. 

Moreover, there is an analogue of 7.2/4. 

Proposition 4. Let S' ---+ S be a finite flat extension of Dedekind schemes with rings 
ofrational functions K' and K. Let GK be a srnooth K-group scherne and denote by 
GK' the K'-group scherne obtained by base change. Let HK be a closed subgroup of GK 
which is srnooth. Assurne that GK' adrnits a Neron lft-rnodel G' over S'. Then the Neron 
lft-rnodel of HK over S exists and can be constructed as a group srnoothening of the 
schernatic closure of HK in the Weil restriction 9l8 ,18(G'). 
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Proof Since any finite set of points of G' is contained in an affine open subscheme 
of G', the Weil restriction 9l8 ,18(G') is represented by an S-scheme which is separated 
and smooth; cf. 7.6/4 and 7.6/5. By functoriality it is clear that 9l8 ,18(G') is the Neron 
lft-model of 9lx,1x(G~c) over S; cf. 7.6/6. There is a canonical closed immersion 

l: HK--+ 9lK'/K(Gi:,). 

Denote by ii the schematic closure of Hxin 9l8•18(G'). Then ii isflat over S. Similarly 
as exercised in Section 7.1 by applying the smoothening process to the closed 
fibres of ii, we get a morphism H--+ ii from a smooth R-group scheme H to 
ii by successively blowing up subgroup schemes in the closed fibres. Indeed, 
ii n 9l8•18(G')0 is of finite type over S, since the identity component 9l8,18(G')0 of 
9l8 ,18(G') is of finite type over S. So ii n 9l8•18(G')0 has at most finitely many 
non-smooth fibres over S. Using translations, one sees that the same is true for ii 
and, furthermore, that the non-smooth locus of ii is invariant under translations. 
Tl;len it is clear that the process of group smoothenings will work as in the finite 
type case, since it suffices to control the defect of smoothness over ii n 9l8 ,18(G')0 • 

As in 7.1/6, one verifies that His the Neron lft-model of HK over R. 0 

Example 5. Let S be a Dedekind scheme with ring of rational functions K. The 
multiplicative group Gm,K over K admits a Neron lft-model G over S. Its identity 
component is isomorphic to Gm,s· 

Proof In order to give a precise description of G, one proceeds as follows .. Let s be 
a closed point of S and let n. be a generator of the ideal corresponding to the closed 
point s ES over an open neighborhood U(s) of s. So, for each v E 7L, we can view n; 
as a(U(s)- {s})-valuedpoint ofGm,s· Then, let n;· Gm,s be acopy ofGm,s x8 U(s), 
viewed as the translate of Gm,s by n; in the Neron lft-model we want to construct. 
The translations by the sections n;, v E 7L, define gluing data between Gm,s and the 
n;· Gm,s over U(s)- {s} in a canonical way. So we can define 

G = U U (n;·Gm,s) 
seJSJ veZ 

as the result of the gluing of Gm,s with the copies (n; · Gm,s) where ISI is the set of 
closed points of S. 

In order to show that Gis a Neron lft-model of Gm,K over S, note first that Gis 
a smooth and separated S-group scheme with generic fibre Gm,K· So we have only 
to verify the Neron mapping property for G. Since the construction of G is com­
patible with localization of S, we may assume that S consists of a discrete valuation 
ring R; cf. the analogue of 1.2/4. Due to Proposition 2, it suffices to show for any 
extension R --+ R' of ramification index 1 that each K' -valued point extends to an 
R'-valued point of G. Since the construction of G is compatible with such ring 
extensions, we may assume R = R'. But then it is clear that the canonical map 
G(R)--+ G(K) is bijective, so that we are done. 0 

The example we have just given can be generalized to tori over K. 
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Proposition 6. Let S be a Dedekind scheme with ring of rational functions K. Any 
torus TK over K admits a Neron Ift-model over S. 

Proof. We may assume that S is affine and that it consists of a Dedekind ring R. If 
the torus is split, the assertion follows from the above example. In the general case, 
there exists a finite separable field extension K'/K suchthat TK' = TK @K K' is split. 
If R' is the integral closure of R in K', then TK' admits a Neron lft-model over R'. 
Now the assertion follows from Proposition 4. D 

Also we can handle the case of extensions of certain algebraic K -groups by tori. 
For technical reasons we will restriet ourselves to split tori, although this restriction 
is unnecessary as can be seen by using 10.2/2. 

Proposition 7. Let S be a Dedekind scheme with ring of rational functions K. Let GK 
be a smooth connected algebraic K -group which is an extension of a smooth algebraic 
K-group HK by a split torus TK. Assurne that Hom(HK, IGm,K) = 0; for example, the 
latter is the case if HK is an extension of an abelian veriety by a unipotent group. 
Then, if HK admits aN eron Ift-model over S, the same is true for Gx. 

Proof. Since TK is a split torus, say of rank r, the extension Gx of HK by TK is given 
by primitive line bundles 2 1 , ... , 2,. on HK; cf. Serre [1], Chap. VII, no15, Thm. 5. 
Although Serre considers only the case where H x is an abelian variety, the result 
extends to our situation, since each homomorphism of HK to IGm,K is constant. A 
line bundle 2 on a group scheme G is called primitive if there is an isomorphism 

m* 2 ~ pf 2 ® p~ 2 

where m is the group law of G and where P; : G x G ~ G are the projections, i = 

1, 2. Since the local rings ofthe Neron model Hof HK are factorial, the line bundles 
2P, p = 1, ... , r, extend to primitive line bundles on the identity component H 0 of 
H. Thus, they give rise to an extension 

1 ~ T 0 ~ G0 ~ H 0 ~ 1 

whose generic fibre is the extension we started with. Then G0 will be the identity 
component of the Neron lft-model Gof GK whereas G itself has tobe constructed 
by gluing "translates" of G0 . 

In order to do this, Iet us start with the construction of the local Neron lft-model 
at a closed point s of S. Let R~h be a strict henselization of the local ring Rs and Iet 
K~h be its field of fractions. Then set 

As = G(K~h)/G0 (R~h) :::> ] 8 = T(K~h)/T0 (R~h) , 

where Js is isomorphic to 7L'. Due to Hilbert's Theorem 90, the quotient A8 /ls is 
canonically isomorphic to the group H(K~h)/H0 (R~h). In the case where As can be 
represented by a set { 2s} of K-valued points of Gx, we can, similarly as in Example 
5, define a smooth and separated R-group scheme 

G(s) = U (2 8 • G0 ) 

A8 EAs 
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as the result of a gluing where the gluing data are concentrated on the generic fibre 
and are given by the translations with the sections A8 • Then each K-valued point of 
GK extends to an R-valued point of G. Since this construction is compatible with 
any extension R ~ R' of ramification index 1, each K' -valued point of GK extends 
to an R'-valued point of G where K' is the ring of fractions of R'. Then, using 
Proposition 2, one shows that G(s) satisfies the Neron mapping property. Hence, it 
is the Neron lft-model of GK over R8 • If the sections Ps} are not defiued over R., 
one shows by means of descent that the group G(s) which can be defined over a 
strict henselization R~h of Rs is already defined over the given ring Rs and, hence, is 
a Neron lft-model of GK over Rs. In the global case, the Neron lft-model Gof GK is 
given by gluing the local models G(s), sEI SI, where ISI is the set of all closed points 
of S; hence 

G = U G(s). 
sEISI 

In order to explain the gluing procedure, consider a "component" G(s)' of G(s); 
thereby we mean an open subscheme consisting of GK and of a connected component 
of G(s). Then G(s)' is of finite type over Rs and, hence, it extends over an open 
neighborhood U(s) of s. Since GK is connected, we may assume that G(s)' coincides 
with G0 over U(s)- {s}. So this way we obtain gluing data between G0 and each 
component G(s)' of G(s) and, hence, between G0 and G(s). It is clear that these data 
give rise to gluing data for the family ( G(s); s E I SI). In particular, the pull-back of 
G to the local scheme Spec ms,s is isomorphic to G(s). Thus, it is clear that G satisfies 
the Neron mapping property and, hence, is a Neron lft-model of GK over S. D 

Unipotent K-groups may contain a subgroup of type Ga. So they do not 
necessarily admit Neron lft-models as we will see by the following proposition. But 
we mention that, if K is not perfect, there are smooth connected unipotent groups, 
so-called K-wound unipotent groups, which do not contain the additive group Ga,K· 
In Section 10.2 we will discuss the existence of Neron models for such groups. 

Proposition 8. Let S be a Dedekind scheme with ring of rational functions K. If GK 
admits a Neron lft-model, then GK does not contain a subgroup of type Ga. 

Proof Since Neron lft-models are compatible with localizations and etale extensions 
of the base scheme, we may assume that S consists of a strictly henselian discrete 
valuation ring R with uniformizing parameter n. Proceeding indirectly, we may 
assume by Proposition 4 that GK = Ga,K and that GK admits a Neron lft-model G. 
Let us fix a coordinate function ~0 for GK, say GK = SpecK[~0 ]. Then set G" = 
SpeeR[~"] for n E N, where the ~" are indeterminates, and consider the morphisms 

G" = SpecR[~nJ ~ Gn+l = SpecR[~n+l] 

induced by sending ~n+l to n · ~n· These morphisms induce the zero map on the 
special fibres. We regard each G" as a smooth R-model of GK via the isomorphism 

G"®RK ~GK 
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induced by the map K[~0]---+ K[~nJ sending ~0 to n-n~n- Thus, we get commuta­
tive diagrams 

cn cn+t 

K\ /K 
GK 

Due to the Neron mapping property, these diagrams extend to communtative 
diagrams 

The morphisms induce the zero map on special fibres. So we see that each S-valued 
point of G specializes into the zero section, since such a point can be regarded as 
an S-valued point of some Gn. Hence, we arrive at a contradiction. 0 

Next we will discuss a criterion relating the existence of global Neron lft-models 
to the existence of local Neron lft-models. 

Proposition 9. Let S be a Dedekind scheme with ring of rational functions K. Let GK 
be a smooth connected algebraic K-group. Assurne that, for each closed point s of S, 
the local Neron lft-model of GK over (!)s.s exists. Then the following conditions are 
equivalent: 

(a) GK admits a global Neron lft-model over S. 
(b) There exists a dense open subscheme U of S and, over U, a smooth group 

scheme with connected fibres which coincides with the identity component of the local 
Neron lft-model GK for each closed point s of U. 

(c) There exists a coherent (locally free) {!}s-module 2 which, over each local ring 
of S, coincides with the Lie algebra of the local Neron lft-model of GK. 

Proof The implication (a) ==*' (c) is trivial. To show the implication (c) ==*' 
(b), let G(s)0 , for any closed point s of S, be the identity component of the local 
Neron lft-model of GK over (!)s.s· Since G(s)0 is quasi-compact, there exist an open 
neighborhood U(s) of s and a smooth U(s)-group scheme Gß(sJ with connected fibres 
such that Gß(sJ induces G(s)0 over the local ring (!)s,s· Furthermore, due to the 
assumption (c), we may assume that the Lie algebra of Gß(sJ coincides with the Lie 
algebra of the local Neron lft-model at each point t of U(s). Then, foreachtE U(s), 
the canonical map 

Gß(s) X U(s) Spec (!)S,t---+ G(t)0 

is etale and, hence, an isomorphism, since it is an isomorphism Oll generic fibres. 
So condition (b) is clear. 

For the implication (b) ==*'(a) we will first construct the identity component 
ofthe Neron lft-model. So let Gß be the U-group scheme given by condition (b). If s 
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is a closed point of S not contained in U, the identity component G(s)0 ofthe Neron 
lft-model of GK over (!)s,s is of finite type over (!)s,s and, hence, extends to a smooth 
group scheme Gg<•l with connected fibres over an open neighborhood U(s) of s. Since 
GZ and Gg<•l coincide on the generic fibre, they coincide over an open neighborhood 
of s in U n U(s). So we get gluing data and, hence, a smooth S-group scheme G0 

with connected fibres which coincides with the identity components of the local 
Neron lft-models at closed points of S. Now, a Neron lft-model Gof GK is obtained 
by gluing the local Neron lft-models G(s), sEI SI, where ISI is the set of all closed 
points of S; i.e., 

G = U G(s). 
SEISI 

The procedure is the same as in Proposition 7. Also the Neron mapping property 
is verified as exercised in the proof of Proposition 7. D 

Since a smooth group scheme with connected fibres over a Dedekind scheme is 
quasi-compact, the proof of the implication (b) =*>(a) of the above proposition 
shows the following fact: 

Corollary 10. LetS be a Dedekind scheme with ring of rational functions K. Let GK 
be a smooth connected algebraic K-group. Assurne that there exists a global Neron 
lft-model of GK over S. Then GK admits a N eron model over S if and only if the groups 
of connected components of the local N eron lft-models are finite and, for almost all 
closed points of S, are trivial. 

Finally, we want to give an example showing that the existence of local Neron 
models does not imply the existence of a global Neron model. 

Example 11 (Oesterle [1] ). Let R be an excellent Dedekind ring with field offractions 
K of positive characteristic p, let K' /K be a radicial field extension of order pn, and 
let R' be the integral closure of R in K'. Let GK be the Weil restriction of the 
multiplicative group Gm, K' with respect to K'/K. Consider the quotient UK = 
GK/Gm,K where Gm,K is viewed as a subgroup of GK via the canonical closed 
immersion 

Gm,K---+ GK = mK'/K(Gm,K') 0 

Foreach closed point s of Spec R, we will see that the local Neron model exists and 
that its group of connected components is a cyclic group of order e. where e. is the 
index oframification of the extension R~/R •. Moreover, UK admits a global Neron 
lft-model over R which, in general, will not be offinite type over R if R has infinitely 
many maximal ideals. 

As a typical case, one may take for R the ring of an affine normal curve over a 
perfect field. In this case, the ramification index at each closed point coincides with 
the degree ofthe radicial extension [K' :K]. In particular, UK does not admit a global 
Neron model if the extension K' I K is not trivial. 



296 10. Neron Models of Not Necessarily Proper Algebraic Groups 

So Iet usjustify the fact on UK we have claimed above. Due to Hilbert's Theorem 
90, we have 

UK(K) = (K')*IK* . 

If R is a discrete valuation ring and R -----> R' is of ramification index e, the group 
UK(K) can be written in the form 

(K')*IK* = (R')*IR* x (7Lie71.). 

Similarly as for the generic fibre, we have a canonical map 

IGm,R-----> GR := 9\R'/R(IGm,R')' 

which is a closed immersion. Thus, we can define the quotient 

UO = GRIIGm,R . 

which is a smooth separated algebraic space; cf. 8.319. Due to 6.613, it even is a 
smooth R-group scheme. Moreover, we have 

U0 (R) = (R')*IR*. 

Foreach closed point s ofSpec(R), the local Neron model U(s) is obtained by gluing 
U0 ®R Rs with es copies of it along the generic fibre where the gluing data are given 
via the translation on the generic fibre by representatives of U(K)IU0 (R 5 ). Then, as 
in Example 5, it is easy to see that Us satisfies the Neron mapping property. By 
Proposition 9, we see that there exists a global Neron lft-model of UK over R. 

One can show that the global Neron lft-model of UK is isomorphic to the 
quotient of the Weil restriction of the Neron model of IGm,K' by the Neron model 
of IGm,K· D 

10.2 The Local Case 

In the following, Iet R be a discrete vaiuation ring with field of fractions K and Iet 
GK be a smooth commutative algebraic K-group. So, in particular, GK is of finite type 
over K. We want to discuss criteria for the existence of a Neron model (resp. of a 
Neron lft-model) of GK over R depending on its structure as algebraic group. To fix 
the notations, Iet Wh be the strict henselization of R with field of fractions Ksh, Iet 
ft.sh be the strict henselization of the completion R of R, and Iet I(sh be the field of 
fractions of ft.sh. Since certain parts of our considerations will require an excellent 
base ring, recall that the strict henselization of an excellent discrete valuation ring 
is excellent again by 3.612. So ft.sh is excellent. In particular, the extension I(sh I K is 
separable. Furthermore, if R is excellent, Rsh is excellent and the extension I(sh I K is 
separabie. 

We will first concentrate on Neron models. We know already that GK admits a 
Neron model if and only if the set of its Ksh_valued points is bounded in GK. Now 
we want to formulate a necessary and sufficient condition for the existence of a 
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Neron model for GK in terms of the group structure of GK. Let us begin with some 
definitions. If Xis a separated K-scheme offinite type, a compactification of Xis an 
open immersion X~ X of X into a proper K-scheme X suchthat Xis schemati­
cally dense in X. The subscheme X - X will be referred to as the infinity of the 
compactification. Due to Nagata [1], [2], compactifications always exist. If, in 
addition, X and X are regular, we will call X a regular compactification of X. For 
a regular K-scheme X, there exists a regular compactification if the characteristic 
of K is zero or ifthe d~mension of Xis ::::;2; cf. Hironaka [2] and Abhyankar [1]. 

Theorem 1. Let R be a discrete valuation ring with field of fractions K, and Iet GK 
be a smooth commutative algebraic K -group. Then the following conditions are 
equivalent: 

(a) GK has a Neron model over R. 
(b) GK <8)K .K•h contains no subgroup of type Ga or Gm. 
(c) GK <8)K .Ksh admits a compactification without a rational point at irifinity. 
(d) GK(Ksh) is bounded in GK. 
(e) GK(Ksh) is bounded in GK. 

If, in addition, R is excellent, the above conditions are equivalent to 
(b') GK ®K Ksh contains no subgroup of type Ga or Gm. 
(c') GK <8)K Ksh admits a compactification without a rational point at infinity. 

For example, a K-wound commutative unipotent algebraic K-group admits a 
Neron model over R if R is excellent. Namely, such a group does not contain 
subgroups oftype Ga or Gm and this property remains true after any separable field 
extension; cf. Tits [1], Chap. IV, Prop. 4.1.4. 

If GK is the Jacobian JK of anormal proper curve XK over K assumed to be 
geometrically reduced and irreducible, then, due to 9.2/4, there is no subgroup of 
type Ga or Gm in JK <8)K L, for any separable field extension L of K. So, if K is the 
field of fractions of an excellent discrete valuation ring R, our theorem implies that 
JK admits a Neron model over R; cf. 9.5/6. Furthermore, there isanatural compacti­
fication of JK without a rational point at infinity; cf. Example 9. 

Before starting with the proof of Theorem 1, we want to deduce a criterion for 
the existence of Neron lft-models. 

Theorem 2. Let R be a discrete valuation ring with field of fractions K and Iet GK 
be a smooth commutative algebraic K -group. Then the following conditions are 
equivalent: 

(a) GK admits a Neron Ift-model over R. 
(b) GK <8)K .Ksh contains no subgroup of type Ga. 

IJ, in addition, R is excellent, these conditions are equivalent to 
(b') GK contains no subgroup of type Ga. 

Let us first deduce Theorem 2 from Theorem 1. The implications (a) ~ (b) and 
(a) ~(b') follow from 10.1/3 and 10.1/8. Next Iet us show the implication (b') ~ 
(a) under the assumption that R is excellent. Let TK be the maximal torus of GK; cf. 
[SGA 3u], Exp. XIV, Thm. 1.1. Then we have an exact sequence of algebraic 
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K-groups 

1~TK~GK~HK~1, 

where HK is an extension of an abelian variety by a linear group and where the 
latter is an extension of a unipotent group UK by a finite multiplicative group; cf. 
9.2/1 and [SGA 311 ], Exp. XVII, Thm. 7.2.1. Due to [SGA 311], Exp. XVII, Thm. 
6.1.1 (A)(ii), the K-groups HK and, hence, UK do not contain a subgroup of type Ga, 
since the same is true for GK. Then it follows from Tits [1], Chap. IV, Prop. 4.1.4, 
that UK ®K K' and, hence by [SGA 311], Exp. XVII, Lemme 2.3, that HK ®K K' does 
not contain a subgroup of type Ga for any separable field extension K' of K. 
However, there exists a finite separable field extension K' of K such that TK @K K' 
is split. So, if R' is the integral closure of RinK', the K'-group HK ®K K' admits a 
Neron model over R' by Theorem 1, since R' is excellent. Hence, GK @K K' admits 
a Neron lft-model over R' by 10.1/7. Then it follows from 10.1/4 that GK admits a 
Neron lft-model over R. For the proof of (b) ~(a), we may assume R = f{sh by 
10.1/4. In particular, R is excellent now and, hence, the assertion follows from the 
implication (b') ~ (a) which has just been proved. D 

Now we come to the proof of Theorem 1. Some parts of it have already been 
proved: 

(a) ~ (b) Neron models are compatible with base change of ramification index 
1; cf. 7.2/2. Hence GK @K Ksh admits a Neron model of finite type over f{sh. So the 
set of gsh_valued points of GK is bounded in GK and, hence, GK ®K Ksh cannot 
contain a subgroup isomorphic to Ga or Gm. 

(b) ~(b') is trivial. 
(c) ~ (d) follows from 1.1/10, since f{sh is excellent. 
(c') ~ (e) follows from 1.1/10, since Rsh is excellent. 
(d) ~ (e) is trivial. 
(e) ~ (a); cf. Theorem 1.3/1. 
The remainder of this section is devoted to the proof of the implications 
(b) ~(c) and (b') ~(c'). 

Let us first explain the meaning of conditions (c) and (c') 

Proposition 3. Let X be a smooth and separated K -scheme of finite type. Consider the 
following conditions: 

(a) There exists a compactification X of X suchthat there is no rational point in 
X-X. 

(b) For any affine smooth curve Cover K with a rational point s, each K-morphism 
C - { s} ~ X extends to a K -morphism C ~ X. 

(c) The canonical map X(K[[~]]) ~ X(K((~))) is bijective, where ~ is an in­
determinate and where K((~)) is the field of fractions of K[[O]. 

Then one has the following implications: (a) ~ (b)~(c). IJ, in addition, X admits 
a regular compactification X', conditions (a), (b), (c) are equivalent and, moreover, they 
are equivalent to 

(d) (X'- X)(K) is empty. 
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Proof (a) =?(b) is trivial, since such a morphism C- {s}----+ X extends to a 
morphism C ----+ X and since the image of s gives rise to a rational point of X. 

(b) =?(c). Let R be the localization of K[~] at the origin and let a E X(K((~))). 

If Xis a compactification of X, one can view a as a K[[~]]-valued point of X. Since 
R is excellent, it follows from 3.6/9 that there exists a local etale extension R' of R 
with residue field K and an R' -valued point a' of X inducing the given point a on the 
closed fibre. Furthermore, we may assume that the generic fibre of a' is contained 
in X. Rewriting the situation in terms of curves, it means that there are an etale map 
cp: C----+ Ale of an affine curve to the affine line, a rational point s of C lying above 
the origin, and a morphism a : C ----+ X suchthat the local ring of C at s is isomorphic 
to R' and suchthat a induces the R'-valued point a'. Due to (b), the image of a is 
contained in X. Thus, we see that a is a K[[~]]-valued point of X and the 
implication (b) =?(c) is clear. 

(c) ==? (b). The completion of the local ring of C at s is isomorphic to a formal 
power series ring K[[~]]. Hence the assertion follows as in 2.5/5. 

(b) =?(d). Let x be a rational point of X'- X. By taking hyperplane sections, 
one can construct an irreducible subvariety C of X' of dimension one such that C 
is not contained in X' - X, suchthat the point x lies on C, and suchthat Cis smooth 
at x. We may assume that Cis smooth over K. Hence, the inclusion C----+ X yields 
a contradiction to (b). 

(d) =?(a) is evident. 0 

In order to complete the proof ofTheorem 1, it suffices to show that a commuta­
tive algebraic K-group Gwhich contains no subgroup of type Ga or Gm admits a 
G-equivariant compactification G without a rational point at infinity. A compactifi­
cation G is called G-equivariant if G acts on G and if the action is compatible with 
the group law on G. Let us start with some technical definitions. 

Definition 4. Let G be an algebraic K -group which acts on a K -scheme X of finite 
type. A subscheme Z of X is called a K-orbit under the action of G if there exist a 
finite field extension K' of K and a K' -valued point x' of Z ®K K' such that Z ®K K' 
is the orbit of x' under G ®K K'. 

Definition 5 (Mumford [1], Chap. 1.3). Let G be an algebraic K-group with an action 
(J on a K-scheme X. Let n: L----+ X be a line bundle on X. A G-linearization is a 
bundle action A of G on L which is compatible with the G-action on X; i.e., the diagram 

(J 

X 

is commutative. 

For example, look at the canonical action ofGL n+t on lflln and at the canonical 
ample line bundle (Dpn(1). There is a canonical GLn+1-linearization on (Dpn(1), but 
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the action of the projective linear group PGLn cannot be lifted to a PGLn­
linearization of (91Jl'n(1). 

Now consider a scheme T and a flat T-group scheme Gof finite presentation 
which acts on a T-scheme X of finite presentation. Let P be a torsor under G over 
T. Then G acts freely on X x T P by setting 

g o (x, p) = (g o x, g o p) . 

Denote by (X x r P)/G the quotient (in terms of sheaves for the fppf-topology) of 
X x T P with respect to the G-action. The quotient commutes with any base change 
T' ---+ T. lf P---+ T admits a section, there is an isomorphism (X x T P)/G---+ X. 
So, (X x T P)/G becomes isomorphic to X and, hence, is representable after a 
base change with an fppf-morphism, since P ---+ T is of this type. lf L is a line bundle 
on X with a G-linearization, then M = (L x T P)/G gives rise to a line bundle on 
(X Xr P)/G provided that (X Xr P)/G is a scheme. Due to 6.1/7, we have the 
following lemma. 

Lemma 6. If L is T-ample, then (X x T P)/G is a T-scheme and M = (L x T P)/G is 
T-ample. 

Now let T be the affine scheme of a field K and let G be a smooth K-group 
scheme. lf, in addition, Xis projective, the quotient (X x K P)/G is always a scheme. 
Namely, after a finite Galois extension K'/K, there exists a K'-valued point of P. 
So, the quotient is representable after the extension K'/K. Since finite Galois descent 
is effective for quasi-projective schemes, we see that (X x K P)/G is represented by a 
quasi-projective K-scheme. 

The proof of the implications (b) ~(c) and (b') ~(c') in Theorem 1 will be 
provided by Theorem 7 below. Namely, if Gis not connected, then (G0 x G)/G0 

yields a compactification of G as required, where G0 is a compactification of the 
identity component G0 as in condition (d) below. 

Theorem 7. Let K be a field and Iet G be a connected (not necessarily smooth) 
commutative algebraic K-group. Then the following conditions are equivalent: 

(a) G contains no subgroup of type Ga or Gm. 
(b) G admits a compactification G without a rational point at irifinity. 
(c) G admits a G-equivariant projective compactification G such that, for each 

K-torsor P under G, there is no rational point in (G xK P)/G- (G xK P)/G. 
(d) G admits a G-equivariant projective compactification G such that there is no 

K-orbit ofG under G contained in G- G. 
If, in addition, G is linear, these conditions are equivalent to 
(d') G admits a G-equivariant compactification G together with a G-linearized 

ample line bundle suchthat there is no K-orbit of Gunder G contained in G- G. 

Remark 8. (i) Fora smooth K-wound unipotent algebraic group, the existence of 
an equivariant projective compactification without rational points at infinity has 
also been established by Tits (unpublished). 

(ii) Presumably, the commutativity of G in Theorem 7 is not necessary. In 
particular, one can expect that a smooth algebraic K-group which does not contain 
a subgroup of type Ga or Gm admits an equivariant projective compactification 
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without rational points at infinity. The latter is mainly a question of linear groups. 
lt can be answered positively if Gis semi-simple; cf. Boreland Tits [1]. 

Before starting the proof of Theorem 7, let us have a look at Jacobians where, in 
certain cases, canonical compactifications exist; cf. Altman and Kleiman [1] and [2]. 

Example 9 (Altman and Kleiman [1], Thm. 8.5). Let X be a proper curve over a 
field K, assumed t~ be geometrically reduced and irreducible, and let J = Pic~/K be 
its Jacobian. Let J be the fppf-sheaf induced by the functor which associates to a 
K -scheme S the set of isomorphism classes of modules on X x K S which are locally 
of finite presentation and S-flat, and which induce torsion-free modules of rank 1 
and degree 0 on the fibres of X x K S over S. Then J is a projective K -scheme 
containing Jas an open subscheme. If, in addition, X is normal, there is no rational 
point contained in J- J. 

Indeed, we may assume that K is separably closed, so X has a rational point. 
Then a rational point of J represents a torsion-free rank-1 module of degree 0 on 
X. Since X is a normal curve, such a module is invertible and, hence, represents a 
point of J. Moreover, since J is smooth, any K-orbit of J under J is smooth, too. 
So, by the same argument as above, it is clear that there is no K -orbit of J contained 
in J- J. 

Let X be locally planar (i.e., the sheaf of differentials is locally generated by at 
most two elements); for example, this is the case, if X is normal and if K admits a 
p-basis of length at most 1. Then J is schematically dense in I and, hence, J is a 
compactification of J in our sense; cf. Rego [1]. The canonical action of J on itself 
by left translation extends to an action of J on J and, hence, J is a J-equivariant 
compactification of J. In the general case, the schematic closure of J in J is an 
equivariant compactification in our sense. 

Now let us prepare the proof of Theorem 7. The implications 

(d') =?(d) =?(c) =?(b) =?(a) 

are quite easy whereas the proof of(a) =?(d') (resp. of(a) =?(d)) will be explained 
in the remainder of this section. If Gis smooth over a perfect field K, it is an extension 
of an abelian variety by a smooth connected linear group L which is a product of 
a torus and a unipotent group, cf. 9.2/1 and 9.2/2. Furthermore, the unipotent part 
is a successive extension of groups of type Ga; cf. [SGA 3nJ, Exp. XVII, Cor. 4.1.3. 
Thus, condition (a) implies that the unipotent part of L is trivial and, hence, that G 
is an extension of an abelian variety by a torus in this case. So, when we are given 
a smooth K -group G, the later considerations concerning unipotent groups are only 
of interest in the case where the base field K is not perfect. 

Due to the structure of commutative algebraic groups, we will reduce the general 
situation by "devissage" to the following special cases: 

-K-wound unipotent (not necessarily smooth) algebraic K-groups; i.e., con­
nected unipotent K -groups which do not contain subgroups of type Ga. 

-anisotropic tori; i.e., tori which do not contain subgroups of type Gm. 
We will begin by discussing the K-wound unipotent case. If the group under 

consideration is smooth and killed by multiplication with p, one has a rather explicit 
description of it. 
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Proposition 10 (Tits [1], Chap. III, Section 3). Let K be a field of characteristic p > 0 
with infinitely many elements. Let G be a smooth connected commutative algebraic 
K-group of dimension n - 1 such that p · G = 0. Then G is K-isomorphic to a closed 
subgroup of G: defined by a p-polynomial 

n m1 

F(T1 , ..• ,T,.)= L L cii·1?1 EK[T1 , .•• ,T,.]. 
i=l j=O 

lf, in addition, G contains no subgroup of type G4 , one can choose F(T1 , ••. , T,.) in 
such a way that the polynomials 

m, 
L cii ·T;P1 E K [T;] 

j=O 

are non-zero, i = 1, ... , n, and that the principal part 

n 

f(Tl, · · ·, T,.) = L C;m1 ·JiPm' 
i=l 

of F(T1 , ••. , T,.) has no non-trivalrational zero in A~. 

Using the specific situation of Proposition 10, it is easy to find an equivariant 
compactification for smooth unipotent commutative groups which are K-wound 
and are killed by multiplication with p. 

Proposition 11. Let K be a field of characteristic p > 0. Let G be a smooth connected 
commutative algebraic K-group which is killed by multiplication with p. lf G is 
K-wound, then G admits a G-equivariant compactification G together with a 
G-linearized ample line bundle suchthat there is no K-orbit ofG underGinG- G. 

Proof We may assume that K has infinitely many elements; otherwise Gis trivial. 
Keep the notations ofthe last proposition and assume that the exponents occurring 
in the principle part of the p-polymonial satisfy 

Let P be the quasi-homogeneaus space over K with coordinates 

Yi , i = 0, 1, ... , n , 

having weights 

i = o, ... ,n' 

where we have set m0 = mn. The open subspace U0 of P where Y0 is not zero can 
be viewed as the group G: with coordinates 

i = 1, ... ,n. 

The action of U0 on itself extends to an action on P by setting 

((t;), (Yo• Y;)) f--+ (Yo. Y; + t; · Yo') · 
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We regard Gas a closed subscheme of U0 given by a p-polynomial F(T1 , •• • , T"). 
Now, let X0 , •.. , Xn be the coordinates of the projective space IP~ and let 

u : P ----+ IP~ 

be the morphism sending X; to (Y;)P~'. Denote by V0 the open subscheme of IP~ 
where X 0 does not vanish. We can view V0 as the group G~ with coordinates 

S; = X;/X0 , 

The morphism u induces a morphism 

i = 1, . .. ,n. 

Uo : Uo ----+ Vo 

of algebraic K-groups and the morphism u is equivariant. In terms of coordinates 
of rational points the equivariance means the commutativity of the following 
diagram 

U0 xxP --~ 

j ~ ~" 
where s; = tr' for i = 1, ... , n and where X; = (y;)P~' for i = 0, ... , n. The canonical 
sheaf (91P''k(1) has a V0 -linearization. Hence, u*((DIP''k(1)) is an ample invertible sheaf 
on P which has a U0-linearization. 

The schematic closure G of G in P is given by the polynomial 

(Yo)P~" · F(YifYow', ... , Y"/Y0wn) 

which can be viewed as a weighted homogeneous polynomial in the variables 
Y0 , ... , Y". Due to the choice of the weights, the principal part f( Y1 , ... , Y") of 
F(Y1 , ... , Y") is a weighted homogeneous polynomial and describes the set of the 
points at infinity of the compactification G. So, we have 

G- G = {y E P, f(y) = 0} . 

Due to Proposition 10, there is no rational point in G - G. Moreover, G acts 
trivially on G- G. SoG cannot contain a K-orbit under G at infinity. 0 

In order to generalize Proposition 11 to smooth unipotent commutative 
K-wound groups which arenot necessarily killed by multiplication with p, we will 
need the following lemma. 

Lemma 12. Let G be a connected unipotent commutative algebraic K -group. Assurne 
that Gis smooth and K-wound. Then there exists a filtration 

0 = G0 c G1 c G2 c ... c Gn = G 

such that the successive quotients have the same properties as G, and, in addition, are 
killed by multiplication with p. 
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Proof Let n be the smallest integer suchthat Gis annihilated by p". We will proceed 
by induction on n. Let N (resp. I) be the kernel (resp. the image) of the p-multiplica­
tion on G. Then I is a smooth connected subgroup of G and, hence, K -wo und. The 
group N is not necessarily smooth. So, consider the largest smooth subgroup M of 
N. Then M is K -wound as a subgroup of G and, since M is the largest smooth 
subgroup of N, the quotient N j M is K -wo und, too. Since the image ofthe multiplica­
tion by p"-1 is contained in N and is smooth, the quotient G/M is killed by 
multiplication with p"-1 . Moreover, GjM is K-wound, since it is an extension of I 
by N/M both of which are K-wound. Then we can set G1 = M and the induction 
hypothesis is applicable to GjM. D 

Proceeding by devissage, we are now able to prove Theorem 7 for unipotent 
groups which are smooth. But when treating general commutative groups, we will 
also be concerned with unipotent groups which occur as unipotent radicals. Such 
unipotent groups do not need to be smooth. Therefore, we need the following 
lemma. 

Lemma 13. Let G be a connected unipotent commutative algebraic K -group which is 
not necessarily smooth. 

(a) There exists an immersion of G into a connected unipotent commutative 
algebraic K -group G' which is smooth. 

(b) If Gis K-wound, one can choose G' tobe K-wound, too. 

Proof (a) We will first show that G can be embedded into a smooth unipotent 
commutative group. Denote by Fn the kernel of the n-fold Frobenius morphism on 
G. Due to [SGA 31], Exp. VIIA, Prop. 8.3, there exists an integer n E N such that 
the quotient G/Fn is smooth. Thus, it suffices to show the assertion for the group Fn. 
So we may assume that G is a finite connected unipotent group. Hence, it is a 
successive extension of groups of type a:P; cf. [SGA 3u], Exp. XVII, Prop. 4.2.1. 
Consider now the Cartier dual G* of G, which is a successive extension of groups 
oftype a:P also. Hence, the algebra A = r(G*,(!)G.) is local. The algebraic group U 
representing the group functor 

(Sch/K)0 --+ (Groups) , 

is smooth. Interpreting the points of G as characters of G*, one gets a morphism 
G--+ U which is an immersion and which is closed, since Gis finite. Since Ais local, 
U is a product of the multiplicative group Gm and of a smooth connected unipotent 
group G'. Since G is unipotent, the morphism G --+ U yields an embedding of G 
into G'. 

(b) Let us start by collecting some facts on extensions of commutative unipotent 
algebraic groups by etale groups. 

(1) lf N is an etale K-group and His an algebraic K-group, the canonical map 

Ext(H, N)--+ Ext(H Q9K K', N Q9K K') 

is bijective for any radicial field extension K'jK; cf. [SGA I], Exp. IX, 4.10. 
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(2) Let 
1---+G1 ---+G2 ---+G3 ---+1 

be an extension of smooth commutative unipotent algebraic K-groups. Then the 
canonical sequence of quasi-algebraic commutative group extensions 

1----+ Ext(G3 , QP/Zp)----+ Ext(G2 , QP/Zp)----+ Ext(G1 , QP/Zp) ----+1 

is exact. If G2 is killed by multiplication with pn, one can replace QPjZP by Zjpnz. 
Now, due to (1), we may assume that K is perfect. In this case, the result is provided 
by Begueri [1], Prop. 1.21. 

(3) If K is not perfect, there exists for each smooth connected commutative 
unipotent K-group Ga commutative extension 

1----+N----+G----+G----+1 

of G by a finite etale group N suchthat Gis K-wound. 
Namely, we may assume that Gis an extension 

1---+Ga---+G---+G0 ---+1 

of a smooth connected unipotent K-group G0 by Ga. Proceeding by induction on 
the dimension of the group, we may assume, that there exists a commutative 
extension G0 of G0 by a finite etale group suchthat G0 is connected and K-wound. 
Then, one is easily reduced to the case where G0 is K-wound. For the group Ga and 
each element x E K - KP, consider the extension 

1----+ ZjpZ----+ tDa{x)----+ Ga----+ 1 

where tDa{x) is defined as a subgroup of Ga x Ga by the p-polynomial 

T{' + xTf- T1 

and the map Ga{x)----+ Ga is the second projection. Then, due to (2), there exists an 
extension G- G by a finite etale group which induces tDa(x)- Ga by restriction. 
Thus, Gis K-wound as an extension of K-wound groups. 

Using these results, the proof of assertion (b) is easily done. Assurne that K is 
not perfect and let G be connected, uni potent, commutative, and K -wo und. Due to 
(a), there exists an immersion of G into a smooth unipotent commutative connected 
group G1 . Let H be the quotient of G1 by G, so we have the exact sequence 

1---+G---+G1 ---+H---+1. 

Since G1 is smooth, H is smooth also. Due to (3), there exists a commutative 
extension 

1----+N----+fi----+H----+1. 

of H by a finite etale group N suchthat fi is K-wound and connected. Pulling back 
this extension to G1 , one gets a commutative extension 

1 - N- Gl - Gl - 1 . 

Note that G1 is smooth and unipotent Denote the identity component of G1 by G'. 
Hence, one gets an exact sequence 

1----+G----+G'----+fi----+1. 
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So the group G' is smooth, unipotent, commutative, and connected, and, as an 
extension of K-wound unipotent groups, it is K-wound, too. D 

Next we want to discuss the compactification of tori. Let T be a torus, denote 
by M the group of characters ofT and by N the group of 1-parameter subgroups 
ofT. Then 

M = Homx(T, Gm) and N = Homx(Gm, T) 

are Gal(K/K)-modules, where K is an algebraic closure of K. There is a perfect 
pairing 

MxN---+7L. 

Hence, N and M are canonically dual to each other. Recall that T is anisotropic if 
one of the following equivalent conditions is satisfied: 

(i) T does not contain a subgroup of type Gm. 
(ii) T does not admit a group of type Gm as a quotient. 

(iii) M does not contain the unit representation. 
(iv) N does not contain the unit representation. 

Proposition 14. Let T be an anisotropic torus over K. Then T admits a T-equivariant 
compactification f such that f is normal and projective, such that f - T does not 
contain a K -orbit under T, and such that there is an ample line bundle on f with a 
T-linearization on it. 

Proof Equivariant compactifications of tori are closely related to rational poly­
hedral cone decompositions of N0 = N ®z ()). Over an algebraically closed field, 
this technique is weil documented in the literature; cf. Kempf et al. [1], Chap. I,§§ 1 
and 2. So, we will only give advice how to proceed in the case of an arbitrary field. 

Consider a finite rational polyhedral cone decomposition { O'a} of N0 , which is 
invariant under Gal(K/K). The vertex of each cone is the origin of N0 . Let f be the 
associated T-equivariant compactification ofT. The variety fisnormal and projec­
tive. It has a finite number of orbits under T and these correspond bijectively to 
the faces of the decomposition { 0'"}; cf. Kempf et al. [1], Chap. I,§ 2, Thm. 6. Since 
{ 0'"} is invariant under Gal(K/K), the Galois group acts on the K-variety fand, 
hence, by projective descent, f is defined over K. 

We are going to show that f - T does not contain a K -orbit under T. So assume 
that there is a K-orbit in f- T It corresponds to a non-zero face 0' of the 
decomposition { 0'"} which is stable under Gal(K/K). Consider now the set of the 
extreme edges of 0' which consists of a finite number of half lines { L;, i EI}. This set 
is invariant under Gal(K/K). Now we can choose non-zero points X; E L;, i EI, such 
that the set {x;, i EI} is invariant under Gal(K/K). So the point x = Lieixi is a 
non-zero point of 0' which is invariant under Gal(K/K) and, hence, gives rise to a 
non-zero element of N. Thus, we get a contradiction to T being anisotropic. 

It remains to show that there is an ample T-linearized line bundle on f: Let !i' 
be the ample line bundle on f. Since the Picard group of f is discrete (use Kempf 
et al. [1]. Chap. I,§ 2, Thm. 9), !i' is invariant under T. Hence, it is easy to see that a 
power of !i' admits a T-linearization. 0 
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For the devissage, we need a technique of constructing an equivariant compact­
ification of an extension of groups with given equivariant compactifications. This 
part works also for not necessarily commutative groups. 

So consider an exact sequence 

t~G~E~H~l 

of algebraic K-groups. In particular, E ~His a torsor over H with respect to the 
H-group scheme GH = G xK H. In order to avoid problems with representability 
of quotients, we will work with projective equivariant compactifications admitting 
ample line bundles with linearizations. Wehave to introduce some more notations: 

Let X be a K -scheme with an action of G on X on the left and let L be an ample 
line bundle on X with a G-linearization. Then GH acts on XH =X xK H as an 
H-group scheme and LH = L xK H is an H-ample line bundle on Xu with a 
Gu-linearization. GH acts freely on X xK E = XH xH E by setting 

g o (x, e) = (g o x, ge) . 

Denote by (X H x H E)/GH the quotient (in terms of sheaves for the fppf-topology 
over H) of (X H x H E) with respect to the GH-action. Introduce similar notations for 
L instead of X. Due to Lemma 6, (Xu Xu E)/GH is an H-scheme and (LH xH E)/GH 
is an H-ample line bundle on (XH Xu E)/GH. 

Furthermore, there is an action of E (on the right) 

((x, e), e') ~ (x, ee') . 

This action is compatible with the left action of Gon X. So the E-action on (X x K E) 
induces an E-action on (XH xH E)/GH in a canonical way. The projection 

(XH XH E)/GH ~ H 

is E-equivariant where E acts on H by right translation. Similarly, the line bundle 
(Lu Xu E)/Gu on (XH xH E)/Gu has a canonical E-linearization with respect to the 
E-action on (Xu xH E)/GH. 

Lemma 15. Consider the exact sequence 

l~G~E~H~l 

of algebraic K -groups. Let G be an equivariant compactification of G and let L be an 
ample line bundle on G with a G-linearization. Set Y = (GH xH E)/GH and M = 

(LH x H E)/GH. Then 
(a) Y is a projective H-scheme which contains E as an open subscheme and the 

canonical action of E on itself by right translation extends to an action on Y and is 
compatible with the G-action on Y. The projection p : Y ~ H is E-equivariant where 
E acts on H by right translation. The line bundle M has an E-linearization and is 
H-ample. Y is quasi-projective over K. 

If G- G does not contain a K-orbit under the action of G, then Y- E does not 
contain a K -orbit under the action of E. 

(b) Let H be an equivariant compactification of Handlet N be an ample line bundle 
on ii with an H-linearization. Then there is a commutative cartesian diagram 



308 10. Neron Models ofNot Necessarily Proper Algebraic Groups 

y y 

j, l· 
H ii 

such that the following is satisfied: Y ~ Y is an E-equivariant compactification and 
p is E-equivariant. Y is a projective K -scheme and has an ample line bundle with an 
E-linearization. 

If G-G and ii-H do not contain K-orbits, then Y- Y does not contain a K-orbit 
under the action of E. 

Proof Assertion (a) follows mainly from what has been said before. Y is quasi­
projective, since His quasi-projective. It remains to show that there is no K-orbit 
contained in Y - E. So consider a K -orbit Z of Y under the action of E. Its image 
p(Z) is a K-orbit of Hand, hence, p(Z) = H. The E-action on Y induces a right 
action of G on the fibre over the unit element of H which is canonically isomorphic 
to iJ. This action is related to the left action of G we started with by the relations 

Thus we see that the intersection of Z with the fibre over the unit element of H is 
a K -orbit of iJ under the action of G. So it must be G. Then we get Z = E. 

(b) After replacing L by L®n for a suitable integer n, we may assume that L is 
very ample and, hence, that M is very H-ample. Since H admits an ample line bundle 
with H-linearization, it is affine. So, we may assume that M is very ample. 

The K-vector space r(Y,M) has an E-action induced by the E-linearization of 
M. Now there is a finite-dimensional subspace W of the vectorspace r(Y, M) which 
defines an embedding of Y into its associated projective space P = IP(W). Since the 
smallest subspace which is stable under E and which contains W is also of finite 
dimension, we may assume that W is stable under E. So E acts on P and there is 
an E-linearization on (!)p(l). Due to the choice of W, there is an E-equivariant 
embedding Y ~ P such that the pull-back of (!)p(l) is isomorphic to M. Now 
consider the morphism 

induced by Y ~ P and Y ~ H ~ ii. Let Y be the schematic image of Y in 
P x x ii. Then Y is projective. Since Y is proper over H, the schematic closure Y 
coin_Eides with Y over H. By continuity, the action of E on Y extends to an action 
on Y. Let 

- -
Pt: Y~P' P2:Y~H 

be the projections. The restriction M of pi((!)p(l)) on Y has an E-linearization 
extending the given E-linearization on Mandis H-ample. 

For n E N, the tensor product pHN®n) ® M has a canonical E-linearization 
with respect to the E-action on Y and, for large integers n, it is ample on Y. 
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It remains to prove the assertion concerning the orbits. So Iet Z be a K -orbit of 
funder the action of E. The projection p2 (Z) is a K-orbit of ii under the action of 
H. Due to our assumption, p2 (Z) must be contained in Hand, hence, is equal to H. 
Now we can continue as in part (a) in order to show that Z coincides with E. D 

Proof of Theorem 1. Westart with the implication (a) ==:::;>(d'). Since Gis linear, it 
is an extension of a unipotent group U by a subgroup of multiplicative type M; cf. 
[SGA 311], Exp. XVII, Thm. 7.2.1. Due to [SGA 311], Exp. XVII, Thm. 6.1.1 (A) (ii), 
the unipotent group U is K-wound. The multiplicative group M is an extension of 
a finite multiplicative group N by a torus T which is necessarily anisotropic since 
G does not contain a subgroup of type Gm. Hence, due to Lemma 15 (b), we are 
reduced to prove the assertion for the groups N, T, and U. 1t is clear for N. 
Furthermore, Proposition 14 provides the assertion in the case of T. In the case of 
U, we may assume that K has characteristic p > 0 and, due to Lemma 13, that U 
is smooth. Using Lemma 15 and Lemma 12, we are reduced to the case where 
U is killed by the multiplication with p. However, this case has been dealt with in 
Proposition 11. 

Next Iet us turn to the implication (a) ==:::;>(d). It follows from the theorem of 
Chevalley (cf. 9.2/1) that there exists a connected linear subgroup Hof G suchthat 
the quotient G/H is an abelian variety. Namely, the kerne} Fn ofthe n-fold Frobenius 
morphism on G is an affine subgroup of G and, for large integers n, the quotient 
G/Fn is smooth, cf. [SGA 311], Exp. XVII, Prop. 4.2.1. Then the assertion follows by 
Lemma 15 (a) from the implication (a) ==::::;> (d'). This concludes the proof, the remain­
ing assertions being trivial. D 

The above verification ofthe implication (a) ==:::;>(d') shows that a commutative 
linear group G which does not contain a subgroup of type Ga or Gm admits a 
G-equivariant compactification G together with a G-linearized ample line bundle 
suchthat there is no K-orbit contained in G- G. So, due to Lemma 15 which is 
valid for not necessarily commutative groups, the construction carries over to the 
case of solvable groups G; cf. Remark 8. Namely, a K -wo und solvable group admits 
a filtration 

G =Go ::::l G1 ::::l ... ::::l Gn = {1} 

suchthat G; isanormal subgroup of G;_1 and G;-dG; is commutative and K-wound, 
i = 1, ... , n; cf. Tits [1], Chap. IV, Prop. 4.1.4. 

10.3 The Global Case 

Let S be an excellent Dedekind scheme with infinitely many closed points and Iet 
K be its ring of rational functions. Let Gx be a smooth commutative algebraic 
K-group. 
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The existence of a Neron lft-model (resp. of a Neron model) of GK over S implies 
the existence of a Neron lft-model (resp. of a Neron model) over each local ring of 
S. But, as we have seen in Example 10.1/11, the converse is not true when dealing 
with Neron models. The example was given in the case where the characteristic of 
K is positive. 

If K has characteristic zero, we claim that the existence of a global Neron 
lft-model (resp. of a global Neron model) is equivalent to the existence of the local 
Neron lft-models (resp. of the local Neron models). Namely, due to 10.2/2, the 
existence of Neron lft-models over each local ring of S is equivalent to the fact that 
the unipotent radical of GK is trivial. Then GK is an extension of an abelian variety 
by a torus T and, hence, admits a Neron lft-model over S; the latter follows from 
10.1/7 by using 10.1/4. Moreover, when the local Neron lft-models are offinite type 
over each local ring of S, the subtorus T of GK is trivial. Indeed, T splits over a finite 
separable field extension K' of K. There exists a closed point of S at which K' is 
unramified. Since Neron models are compatible with localization and etale exten­
sions, there is a closed point s' of S', where S' is the spectrum of the integral closure 
of f!ls.s in K', suchthat GK ®K K' admits a local Neron modei at s'. Then, it follows 
from 10.2/1 that the torus T is trivial. Thus, we see that GK is an abelian variety 
and, hence, that GK has a Neron model over S; cf. 1.4/3. 

The existence of Neron lft-models or Neron models over a global base is 
still an open question when K has positive characteristic. We conjecture that 
GK has a Neron lft-model over S if and only if GK has one over each local 
ring of S. Using Theorem 10.2/2, we can state this conjecture in the following 
way. 

Conjecture I. Let S be an excellent Dedekind scheme with ring of rational functions 
K and Iet GK be a smooth commutative algebraic K-group. Then GK admits a Neron 
lft-model over S if GK contains no subgroup of type Ga. 

As explained before, the conjecture is true if the characteristic of K is zero, but 
in the case of positive characteristic it is still an open question. 

For the remainder of this section we want to concentrate on the existence of 
Neron models (of finite type). We can give a criterion for the case where GK admits 
a regular compactification. Let us begin with some definitions. 

A K-variety X (i.e., a separated K-scheme of finite type which is geometrically 
reduced and irreducible) is called rational (resp. unirational) if its field of rational 
functions is purely transeendental over K (resp. contained in a purely transeendental 
field extension of K). In geometric terms, the latter means that there is a rational 
map from A.~ to X which is birational (resp. dominant). An algebraic K-group GK 
is called rational (resp. unirational) if its underlying scheme is rational (resp. uni ra­
tional). lt is easy to see that unirational groups are smooth and connected. For 
example, tori are unirational; also the K -group of Example I 0.1/11 is unirationaL 
Each unirational subscheme of GK which contains the origin generates a unirational 
subgroup of GK. In particular, GK contains a largest unirational subgroup denoted 
by uni(GK). lf GK is an abelian variety, then uni(GK) = 0. 
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Theorem 1. Let GK be a smooth algebraic group over a field K, where GK is connected 
and commutative. Then the following conditions are equivalent: 

(a) uni(GK) = 0 
(b) Each K-rational map from the projective line IPi to GK is constant. 
(c) For any smooth affine curve CK over K and for any closed point x of CK, each 

morphism of CK - { x} to GK extends to a morphism from CK to GK. 
(d) For any smooth K-scheme XK, each K-rational map from XK to GK is defined 

everywhere. 
If, in addition, GK admits a regular compactification GK, these conditions are 

equivalent to 
(e) The smooth locus ofGK coincides with GK. 

The implications 

(a)~(b) ~(c) ~(d) ==?(e) 

are quite easy to verify and we leave them to the reader. Also it is not difficult to 
show the implication (e) ==?(c) (if GK admits a regular compactification) and 
(c) ===? (d). Finally the implication (a) ===? (c) requires more efforts. 

To start the proof, let us begin with the verification of implication (e) ===? (c). 
Let cp: CK- {x} ~ GK be a K-morphism. Due to the valuation criterion of 
properness, cp extends to a K-morphism q5: CK ~ GK. Now consider the CK-scheme 
GcK = GK x K CK which is regular; cf. 2.3/9. Due to assumption (e), the smooth locus 

of Ge over CK coincides with GK x K CK; cf. [EGA IV 4 ], 17. 7.2. By base extension, 
K -

q5 gives rise to a section (iJcK ofGcK· Now it follows from 3.1/2 that (iJcKfactors through 
the smooth locus of GcK and, hence, q5 maps to GK. 

For the implication (c) ==?(d), consider a rational map cpK: XK ---+ GK, where 
X K is smooth and irreducible of dimension n. Since we consider K -schemes of finite 
type, cpK is induced by a T-rational map cp : X ---+ G from a smooth T-scheme X to 
a smooth and separated T-group scheme G, where T is an irreducible regular scheme 
offinite type over the ring ofintegers 71... We may assume that K is the field ofrational 
functions on T Due to 4.4/1, the complement F of the domain of definition of cp is 
of pure codimension 1 and, hence, is a relative Cartier divisor. We have to show 
that Fis empty. Proceeding indirectly, let us assume that Fis not empty. Then look 
at the graph rK of ({JK in XK X K GK. It is clear that the image QK of rK under the first 
projection p1 cannot contain a generic point of FK as seen by a similar argument as 
used in the proof of 4.3/4. Since QK is constructible, we may assume, after shrinking 
XK, that QK is disjoint from FK. Now we will derive a contradiction by constructing 
a smooth curve CK contained in XK, but not in FK suchthat CK meets FK at a closed 
point. Namely, due to assumption (c), the curve CK must be contained in QK. Since 
F is not empty, there exists a closed point x in F. Let t be the image of x in T. The 
residue field oft is finite and hence perfect. So k(x) is separable over k(t). Then it 
follows from the Jacobi criterion 2.2/7 that there exist elements f 2 , ••• ,J" in the 
maximal ideal of the local ring of X at x which, in a neighborhood of x, define an 
irreducible relative smooth T-curve C. We may assume that F induces a relative 
Cartier divisor on C. In particular, C n F is flat over T Hence, the generic fibre of 
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C 11 Fis not empty. Now, the induced morphism CK ~ GK yields a contradiction 
to (c). 

The proof of the implication (a) ==> (c) is delicate. It will follow from Corollary 
3 below which makes use of the theory of Rosenlicht and Serre on rational maps 
from curves into commutative algebraic groups. In the following we want to sketch 
the main ideas of this theory. 

So let X be a proper irreducible curve over K, assumed to be geometrically 
reduced. Denote by U the smooth locus of X, which is open and densein X. Let G 
be a smooth commutative algebraic K-group. We want to study rational maps 

qJ: X---+ G. 

If V is the domain of definition of qJ, then, for any n E 1\1, there is a canonical 
morphism ofthe n-fold symmetric product v<n> to G induced by qJ. We will denote 
it by qJ<n> : v<n> ~ G. By restriction to (U 11 V)<n> we get a morphism of the set of 
Cartier divsors of degree n with support in U 11 V to G; cf. Section 9.3. We denote 
this map by qJ, too. A finite subscheme Y of X is called a conductor for qJ if 
qJ(div(f)) = 0 foreachrational functionf of X which is defined on Y, which induces 
the constant function with value 1 on Y, and whose associated divisor has support 
inU11V. 

Now let Y be a finite subscheme of X. If Y is non-empty, it is a rigidificator for 
PicxfK· As introduced in Section 8.1, we denote by (Picx1K, Y) the rigidified Picard 
functor. We set (Picx1K, Y) = Picx1K if Y is empty. Since, for a K-scheme T, any 
section of (U - Y) x K T induces an effective relative Cartier divisor on U x K T 
of degree 1 whose associated invertible sheaf is canonically rigidified along Y by the 
function 1, there exists a canonical map (U - Y) ~ (Picx1K, Y) and, hence, a 
rational map 

ly : X ---+ (Picx1K, Y) . 

By construction Y is a conductor for ly. If Y is empty, we will write l instead of ly. 
For the proof of the implication (a) ==> (c) we will use the following result. 

Theorem 2. Keeping the notations of above, the following hold: 
(a) A finite subscheme Y of X is a conductor for qJ if and only if there exists a 

K -morphism of algebraic groups q, : (Picx1K, Y) ~ G making the following diagram 
commutative: 

X ____ !! ___ .,. (PicX/K' Y) '• j '• '• '• '• 
,;--- «11 

'• '• ......... ')lG 

Moreover, the map q, is uniquely determined. 
(b) There exists a conductor for qJ and there even is a smallest one. The latter is 

called the conductor of qJ. 

(c) Let n: X~ X be the normalization of X and Iet x be a closed point of X 
suchthat n-1(x) is contained in the smooth locus of X. If qJ o n is defined at n-1 (x), 
then x is not contained in the support of the conductor of qJ. 
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(d) If Xis smooth at x and if x is not contained in the conductor of <p, then <p is 
defined at x. 

(e) The conductor of <p commutes with finite separable field extensions. 

Proof If K is algebraically closed and if X is smooth, the result is classical and is 
due to Rosenlicht and Serre, cf. Serre [1]; for (a) and (d) see Chap. V, no9, Thm. 2, 
for (b) and (c) see Chap. III, no3, Thm. 1. We want to give some indications on how 
to proceed in the general case. We may assume that Xis geometrically irreducible. 
Namely, using assertion (e), one can easily reduce to this case. 

(a) The if-part is obvious. For the only-if-part, consider first the case where Y 
is empty. Then the factorization follows from the construction of Picx1K via sym­
metric products a la Weil as explained in Section 9.3. The uniqueness of the 
factorization is due to the fact that Picx1K is generated by the image of 1. Now let Y 
be a non-empty conductor for <p. There exists a finite birational morphism X ---+ X' 
which contracts Y to a rational point Y' and which is an isomorphism outside Y 
and Y'. One easily checksthat the canonical map 

Picx'/K = (Picx'fK• Y')---+ (Picx1K, Y) 

is an isomorphism. Thus, the general case is reduced to the case discussed above. 
(b) Let Y1 and Y2 be finite subschemes of X. Then the diagram 

is co-cartesian. Thus, by using the characterization given in (a), we see that the 
intersection of two conductors is a conductor again. So the existence of a conductor 
implies the existence of a unique smallest one. Furthermore, one can see by the same 
argument that the smallest conductor of <p is compatible with finite Galois exten­
sions of the base field; thus assertion (e) is clear. So it remains to show that there is 
at least one conductor for <p which satisfies assertion (c); hence the smallest one will 
satisfy (c), too. By what we have said above, we may assume that K is separably 
closed. Denote by n : X ---+X the normalization of X. Assurne for a moment that 
the base field is algebraically closed. Then, due to Rosenlicht and Serre, there exists 
a conductor Y for <p o n whose support is disjoint from the domain of definition 
of <p o n. Now let Y be the schematic image of Y in X. Then one shows easily 
by using the very definition of conductors that Y is a conductor for <p satisfying the 
assertion (c). When K is not necessarily algebraically closed, we can first work over 
an algebraic closure K of K. So there is a conductor Y of <p ®K K. We can replace 
Y by a larger conductor, say Y, without changing its support. Furthermore, we can 
assume that Y is defined over K, since K is radicial over K. So Y fulfills assertion (c). 

(d) follows from (a). D 

Corollary 3. Let X be a proper curve over a field K and assume that X is normal and 
geometrically reduced. Let G be a smooth commutative algebraic K-group. Let 
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q; : X----> G be a rational map and let Y be the conductor of <p. 
(a) If G does not contain a subgroup of type Ga, then Y is reduced. 
(b) If uni(G) = 0, the conductor of <p is empty and <p decomposes into a composi­

tion cp = <I> o 1 where <I>: Picx;K----> Gis a morphism of algebraic groups. In particular, 
q; is defined on the smooth locus of X. 

Proof. Denote by Y the largest reduced subscheme of Y. Then, we get an exact 
sequence 

1 ---.. u ---.. vy* ---.. v; ---.. 1 

of algebraic groups where Vy* and Vf are the algebraic groups representing the 
functor of global units on Y and on Y; cf. 8.1/10. The kernel U isaunipotent group 
which is a successive extension of groups oftype Ga. Now look at the exact sequence 
of 8.1/11 

0 ----> V}----> Vy* ----> (Picx;K• Y) ----> Picx;K----> 0 

In the case of assertion (a), the canonical map 

<I> : (Picx1K, Y) ----> G 

induced by q; sends the image of U in (Picx;K• Y) to zero. Hence, <I> factors through 

(Picx;K• Y) ----> (Picx;K• Y) . 

Thus, due to Theorem 2, Y is also a conductor for <p, hence Y = Y is reduced. In 
the case of assertion (b), the kernel of the map 

(Picx;K• Y)----> Picx;K 

is the group of global units on Y modulo K* which is unirationaL Thus, we see that 
<I> factors through Picx;K and that the conductor of <p is empty. Then the assertion 
follows by Theorem 2. D 

Corollary 3 yields the proof of the implication (a) ===? (c) of Theorem 1 and thus 
completes the proof of Theorem 1. 

Remark 4. Using the characterization (c) of Theorem 2, one sees immediately that 
the condition uni(GK) = 0 is stable under finite separable field extensions. 

Conjecture II. Let S be an excellent Dedekind scheme with ring of rational functions 
K and let GK be a smooth commutative algebraic K-group. If uni(GK) = 0 then GK 
admits a N eron model over S. 

If one admits Conjecture II, Conjecture I is mainly a problern of unirational 
groups; use the technique of 7.5/1 (b). Conjecture II is true if K has characteristic 
zero. Indeed, if K is an algebraic closure of K, one has uni(GK ®K K) = 0 due to 
Remark 4. Then GK ®K K cannot contain a subgroup of type Ga or Gm and, 
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hence, GK is an abelian variety. In the case of positive characteristic, some parts 
of the conjecture can be proved, provided it is known that Gx admits a regular 
compactification. 

Theorem 5. Let S be an excellent Dedekind scheme with ring of rational functions K 
and let GK be a smooth commutative algebraic K-group. 

(a) Assurne that GK admits a regular compactification GK. If uni( Gx) = 0, then Gx 
admits a N eron model over S. 

(b) If S isanormal algebraic curve over a field and if GK admits a Neron model 
over S, then uni(GK) = 0. 

Proof (a) Let us first show that the local Neron models exist. So, we may assume 
for a moment that S is the affine scheme of a local ring R. Since uni(Gx) = 0, it 
follows by Remark 4 that uni( Gx ®x K"h) = 0 where K"h is the field of fractions of 
a strict henselization of R. Then GK ®x K•h cannot contain a subgroup of type Ga 
or of type Gm. Since S is excellent, it follows from 10.2/1 that a Neron model of Gx 
exists over S. Now Iet us return to the general situation. It remains to see that there 
exists a dense open subscheme U of S such that a Neron model of GK exists over 
U; cf. 1.4/1. There exists a dense open subscheme U of S such that Gx_ extends to a 
proper flat U-scheme Gu. Since S is excellent, the regular locus of Gu is open by 
[EGA IV 2 ], 7.8.6. So we may assume that Gu is regular. Let Gu be the smooth locus 
of Gu. Since uni(GK) = 0, we see by Theorem 1 that the generic fibre of Gu coincides 
with GK. After replacing U by a dense open subset, we may assume that Gu is a 
group scheme over U. Now we claim that Gu is the Neron model of GK over U. Let 
U(s) be the spectrum of the strict henselization of the local ring of U at a closed 
point s of U. Since Gu x u U(s) is regular, the U(s)-valued points of Gu factor through 
the smooth locus Gu by 3.1/2. Then it follows from 7.1/1 that Gu x u Spec @s,s is the 
local Neron model of GK over @s,s and the assertion follows from 1.2/4. 

(b) Let us assume that uni(GK) is non-trivial. Due to Theorem 1, there exists an 
affine smooth curve CK with a closed point xK and a morphism 

CfJK: CK- {xK}-----+ GK 

such that CfJK does not extend to CK. Since we are free to replace S by an etale 
extension (cf. 1.2/2), we may assume that the residue field k(xK) is radicial over K. 
Since CK is smooth over K, the extension k(xK) can be generated by one element 
over K. So, after shrinking S, there exist an element f E r(S, @s) and a p-power pn 
suchthat k(xK) is generated by the pn-th root of f Now CK-----+ Spec(K) is induced 
by a smooth relative curve C -----+ S. Denote by Z the schematic closure of the point 
xx in C. We may assume, after shrinking S, that Z is a subscheme of A§ defined by 
(TP" - f). It is a general fact that there exist infinitely many closed points s of S 
such that the polynomial (TP" - f) has a solution over the residue field k(s); cf. 
Lemma 6 below. If GK admits a Neron modelGoffinite type over S, the morphism 
CfJK extends to a morphism 

cp :(C- Z)----+ G. 

Now Iook at the graph rtp c c Xs Gof cp viewed as a rational map c ---+ G. So rtp 



316 10. Neron Models ofNot Necessarily Proper Algebraic Groups 

is closed in c Xs G. Let Q be the image of rq> under the first projection 
p1 : C Xs G- C. Since Gis offinite type over S, the subset Q is constructible. The 
point xK is not contained in Q, because cpK is not defined at xK. As xK is the generic 
point of Z, we may assume, after shrinking S, that Q is disjoint from Z. Now let z 
be a point of Z such that the field extension k(z)/k(s) is trivial where s is the image 
of z inS. So there exist an etale extension S' - Sand anS' -valued point x' of C such 
that z is the image of a point s' of S' under x' and suchthat xK does not belong to 
the image of x'. Due to the Neron mapping property, x~ o cpK extends to anS' -valued 
point of G. By continuity, x' factors through the graph r'l'. Thus, we see that the 
point z rnust belong to Q and we get a contradiction. 0 

In the last proof we have used the following fact. 

Lemma 6. Let k be a field of positive characteristic p and Iet A be an integral 
k-algebra of finite type and of dimension d ?: 1. Let n be a positive integer and Iet f 
be an element of A. Then, for any n?: 1, there exist infinitely many prime ideals p of 
A of codimension 1 such that the equation TPn - f = 0 has a solution modulo p. 

Proof It suffices to show that there is at least one such prime ideal. By standard 
Iimit arguments, we may assume that k is offinite type over its prime field k0 . Then 
there exists a smooth and irreducible k0-scheme R 0 suchthat k is the field of rational 
functions of R 0 , and there exists an R0-scheme S0 offinite type suchthat the generic 
fibre of S0 is isomorphic to S, where S is the affine scheme of A. We may assume 
that S0 is affine, irreducible, and reduced. Moreover we may assume that f extends 
to a global section of (!)so· Now let x be a closed point of S0 . Then k(x) is a finite 
field and, hence, perfect. So we can write 

J = gPn + h 

where g and h are global sections of (!)so and where h(x) = 0. Since the relative 
dimension of S over R 0 is d ?: 1, we can choose g and h in such a way that the 
subscheme V(h) defined by hisdominant over R 0 . So there is a generic point s of 
V(h) lying above the generic point of R 0 . Let p c r(S0 , (!)so) be the prime ideal 
corresponding tos. Then g is a solution ofthe equation TPn- f = 0 modulo p, and 
p gives rise to a prime ideal of A as required. 0 

If we want to apply Theorem 5(a) to an algebraic K-group GK, it has to be 
known that GK admits a regular compactification GK, a question which is related 
to the resolution of singularities in characteristic > 0. Since it is widely accepted 
that the latter problern should admit a positive answer, we get strong indications 
for Conjecture II being true. Also note that, for a K-wound unipotent group GK, 
Thm. VI.3.1 of Oesterle [1] implies uni(GK) = 0 if K is of characteristic p and if 
dimGK < p- 1. 
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